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Foreword

The analysis of stress and deformation of structures and components is not an
end in itself. The aim is to predict the serviceability, reliability, and manu-
facturability of both existing structures and components and of proposed
designs. In order to make such assessments, the mode (or modes) of failure
need to be known and accounted for. The damage can take many forms, e.g.,
cracks, voids, chemical attack. In any case, the result is deterioration of the
structure or component. Predicting the implications of that deterioration for
mechanical integrity is the goal of damage mechanics.

The concept of damage and the realization of its importance for engineer-
ing are not new. What is relatively new (within the last 35 years or so) is
the development of the framework of Continuum Damage Mechanics. There
have been many contributors to this development, but the contributions of
the French school and particularly those of Jean Lemaitre stand out. The
field of damage mechanics has advanced to the point where it is an engineer-
ing tool, with wide applications in industry. In practice, needs arise at several
levels. In a preliminary design stage, the need is often for rapid methods of
analysis that exhibit trends. In a final design stage or in carrying out a safety
assessment the need can be for accurate quantitative predictions. This book
provides formulations that span such a range for a variety of technologically
important modes of failure, providing a perspective on the advantages and
disadvantages of various approaches — from uncoupled, post-processing anal-
yses to fully coupled damage analyses.

After introductory chapters on Continuum Damage Mechanics and nu-
merical analysis of damage, the remaining chapters focus on a mode of dam-
age — ductile failures; low-cycle fatigue; creep, creep-fatigue and dynamic
failures; high-cycle fatigue; and failure of brittle and quasi-brittle materials.
Each of these chapters appropriately begins with a section on engineering
considerations to set the stage and provides a guide to analysis methods and
tools. It is quite remarkable that such a wide range of behaviors are incor-
porated within a unified presentation. The damage mechanics “apple” has
blossomed into a tree with many branches!



VI Foreword

Since failure is a complex nonlinear process, the predicted behavior can
be sensitive to parameter values. Their appropriate identification is key for
reliable engineering predictions, as is understanding the sensitivity of predic-
tions to the particular choice of parameter values. The presentation here pays
attention to parameter sensitivity as well as to parameter identification.

This book provides a comprehensive guide to Engineering Damage Me-
chanics. It should appeal to all engineers and students of engineering con-
cerned with lifetime prediction and with the failure resistant design of struc-
tures, components, and processes.

Brown University, USA Alan Needleman



Introduction

The single apple has become a tree, an apple tree painted by Annie Lemaitre
from which two apples fell on the cover page! A decade after “A Course on
Damage Mechanics” the topic has grown up to reach the field of applications.
Aircraft engines and, more generally, aeronautics, nuclear power plants, metal
forming, civil engineering, and the automotive industry have already devel-
oped and benifited from damage-based methods to increase performance and
security. The time has come to propose simplified or more advanced methods,
structured in a unified framework to designers of any mechanical components
such as early design with fast calculation of structural failures by closed-form
solutions and final validation of solutions by numerical failures analysis. This
was the ambition for this book!

This is the reason for having many basic examples and insisting on prac-
tical methods such as the difficult problem of the material parameters identi-
fication for which a systematic sensitivity analysis is performed for each type
of application. Very accurate calculations are too often made with a very
poor accuracy of the material parameters! To help, probability concepts are
introduced either for random loadings or scatter due to microdefects in the
materials. This is done mainly for fatigue failure phenomena and brittle ma-
terials but may apply to other cases.

Damage mechanics applies to all materials, including metals and alloys,
polymers, elastomers, composites, and concrete, because even if the mecha-
nisms are different on a microscale, they have more or less the same qualita-
tive behaviors on meso- or macroscales. Nevertheless, due to data availability
most quantitative examples are related to metals.

e The first chapter reassembles the main concepts of Continuum Damage
Mechanics, that is the theoretical tools to apply to specific cases: dam-
age variable, isotropic and anisotropic description, thermodynamics which
yields methods of damage measurements, damage laws, coupling with
strain behavior, localization, and mesocrack initiation.

e The second chapter is a set of numerical tools for solving the nonlinear
problems related to damage evaluation in structures. Post-processing clas-
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sical structure analysis, either by the time integration of a damage law,

solving a micromechanical two-scale damage model, or when damage is

not localized, by solving fully coupled strain-damage structural problems.

e The five following chapters are organized in the same way: four sections
from the simplest methods with closed-form solutions to more advanced
numerical analyses. The first sections “Engineering Considerations” give
the domain of application of the chapter. The second sections “Fast Cal-
culations of Structural Failures” describe some simplified methods to be
used in early design. They are applied in the third sections “Basic En-
gineering Examples” to damage failures of members having stress con-
centration zones, pressurized cylinders and beams in bending. The fourth
sections “Numerical Failure Analysis” describe, using examples, more ac-
curate methods for numerical calculations with computers.

— The third chapter is devoted to ductile failures involving large defor-
mations for applications in metal forming processes or effects of large
overloadings on structures in service.

— The fourth chapter deals with low-cycle fatigue involving important
coupling between damage and plasticity for applications on structures
heavily burdened by cyclic loadings.

— The fifth chapter introduces the effects of temperature-inducing creep
and its nonlinear interaction with damage for applications on struc-
tures loaded statically or cyclically at elevated temperature, or dy-
namically.

— The sixth chapter concerns high-cycle fatigue which uses a two-scale
damage model of an elasto-plastic damaged inclusion in an elastic
matrix with “elastic fatigue” applications from complex histories of
loading to three-dimensional and random loadings.

— The seventh chapter is devoted to brittle and quasi-brittle materials:
quasi-brittle when an irreversible process induces damage, brittle when
the fracture occurs without any measurable precursor. Statistical and
probabilistic methods are used to represent the large scatter generally
observed in the failure of these materials. Their applications concern
structures made of concrete, ceramics or composite materials.

How should you use the book? As you like it of course but be aware that
each chapter is more or less self-contained, with many referrals to the two
first chapters of basic concepts of damage mechanics and its numerical pro-
cessing. Furthermore, at the end of each chapter on applications, the section
“Hierachic Approach” is more or less a summary of the chapter with indica-
tions on the domain of validity of each model or method. To help engineers,
researchers, students, beginners or not, each section is categorized by the
number of apples:

means easy to read, easy to apply.

vlvj
o

means a read with attention and an application with care.

means a more advanced theory needing a numerical analysis.
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Of course this classification is subjective but it has been checked by some
friends working mostly in industry: J. Besson from ENSMP Centre des ma-
tériaux (Chap. 1), E. Lorentz from Electricité de France (Chap. 2), F. Moussy
from Renault (Chap. 3), J.P. Sermage from E.D.F. SEPTEN (Chap. 4),
B. Dambrine from SNECMA (Chap. 5), A. Galtier from ARCELOR for
(Chap. 6), B. Bary from C.E.A. (Chap. 7), A. Benallal from C.N.R.S.-LMT
Cachan and M. Elgueta from Chili University (overall book), and A. Needle-
man from Brown University who wrote the foreword. Our thanks to all of
them for their expertise and advice. “Merci” also to our friends from “Lab-
oratoire de Mécanique et Technologie” at Cachan who participated in the
birth of many parts of this book and particularly to Catherine Génin.

Bon courage pour une lecture fructueuse

LMT Cachan, France Jean Lemaitre
Rodrigue Desmorat
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Notations

It was impossible to avoid using the same letter for different meanings!

Operators

()t or (x);

(@)~ or (z);;

d, 0,0

scalar

component of a vector ¥

component of a second order tensor x
component of a fourth order tensor x
matrix

time derivative of z (¢ = dz/dt)

gradient of & also Vz

divergence of x

trace of x

é trace of @

component of the deviatoric tensor &, z) = x;j — xudy;
Kronecker delta, d;; = 1if i = j and 6;; =0 if i # j
absolute value of the scalar x

absolute value in terms of principal components of the
tensor

discontinuity of x

Macauley bracket, (z) =z if x > 0 and (z) =0if z <0
positive part in terms of principal components of ten-
sor x

negative part in terms of principal components of ten-
sor x

mean value of x

standard deviation of the random variable x

range of x (peak to peak amplitude) or time increment
Tn41 — Tn

differential operators
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H
In
Tij,j
det
v
v2

Symbols

Cmc

Heaviside function
neperian logarithm
derivative aij 0ij
determinant operator
gradient operator
laplacian operator

rate elasticity tensor

damage threshold parameter
crack area

material parameter

Kachanov law damage parameter
Almansi strain tensor

isotropic hardening exponents
Sines criterion parameter

kinematic hardening parameters
heat capacity

specific heat

Manson—Coffin law parameter
Paris law parameter

dilatation tensor

scalar damage variable

component of the second order damage tensor D
transverse and shear damage variables
component of the fourth order damage tensor
critical damage parameter

component of the effective plastic strain tensor eP
Young modulus of elasticity

component of the elasticity tensor E
Green—Lagrange strain tensor

yield function of plastic criterion
porosity

force

dissipative potential function

plastic potential of dissipation

damage potential of dissipation
gradient of deformation transformation
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Notations

plastic strain-stress function
shear elasticity modulus
strain energy release rate
material toughness parameter

microdefect closure parameters
hardness material parameter
activation energy parameter
creep temperature exponent

component of the damage effective operator
H=(1-D) /2

component of the unit fourth order tensor I
Jacobian matrix

heat conductivity parameter

elastic compressibility modulus

stress intensity factor

cyclic hardening law coefficient

elastic stress concentration coefficient
Neuber stress concentration correction
hardening material parameters
Norton law parameters

viscous material parameter

strain rate tensor
fourth order tangent tensorial operator

damage threshold exponent
Mooney parameters
isotropic hardening exponents

cyclic hardening law exponent
component of the effective operator M

viscous material parameter exponent
unit normal vector

number of cycles

number of cycles to rupture

Norton law viscous exponents

shape functions
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p
PD

Pr
P
P

q1, 92

QO

Th
D

I
<

00y flpg

vh

ey
=y

vV

N nin» @

accumulated plastic strain

damage threshold accumulated plastic strain

rupture accumulated plastic strain
pressure
ponderation matrix

Gurson law parameters

state variable of the reversible domain
stress increase of the reversibility domain
thermal flux vector

isotropic hardening state variable

heat source

Kachanov law damage exponent
isotropic hardening stress variable
saturated isotropic hardening parameters
triaxiality function

specific entropy

unified damage law exponent
energetic damage law parameter
surface

damage surface

safety factor

sensitivity coefficient

second Piola—Kirchhoff stress tensor

time

rupture time

temperature

stress triaxiality, Tx = ou/0eq

displacement

displacement vector

nodal displacement vector
elementary nodal displacement vector

wave speed

volume

reference volume of Weibull law
effective volume of Weibull law
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energy density

damage threshold stored energy density
elastic strain energy density

stored energy density

elastic strain energy

hyperelatic energy densities

uniaxial kinematic back stress
component of the back stress deviatoric tensor X
saturated kinematic hardening material parameter

energy density release rate
component of the energy density release rate tensor Y
effective elastic energy density

necking parameter in pure tension

dilatation parameter coefficient
kinematic hardening state variable

Eshelby coefficient

kinematic hardening material parameter
Manson—Coffin law exponent

gamma function: I'(a) = [~ t*~ ' exp (—t)dt
incomplete gamma function:

Y(a,x) = [y t* texp (—t)dt

size of the mesocrack initiated
Gurson law coalescence parameter
hypoelastic strain rate tensor

uniaxial and tensorial total strains

uniaxial and tensorial elastic strains

uniaxial and tensorial plastic strains

damage threshold plastic strain in pure tension
rupture plastic strains in pure tension

plastic strain for ultimate stress in pure tension
rupture strain in pure tension

signed equivalent plastic strain

irreversible strain

hydrostatic sensitivity damage parameter
Paris law exponent
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A

ag, Uij,O'
ag, Ul'j, (oa

n
Uua Uijv
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damage dissipated energy density
plastic dissipated energy density
fracture dissipated energy density

Lamé elastic parameter
elongation
plastic multiplier

Lamé elastic parameter in shear
internal sliding multiplier

Poisson ratio of elastic contraction
unit reference vector
anisotropic contraction ratio

cumulative internal sliding
damage threshold

numerical parameter of the -method

mass density
radius of curvature

uniaxial and tensorial Cauchy stresses
uniaxial and tensorial effective stresses
stresses at microscale

hydrostatic stress, ou = } 0wk

von Mises equivalent stress

signed von Mises stress

damage equivalent stress, 0* = 0¢q 11,/ 2
nominal stress

viscous stress

rupture stress

ultimate stress

yield stress

engineering yield stress for e, = 0.2 - 1072
engineering fatigue limit at 10° or 107 cycles
asymptotic fatigue limit

reversibility threshold

component of normalized stress tensor X

Helmholtz specific free energy
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Background on Continuum Damage Mechanics

This chapter gives the reader the necessary and sufficient information to deal
with practical applications of Continuum Damage Mechanics (the term was
first introduced by J. Hult in 1972) to predict the crack initiation in struc-
tures subjected to heavy loadings. This ranges from the early definition of a
scalar damage variable by L.M. Kachanov in 1958 to the anisotropic tenso-
rial damage variable, from classical thermodynamics aspects to the effective
stress that take into account the closure of microdefects in compression-
like loadings, from simple measurement of local damage to fields of dam-
age, from a simple damage law to induced anisotropy and a generalization
to quasi-brittle materials, from elasto-(visco-)plasticity coupled with dam-
age to the phenomenon of localization, the ultimate stage before crack
initiation.

The basic concepts are written in a concise and sufficiently general way in
order to be applied to any material: metals and alloys, polymers, elastomers,
composites, concretes, ceramics ... For more basic details please refer to
the book A Course on Damage Mechanics written by Jean Lemaitre and
published by Springer-Verlag in 1992 and 1996. Other (good!) references are
given at the end of the book.

1.1 Physics and Damage Variables

Damage, in its mechanical sense in solid materials is the creation and growth
of microvoids or microcracks which are discontinuities in a medium consid-
ered as continuous at a larger scale. In engineering, the mechanics of con-
tinuous media introduces a Representative Volume Element (RVE) on which
all properties are represented by homogenized variables. To give an order of
magnitude, its size can vary from about (0.1 mm)? for metals and ceramics to
about (100 mm)? for concrete. The damage discontinuities are “small” with
respect to the size of the RVE but of course large compared to the atomic
spacing (Fig. 1.1).
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1 Background on Continuum Damage Mechanics

From a physical point of view, damage is always related to plastic or

irreversible strains and more generally to a strain dissipation either on the
mesoscale, the scale of the RVE, or on the microscale, the scale of the dis-
continuities:

Fig. 1.1. Examples of damage in a metal (left, micro-cavities in copper from L. En-
gel and H. Klingele), in a composite (middle, microcracks in carbon-fiber/epoxy
resin laminate from O. Allix), and in a concrete (right, crack pattern in a ASTM I
cement, 4.8 and 9.5 mm aggregates, petrography from S.P. Shah)

In the first case (mesolevel), the damage is called ductile damage if it is
nucleation and growth of cavities in a mesofield of plastic strains under
static loadings; it is called creep damage when it occurs at elevated tem-
perature and is represented by intergranular decohesions in metals; it is
called low cycle fatigue damage when it occurs under repeated high level
loadings, inducing mesoplasticity.

In the second case (microlevel), it is called brittle failure, or quasi-brittle
damage, when the loading is monotonic; it is called high cycle fatigue
damage when the loading is a large number of repeated cycles. Ceramics,
concrete, and metals under repeated loads at low level below the yield
stress are subjected to quasi-brittle damage.

In all cases, these are volume defects such as microcavities, or surface defects
such as microcracks. This is the reason to have several definitions of a damage
variable:

If only ductile damage is considered, it may be defined as the volume
density of microvoids,

o 5Vvvoids

D, =
dVRrvE

=fv (1.1)

This is the starting point of the Gurson model described in Sect. 3.4.5.
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e For alarger generality where microcavities and microcracks may exist, the
damage variable is physically defined by the surface density of microcracks
and intersections of microvoids lying on a plane cutting the RVE of cross
section 85 (Fig. 1.2). For the plane with normal 7 where this density is
maximum, we have

(1.2)

Fig. 1.2. Physical damage and mathematical continuous damage

1.1.1 Definition of a Scalar Damage Variable(j

If the damage is isotropic, the scalar variable D) does not depend on the
normal. The intrinsic variable is a scalar (L.M. Kachanov 1958):

dSp
)
It can be used as such for one-dimensional problems. It can also be used as

an easy evaluation of the approximate damage in three-dimensional problems
(particularly in proportional loading).

D= (1.3)

o[V

1.1.2 Definition of Several Scalar Damage Variables

If several mechanisms of damage occur, simultaneously or not, each of them
may be represented by a scalar variable (Dy,) with the same physical meaning
as above. This is the case in classical composites where delamination of fibers
and matrix cracking may occur. Two or three independent variables are used
(P. Ladeveze 1983), for instance:

e Dy for quasi-brittle fibers breakage,
e D for transverse matrix cracking, and
e Dg acting on shear for splitting.
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¢

1.1.3 Definition of a Tensorial Damage Variable

Damage is often non-isotropic due to microcracking more or less perpen-
dicular to the largest positive principal stress. Then, the surface density of
microdefects in a plane with normal 77 acts through an operator which trans-
forms the surface 6S and 7 of Fig. 1.2 into a smaller but continuous area,
6S = 65 — 8Sp, and into another normal 7 (S. Murakami 1981).

To keep the same physical meaning as above the damage acts through the
operator (1 — D) and

8;; — D;i)n;68 = 1S, 14
( J J J

where d;; is the Kronecker delta and D is a second order tensor. As there is no
distorsion of the surface 85, it induces the property of orthotropy consistent
with the fact that the damage is governed by the plastic strain represented
by the second order tensor €P.

Remark — In fact, the largest generality for a damage variable is a representation
by a fourth order tensor, as it can be shown in several ways (J.L. Chaboche 1978,
D. Krajcinovic 1981, F.A. Leckie and E.T. Onat 1981, C.L. Chow 1987). Such
a tensor is difficult to use and is not necessary for damage-induced by meso- or
microplasticity.

e As in the previous section, consider a damage plane area, S, with normal
71 and a reference vector U such that the tensor v;n;8S defines the geometri-
cal reference configuration. Continuum Damage Mechanics defines the effective
continuous configuration by a modified area 8S and a modified normal ﬁ, as
shown in Fig. 1.3.

The damage D is the operator which transforms the second order tensor v;n;0S
of the reference configuration into the tensor of the effective configuration
uiﬁjSS’. This is a fourth order tensor, where

(Iijkt — Dijrl)venidS = vi;88 (1.5)

with the following symmetries: Dijki = Dijik = Djikt = Dryisj-

o . n
1% 1%

Fig. 1.3. Reference and effective configurations
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Another way to define a fourth order tensor D is to consider the operator which
changes the initial elasticity tensor E;jk; into the actual elasticity tensor Eijkl
softened by damage: ~

(‘Iij”'S - Dijrs) Erskl = Eijkl . (16)
From a purely theoretical point of view, this definition does not yield a real state
variable because it requires the knowledge of a particular behavior (elasticity
here).

o

The constitutive equations for strain and damage characterize the plain ma-
terial itself without the volume or the surface discontinuities. An interest-
ing concept to introduce next is the stress acting on the resisting area,
85 =85S — 55p, as shown in Fig. 1.2 — the effective stress.

In the uniaxial case of isotropic damage without the closure effect of
microcracks in compression, this mean value of the microstresses is simply
given by the force equilibrium (Y.N. Rabotnov 1968):

8Sp 85 -85S

6S =0b6S with D = 55 — 59

(1.7)

or
g

6= . 1.8
In the multiaxial case of isotropic damage, all the stress components act
on the same effective area. The effective stress tensor is simply

Oij

R (1.9)

045 =

The case of anisotropic damage is much more complicatedd(j(j to en-
sure a good representation of the physics as well as compatibility with
thermodynamics. In fact, the effective stress with a second order damage
tensor representation is an approximation of the exact effective stress de-
duced from the general representation of the damage by the fourth order
tensor D, as defined in the remark in the previous section. This effective
stress is defined as previously, but, here, by the projection of the stress
vector on the reference vector v in Fig. 1.3:

ui&ijﬁjég = Vl'O'ijleé;S’ (110)

or
C~7'ij (Iijkl — Dijkl)yknléS = crklz/knléS (111)

using the preceeding equation (1.5).
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1 Background on Continuum Damage Mechanics

With the symmetry properties of the damage tensor Djjr; given in
Sect. 1.1.3, the effective stress is the symmetric tensor,

Gij = ow (I — D) (1.12)
which may also be written as
6ij = Mijklakl7 with Mijkl = (I — D)k_llij . (1.13)

Back to a second order damage tensor, there are several possibilities to
write a restriction of the fourth order formulation but only one fulfills the
following conditions:

—  Symmetry of the effective stress (note that &;; = oy (1 — D),:j1 is not
symmetric!).

— An effective stress independent of the strain behavior and, in par-
ticular, independent from the Poisson ratio (&;; = ijklE’,;lisars may
depend on the Poisson ratio).

— Compatibility with the thermodynamics framework: existence of strain
potentials and principle of strain equivalence. The symmetrization
Gij = ; {aik(l — D),:j1 +(1- D)i_klakj} is not derived from a po-
tential (J.P. Cordebois and F. Sidoroff 1979).

— Different effect of the damage on the hydrostatic behavior represented
by the stress (og) and on the deviatoric part (05) by means of a hy-
drostatic sensitivity parameter (n) that is easy to identify.

This restriction is represented by

OH

. —-1/2
1— T]DH 61']‘ N with Hij = (1 — D) / N (114)

Oij = (HikUBHlj)D + ij

where Dy = %Dkk is the hydrostatic damage and H is the effective
damage tensor. The corresponding fourth order tensor M;;z; is

5ij5kl .

(1.15)
For the uniaxial case, the effective von Mises stress (Geq) differs from the
effective tensile stress (1) (assumed here in direction 1) as follows:

1 1
Mijr = HigHij — 3 [H78i5 + H0k1] + 9H§p5ij5kl +

3(1 —nDwu)

N _2 o +1 o
%94~ 31 _p, T 31— Dy "
4 o 2 o 1 o (1.16)

= 91-D, T91-Dy T 31— 4Dy’

where D3 = Ds. The coefficient 1 does not depend very much on the
materials as most often 1 = 3. The isotropic damage case corresponds to
Dij = D(SU and n= 1.

The effective stress taking into account the quasi-unilateral conditions of
microdefects closure is formulated in Sect. 1.2.4.



1.2 Thermodynamics of Damage 7

1.1.5 Effects of Damageé

Damage by the creation of free surfaces of discontinuities reduces the value
of many properties:

It decreases the elasticity modulus

It decreases the yield stress before or after hardening
It decreases the hardness

It increases the creep strain rate

It decreases the ultrasonic waves velocity

It decreases the density

It increases the electrical resistance

Some of these effects are used to evaluate the damage by inverse methods
(see Sect. 1.3). Furthermore, the effects on mechanical strength and stiffness
are different in tension and in compression due to microcracks opening under
tension and their closure under compression.

1.2 Thermodynamics of Damage

The thermodynamics of irreversible processes allows for the modelling of
different materials’ behavior in three steps:

1. Definition of state variables, the actual value of each defining the present
state of the corresponding mechanism involved

2. Definition of a state potential from which derive the state laws such as
thermo-elasticity and the definition of the variables associated with the
internal state variables

3. Definition of a dissipation potential from which derive the laws of evolu-
tion of the state variables associated with the dissipative mechanisms

These three steps offer several choices for the definitions, each chosen in
accordance with experimental results and purpose of use. Then, the second
principle of the thermodynamics must be checked for any evolution.

The two potential functions introduce parameters which depend on the
material and the temperature. They must be identified from experiments in
each case.

1.2.1 General Framework(j(j

The state variables, observable and internal, are chosen in accordance with
the physical mechanisms of deformation and degradation of the material
(Table 1.1).

Taking small deformations into consideration, the total strain is split into
a thermo-elastic part €® and a plastic part €P:

€ij = € + € (1.17)
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Table 1.1. State and associated variables (J. Lemaitre 1978)

Mechanisms Type State variables Associated
Observable  Internal  variables
Thermoelasticity Tensor €ij Oij
Entropy Scalar T s
Plasticity Tensor e% —0ij
Isotropic hardening Scalar r R
Kinematic hardening Tensor Qij Xij
Damage Scalar (isotropic) D -Y
Tensor (anisotropic) D;; -Yi;

The Helmholtz specific free energy taken as the state potential of the
material is a function of all the state variables. Written as @[J(efj, D or Dy, ,
a;;,T), some qualitative experimental results on the possibility of couplings
show that the state potential is the sum of thermo-elastic (1), plastic (¢p),
and purely thermal (¢1) contributions. Here, it is more convenient to con-
sider the potential as the Gibbs specific free enthalpy (¢*) deduced from the
Helmholtz free energy by a partial Legendre transform on the strain:

1
¢* = sup |:p0’ij€ij - 1/):| (118)
or
* 1 e 1 p
P* = sgcp poijeij — e | + pUijeij —Yp —Yr, (1.19)

where p is the density and where 1, and 11 do not depend on the total
strain.
It is finally expressed as

1
¢* :¢g—|— pO’ijefj —1/)p—1/)T, (120)
where

o The elastic contribution ¢} is affected by damage to model the experimen-
tally-observed coupling between elasticity and damage through the effec-
tive stress concept & associated with the principle of strain equiva-
lence (J. Lemaitre 1971). It states that the strain constitutive equations
of a damaged material is derived from the same formalism as for a non-
damaged material except that the stress is replaced by the effective stress.

o The part ¢, = | (fg Rdr+ §Cajjay;) is the contribution due to plas-
tic hardening. When multiplied by p, it is the energy stored (ws) in
the RVE. The material parameter C' accounts for the linear part of the
kinematic hardening.

e The extra contribution ¥ is a function of the temperature only. It par-
tially defines the heat capacity of the material.
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First, the state laws are derived from the state potential. They are the laws
of thermoelasticity,

o* oy, o o*
€ij :paa,, :paa,, te; — & :paa,,
t t t (1.21)
s = oy
o7
The other derivatives define the associated variables as follows:
o*
R=-—
P or
oY*
Xij = —paaij ; (1.22)
o op*
Y = _ — Y= — )
Pop " 7= "Pap,

The second principle of thermodynamics, written as the Clausius—
Duhem inequality is satisfied when the damage rate is positive:

. i1y
— i+ YDy = T >0 (1.23)

This means the dissipation sum of the dissipation due to plastic power
(O’ijé?j), minus the stored energy density rate (ws = Rr + X;jd;;), plus

. P
Oij€;

the dissipation due to damage (YijDijL and plus the thermal energy (¢ is
the thermal flux), is transformed into heat.

Finally, the kinetic laws governing the evolution of the internal variables
are derived from a dissipation potential (F') which is a convex function of
the associated variables to ensure fulfillment of the second principle:

F:F(O’,R,Xij,YOI'Y;j;DOI‘Dij,T). (124)

The state variables representing the temperature and the damage may act,
but only as parameters. Introducing the plastic criterion function (f), the
nonlinear kinematic hardening term (Fx) and the damage potential (Fp),
according to qualitative experiments on the possibilities of coupling, F' is the
sum F'=f + Fx + Fp. The evolution laws are formally written as

. OF . OF
_ _
“ = Noay) " Mooy
OF
= A
OR’
e (1.25)
T T X,
. . OF . OF . . OF . OF
D=—dypy =Agy o Du=—h, T =h g

This is the normality rule of generalized standard materials.
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For phenomena which do not depend explicitly on time, such as plasticity,
the potential F' is not differentiable and A is the plastic multiplier, calculated
from the consistency condition, f = 0, f = 0. The first condition, f = 0,
means that the state of stress is on the actual yield condition; the second,
f =0, means that an increase of the state of stress induces an increase of
the yield stress. Elastic unloading occurs when f < 0 or f < 0, the internal
variables then keeping a constant value (éfj =7 =q; = Du =0). The com-
plete loading or unloading conditions are called the Kuhn—Tucker conditions:
A>0, f<0,A\f=0.
~ For phenomena like visco-plasticity which depends explicitly upon time,
A is the viscosity function A(f).

To complete the formal description of elasto-(visco-)plasticity coupled
with damage, the accumulated plastic strain rate (p) is defined in ac-
cordance with the yield criterion considered. For the von Mises criterion it
is

. 2.p.
p= \/36%6% : (1.26)

In 1D (uniaxial tension-compression case), it simply means p = |ép].

1.2.2 State Potential for Isotropic Damaged)

According to the principle of strain equivalence, the strain potential for linear
isotropic thermo-elasticity and isotropic damage (D) is

1+vo;0 v ol
y= R Wk T — T 1.27
M= 9p 1-p ap1-p T 0okt (1.27)

where F is the Young’s modulus, v the Poisson ratio, o the thermal expansion

coefficient, and Ter a reference temperature. The thermo-elasticity law is
derived from this potential as

o oy 1+4v., v

€ =P Gij — Okk0ij + (T — Trer)dij (1.28)
J 8aij E J E J J
. . Oij
where the effective stress is 0;; = - D

The energy density release rate (Y), the associated variable with the
damage variable, is also derived from the state potential and may be written
as (J.L. Chaboche 1976)

3¢* _ &quV

Y=p,o= 5o (1.29)
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introducing the triaxiality function

R, = ;(1+1/)+3(1—2u) <”H> (1.30)

Oeq

where oy = oki/3 is the hydrostatic stress, oeq = \/30303 the von
Mises equivalent stress, and 03 = 0y — oud;; the stress deviator. The
ratio op/oeq is the stress triaxiality denoted by Tx.

If we is the elastic strain energy density defined by dwe = 0;;des;, then

y= Yo o g y-= ! dwe

1-D 2 dD (131)

o = const -’
T = const

At this level, an interesting concept is the damage equivalent stress
(6*) (J. Lemaitre 1981) defined as the uniaxial stress which gives the same
amount of elastic strain energy (we) as a multiaxial state of stress. For linear
isothermal isotropic elasticity, w. = py} or in terms of the stress deviator
(o) for shear energy and the hydrostatic stress (op) for the hydrostatic
energy,

N 7 0303 3(1-2v) o quRu

_ - . 1.32
Pe= 95 1-D °9E 1-D  2BE(1- D) (1:32)

Writing the equality between the uniaxial case, for which R, = 1, and the
multiaxial case,

*2 2 R
o = el (1.33)
2E(1-D) 2E(1-D)
yields
0" = 0qRY2. (1.34)

1.2.3 State Potential for Anisotropic Damagedd

In accordance with the principle of strain equivalence, with the definition
of the effective stress (1.14) of Sect. 1.1.4 and with P. Ladeveze’s (1983)
framework for the description of an anisotropic state of damage, the state
potential piy represented by the tensor D is

3(1-2v) o}
9E 1—nDy

«  14v

pwe - 28 HZ]O—BCHklUB + + a(T — Tref)okk , (135)

where
H=(1-D);'? (1.36)

)
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The law of elasticity is derived from the Gibbs potential and as expressed

n (1.28) still introduces the symmetric effective stress tensor defined in
Sect. 1.1.4: o

~ D D

Oij = (HikO'lelj) + 1— 77DH 5ij . (137)
The associated variable with D is the energy density release rate tensor,
Y, which is also derived from the Gibbs energy, Y;; = p0¢*/0D;;. This
derivative needs some care due to possible variation of the damage principal
directions. Using szij +szHkJ HkalHl and

. . 1
AjjHy = H?, D quj , with A = 2(Hikdjl+Hjl5ik+Hil5jk+ij5il) ,
(1.38)
where the symmetrization is due to Hy; = Hji, one gets:
1+v p _ 5 9 o n(l—2v) o3
}/ij - E Ukp HZDQ U Aklmn H H]n 2F (1 _ nDH)2 5ij : (139)

It is possible to verify that the dissipation YijDij is positive or zero at least
for practical cases.

By chance, the law of damage evolution in Sect. 1.4 will not be a function
of Y but it will be a function of the effective elastic energy density, the
scalar Y = [ 7y def;, as in the isotropic case. Y can be written as a function
of the effective stress,

1 e e 1 ~ e s R
Y = 2Eijkl6kleij =, Gijel; = ;E 7 (1.40)
with the effective triaxiality function
S 2 o\
R,= _ (1+4+v)+3(1-2v)( _ , (1.41)
3 Oeq

where

1/2
Geq = (H o"H), = B (H UDH) (H oH), ]
(1.42)
. oH
oHg — 1— UDH .

1.2.4 Quasi-Unilateral Conditions of Microdefects Closureééé
For most materials under certain conditions of loading, the microdefects may
close during compression. This is more often the case for very brittle mate-
rials. The phenomenon of partial closure of microcracks increases the area
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which effectively carries the load in compression and the stiffness may then
be partially or fully recovered. For most materials, considering Et and E~
as the effective elasticity modulus in tension and in compression, the ratio
(E — E7)/(E — ET) has a constant value close to 0.2 when the damage
models of Sects. 1.2.2 and 1.2.3 give a value equal to 1. This phenomenon
is referred to as quasi-unilateral conditions, the term “quasi” standing for
“initial elasticity partially recovered in compression.”

From a theoretical point of view, the damage state due to the presence of
microdefects is represented by the internal variable D or D. Being a thermo-
dynamical state, it is independent of both the intensity and the sign of the
loading at constant internal variables (metals, concretes, composites, poly-
mers ... do not physically recover from their wounds!). This means that

e No extra damage variable has to be introduced to model the mi-
crodefects closure effect
e D or D act differently in tension and in compression

For unidimensional states of stress, a solution is to define an effective stress
such as
o
* 1_D in tension with D the relative reduction of the resisting area in
tension identified by D = 1 — E*/E and
o
L —hD in compression with hD, the relative reduction of the resisting
area in compression identified by hD = 1 — E-/Eorh = (E—E")/
(E - E+)7

where h is a microdefects closure parameter that is material-dependent
(but most often h =~ 0.2).

For 3D states of stress, the difficulty is to recognize what is compres-
sion and what is tension! The theoretical background needed to handle such
a problem mostly concerns the definition and use of positive and negative
parts of tensors built with their three principal values.

The positive part (s), also written as (s);; (with negative part (s)~ or
(s);; respectively), of a symmetric tensor s is built from its positive (negative)

eigenvalues sy and the corresponding normalized eigenvectors ¢, as in

3

(sﬁ; = Z <SK>ququ and  (s);; = sij — <s>:;-, (1.43)
K=1

r if x>0,

0 if z<0.

Using the property (s)z';(sﬁ] =0, it is easy to demonstrate that

where (-) stands for the positive part of a scalar: (z) = {

(sk)? = (skr)? + (—skr)?

sijsi; = (8)3(8); + (8);;(8)y; - (1.44)
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The products (s )?, <s>:;<s)j;, and (s);;(s);; may be continuously differen-
tiated as follows:

3§ij <;<Skk>2> = (skk)0ij ,
af” <;<S>L<s>’t> = (o) (1.45)
aij <;<S>;<s>;) = (s);; -

1.2.4.1 Quasi-Unilateral Conditions for Isotropic Damage

(P. Ladeveze and J. Lemaitre 1984)

The microdefects closure parameter h operates by (1—hD)~! on the negative
part of the principal stresses and by (1 — D)~! on the positive principal
stresses. For isotropic damage, the isothermal state potential p} is

(@) (o) (o)ilo)s v {(%1&2 (—okk)?
1-D 1—hD 2 |1—-D 1—hD

_1—|—1/

e 9F

} . (1.46)
The elasticity law is still derived from €§; = p 0¢% /00,

(@) (o)

1-D 1—-hD

e 1tv
eij_ E

v [{omk) _ (=omk)
D S LI

It defines an effective stress as
(o)F; (o)
1-D 1—-hD

v (o) — (okk) n Or{o) + (=omn) ) 5
1—2v 1-D 1—hD E

&ij =
(1.48)
+

The energy density release rate Y = pdy* /0D now strongly depends on h as

1+v [(o)5(e)f; (o) (o); v [ (om)? (—owk)?
Y= 95 | a-pp T"a-npy _2E[(1—k33)2+h(1—;;}))2} '
(1.49)

1.2.4.2 Quasi-Unilateral Conditions for Anisotropic Damage
(P. Ladeveze 1983, R. Desmorat 1999)

As for the isotropic case, the scalar parameter h,, different from h in general,
is introduced in order to model the different effects of D on tension and
compression. We define
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—1/2 1 2
HY,=(1-D);"?, Hi=(1-hD);" (1.50)
where p stands for positive and n for negative, as it will be exhibited by their
use.
The isothermal state potential that can model quasi-unilateral anisotropic
damage is

pe =

1+v
( ij +k

2F
+ 3(1 — 21/) <0’H>2 + <—0’H>2 ’
2F 1-=nDuy 1—hanDyu

Hpo? HklUJrL +Hn0+ kalUJrz)
(1.51)

where UE is built with the eigenvalues Ax and the corresponding eigen-

vectors (TK) of the non-symmetric matrix (HPoP) in such a way that
(HPo? HPo'?) may be continuously differentiated. This means

d< Hpa_,_ kH,Slo_H) Hp0+ kHII:ldUlz—’_U—H Hpa_,_ JAHP, (1.52)

where TX and A x are given by the eigenvalue problem
opT; = \(H") ;' T; (without summation) (1.53)

and the normalization T (HP);;'T; = 6!/ is made. Be careful: the scalar

product 1. 77 # 617 as (HPoP) is non-symmetric. The eigenvalues \x are
real because o is symmetric and (HP)™! is positive-defined and symmetric.
The deviatoric stress tensor may then be rewritten as

3
= > A [(ED)FTE] [(EP) T (1.54)
K=1

and the special positive part a’?_ is therefore defined as

3
o2, = 3 ) [(HY)RTE] [(H) 1] (1.55)
K=1
The same procedure is followed for the negative part o® with H" and
with the eigenvectors and the negative eigenvalues of (H" o).
The elasticity law is derived from the state potential,

Pa¢*
i 0oi;

1+v n

= R HE)P + (Ho®, H))|
(1.56)
i 1—-2v <O’H> _ <—(TH> 5
E |1—nDy 1—nh.Dy|" "

e l1+v v
eij = E Uzg Eokkéija
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and defines the effective stress,

- n (on) (—om)
Oij = (sz0+lep) + (Hjxo —MHZ]) [1 — Dy T nha Dy dij
(1.57)

which takes into account the quasi-unilateral effect. The effective energy den-
sity is also a function of the microdefects closure parameter. It is expressed
as

Y = 1;;3% (H?DH?) 4 by (H"0PH")| .
e P AT (159
2B [(1—nDu)? " "(1—ph,Du)2)

In order to keep the possibility to differentiate the state potential, the pos-
itive and negative parts are taken with respect to the deviatoric stress tensor.
This means that the parameter h, affects both tension and compression (o
has positive and negative components in any uniaxial case), therefore the
model is quite complex even for the tensile test. Furthermore, the value of
the microdefects closure parameter depends on the model itself: for a given
material, h for the isotropic damage model is different from h, identified for
the anisotropic damage model. The good thing is that the common value
for many materials, h =~ 0.2, for the isotropic damage model corresponds to
ha = 0 for the anisotropic damage model.

Finally, the law of elasticity may be written as (h, = 0)

e 14+v D
= o |HRoDHDP + ((0P)7)) ]
(1.59)
i 1—2v <O’H> o <—O’ > S
E |1-nDy H7| %
and the effective energy density is
1+v 2 3(1-2v) (om)?
Y = tr (H o2 HP 1.60
o (HIOZHY) + 70, (1 - nDy)? (1.60)

1.3 Measurement of Damage

The direct measurement of damage as the surface density of microdefects is
difficult to perform and is used only in laboratories well equipped for microg-
raphy from both the human and microscopy points of view. It is easier to
take advantage of the coupling between damage and elasticity (or plasticity)
to evaluate the damage by inverse methods.
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1.3.1 Isotropic Elasticity Changeé

In the case of isotropic damage, the uniaxial law of elasticity in tension cou-
pled with damage reduces to
o o
— = _ s 1.61
where F is the Young’s modulus of undamaged elasticity and E is the actual
modulus of damaged elasticity. The damage is then expressed as the loss of
stiffness,

E

D=1 P (1.62)
To evaluate the damage as a function of the accumulated plastic strain, p =
fot |ép|dt, it is advised to perform a very low cycle test at a constant strain
range on a tension-compression specimen (rupture for 10 to 100 cycles) and to
measure the elastic strain by means of small-strain gauges during unloadings
(Fig. 1.4, J. Dufailly 1976). If A¢,, is the plastic strain range over a cycle, the
accumulated plastic strain for N cycles is simply p ~ 2Ae, N.

Fig. 1.4. Measurement of damage by means of elasticity change

The evaluation of the elasticity modulus needs much care because an
absolute accuracy of about 1079 is needed on the measurement of the strain.
Furthermore the damage is almost always very localized on a small volume
and it looses its continuous signification as soon as a mesocrack appears.
In tension, this is before the whole fracture, when the elasticity modulus
decreases rapidly, an instant which corresponds to a quick change of the
curvature in the graph of D = 1 — E/ E as a function of the accumulated
plastic strain p (Fig. 1.4).

1.3.2 Isotropic Elasticity Change by Ultrasonic Waves(j(j

A wave’s speed is related to the density p and to the elastic properties of the
considered medium. Considering the longitudinal waves in a linear, isotropic,



18 1 Background on Continuum Damage Mechanics

elastic, long cylindrical specimen with Young’s modulus E and a Poisson
ratio v, the wave speed is determined by

E 1—-v
v \/p (1+v)(1—-2v)" (1.63)

If the material is damaged mainly by microcracks, the density remains almost
unchanged and if they are randomly oriented to make the damage isotropic,
the Poisson ratio also remains constant. The wave speed becomes

- E 1—v
v \/p (1+v)(1—2v)° (1.64)

from which the damage may be determined as

D=1- — D=1- .. (1.65)

This method requires the measurement of the propagation time of the

waves. The accuracy is higher when the distance covered by the waves is large.

Unfortunately, due to the localization of the damage, the distance available

for an uniform field of damage is always small, often too small for metals,

but the method works nicely for concrete with a frequency of 0.1 to 1 MHz
(Y. Berthaud 1988).

1.3.3 Anisotropic Elasticity Changeééé
When anisotropic damage is considered, the damage tensor has six com-
ponents or three if the principal orthotropic frame is known, through, for
example, an independent measurement of the plastic strains. Considering the
case

_ 1
Dy 0 0 Hy=7p, 0 0
_ 1
p=|0p o, H- 0H = '), o,
_ 1
3 0 0Hs= ')
(1.56)

with elastic strains corresponding to an uniaxial tension o7 in the direction 1
of a previously damaged material, the elasticity law (1.28) with the effective
stress (1.37) of Sect. 1.2.3 can be expanded as

€ 00 L4y ([H 0 0 200 0] [HL 0 0 P
06 0| = 0 Hs 0 07 0||0H o
00e E 0 0 Hs 0 o] Lo o m e
1—2v o 100
010

38 1—1Du |01
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The damaged elasticity modulus in the direction 1 and the associated con-
traction ratios also measured by strain gauges are defined by

~ o1 €5 €5
El = o Vig = — e and Vi3 = — e (168)
€1 €1 €1

This leads to three expressions for the elastic properties as functions of the
damage:

E 1+v 4 1 1 1—-2v
= 1.69
E, 9 (1—D1+1—D2+1—D3)+3(1—77DH)7 ( )
E 1+v 2 2 1 1—-2v
o E _ _ (170
U12E1 9 (1—D1+1—D2 1—D3) 3(1 —nDn) (1.70)
. F 1+v 2 1 2 1—-2v
R — — . 1.71
V13E1 9 (1—D1 1—D2+1—D3) 3(1 =nDn) (L.71)

For a tensile loading in direction 2 (or 3), the equations remain the same with
subscripts 1 and 2 (or 1 and 3) inverted. Then uniaxial tensions applied in the
directions 2 and 3 give 6 additional equations to determine the 3 components
of the damage (D1, D2, Ds3), plus the coefficient n if it is unknown, with
a verification of the symmetries:
L (no summation). (1.72)
E, E;
If a uniformly damaged cube is available to machine 3 tensile specimens in
the 3 principal directions, 3 elasticity tests (with measurement of the elastic-
ity modulus and contraction ratios) allow for the calculation of the damage
components,

~ r ~ -1
E1 - El
Di=1- 1 2 - .

1 E( +V) + V19 E2‘| R

~ r ~ -1

E. E.
Dy=1- E2(1+V) 2—(1—1712)];’ :
I 1 (1.73)
~ - ~ —1
Es N E3
Ds=1-— 21 2 _
3 E( +v) |2+ U3 E2] ;
Ei 1-2v
d nDg=1—
ancé. n&H E1—20,"

1
with Dy = 3 (D1 + Dy + Ds).

Due to the required size of the specimens, this procedure is not possible
most of the time. Nevertheless, a cube smaller than the classical tension spec-
imens may be analyzed by ultrasonic waves in the three principal directions.
In this case, the transversal wave speed must be also measured.
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1.3.3.1 Damage Induced by Uniaxial Tension

From the previous general expressions, approximate formulae may be derived
for damage induced by uniaxial tension (in direction 1). Using experiments
of ductile damage with repeated unloadings for which only the elasticity
modulus (E;) and the contraction coefficient (715) are measured,

El 1—|—l/

Dy=Dsrl— .
2 3 E 1+ 3019 —2v

(1.75)

For the extremal values j < 7 < 1 and 3 < g < 1, this corresponds to
a maximal relative error of 15% when compared with the exact formulae.
The last expression of (1.73) for nDy remains valid as only F; and 719 are

needed.

1.3.3.2 Damage in Thin Sheets

Practical applications often concern thin sheets in which it is possible to
machine small tension specimens in two perpendicular directions and in the
direction at 45 degrees, as shown in Fig. 1.5.

Careful measurements made on the small specimens give Ey, Es, EI
and D9, o1, DZ’ from which D; and Dy are determined. The parameter 7

1— E1 1-2v
E 1—21712

is obtained as the slope of ( ) as a function of the hydrostatic

cr 00 e 0 O
[6]=[0 0 O [e]=]10 0 O
0 0 O 0 0 &3

Fig. 1.5. Uniaxial tension and plane tension in three specimens machined in
anisotropic damaged sheets



1.3 Measurement of Damage 21

damage Dy = },’(Dl +Dy+ D3). A hypothesis concerning the damage created
in direction 3 has to be made for the calculation of Dy. It is Dy = D3 for
damage induced by uniaxial tension loading; Do = 0 and D3 = D; for damage
induced by plane tension loading (large plates). Such choices have an influence
on the measurement of 7 only. They are consistent with the consideration of
the damage evolution law of Sect. 1.4.

The data at 45 degrees may be used as complementary data for the iden-
tification of the damage or to check the quality of the measurements,

_ 11 1 P1a] !
Br=4|. + . + . —2" (1.76)
‘ E, Ey G Ey
Bl
b = 4[2”}2+~1 1 —}], (1.77)
! 4 Ei G E E

with the damaged shear modulus being

Gro=G\/(1—D))(1—Ds), and G= 2(1Ji FRECEL

Two examples are given for anisotropic ductile damage created in uniaxial
tension and plane tension in the direction 1 of thin sheets of ARCELOR steel
SOLDUR 355. The results are given in Fig. 1.6 for two values of the plastic
strain applied on the big samples in order to produce the damage. In both
cases, the ratio Dy/D; is close to the ratio |e5|/|€]]| as D2/Dy = 1/2 in the
case of uniaxial tension and Dy/D; = 0 in the case of plane tension. The

value of 7 is in the range of many other experiments for which it has been
found: 2.1 <7 < 3.5.

Uniaxial tension Plane tension
0.2 0.2 T T T
0.15 -1 0.15 -1
o
V7 Q\
0.1 . 0.1 7 .
oD
p=0.14
0.05 1 0.05 1
=0.07
0 p=0.0
0 1 0 1 1 1
0 0.05 0.1 0.15 0.2 0 0.05 0.1 0.15 0.2

Fig. 1.6. Damage anisotropy in uniaxial tension and plane tension in polar coor-
dinates (M. Sauzay 2000)
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1.3.4 Hardness Changed)

Hardness or, better for damage evaluation, microhardness is influenced by
the softening effect of damage. The process of inserting a diamond indenter
in the material where the load (F) and the projected indented area (S) are
measured defines the hardness as

H= g (1.79)
The material around the mark is loaded in 3D, proportional plasticity which
avoids the consideration of a kinematic hardening (see Sect. 2.1.2). In the
case of isotropic damage with the same effect on tension and compression,
the plastic potential is written with the effective von Mises equivalent stress,
the isotropic hardening stress R, and the yield stress oy,

Oeq
= —R—0,=0, 1.80
7= y (1.80)
which means that the actual plastic yield stress corresponding to a plastic
strain in the material is

os=(R+o0y)(1—-D). (1.81)

Theoretical analyses and many experiments have proved that this actual yield
stress is related to the hardness H linearly,

H = kos. (1.82)

e If a microhardness test is performed on a virgin part of a piece of material
where there is no hardening (or only the small hardening due to the micro-

indentation),
H = ko, . (1.83)

e If a microhardness test is performed on a damaged part of the same
piece of material, as the damage occurs for quasi-saturated hardening
R+ o0y = 0y, one has

H=ko,(1-D). (1.84)
with o, being the ultimate stress.

From the two last equations the damage is evaluated as

Ho

D=1 .
H o,

(1.85)

This method gives about the same results as the elasticity changes but,
with some care, it allows for the measurement of surface damage fields with
in situ measurements (R. Billardon and J. Dufailly 1987). Nevertheless
the method does not take into consideration eventual internal stresses, which
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sometimes exist in zones subjected to high gradients of plastic strains and
which may artificially increase or decrease the hardness.

The damage here is measured in compression by use of the coupling be-
tween plasticity and damage. Good comparisons with damage measurements
in tension prove that the yield criterion does not depend much on the micro-
defects closure phenomenon. This non-dependency is due to the mechanism
of plasticity itself produced by slips in shear.

1.3.5 Elasticity Field Changed(j(j
(D. Claise, F. Hild and S. Roux 2002)

The microhardness technique allows for the measurement of damage fields,
but in discrete values for each indentation. More powerful is the measurement,
by digital image correlation, of the displacement field of the damaged
structure loaded in its elastic range, associated with a finite element analysis
(FEA) in which the loading and the displacement fields are given and the local
elastic properties related to the damage field are unknown. This technique is
described for plane stress or plane strain problems but its extension to 3D
problems is possible.

Digital image correlation consists of correlating a small image of the sur-
face of a deformed body with the image of the same zone in its initial state,
by a translation that represents the displacement of its center. It needs:

e Some preparation (or not) of the surface in order to obtain a texture
heterogeneity that can be observed by a camera.

e A CDD camera which is the key point for the resolution of the method.
A 12-bit camera allows for a displacement resolution of 1072 pixel or
5 x 107° as the absolute value of the strain, but a 16-bit camera is likely
to allow for the measurement of strains with absolute values as low as
10~ with a relative accuracy of 5% and a gauge length of 1024 pixels.

e A fast acquisition set up to record the amount of information defining the
images.
A standard Personal Computer.
Software for the image data processing by multiscale correlation (for ex-
ample, the software CORRELI developed by F. Hild at LMT-Cachan).

e A special finite element code giving directly the damage field whose prin-
ciple is explained below. This technique is applied to real damaged struc-
tures loaded in such a way that the strain in the most damaged zone
remains elastic, with the largest possible value.

1.3.5.1 Damage Field from Displacements Measurements

The equilibrium condition o5;; = 0 for elasticity coupled with damage con-
stitutive equation (A and p are Lamé elasticity parameters of the undamaged
material),
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055 = 2#(1 — D)éfj + )\(1 - D)sz(sij s (186)
is
(2p€5; 4+ Aeg6ij) (1 — D) 5 + (2pe5; + /\ezkzsij))j (1-D)=0 (1.87)
or
) (1-D)

(20€l + Aefdig)

7 (2u€5 + Aefydy) =0, (1.88)

1-D);
which is rewritten with ( ) D)’J = [In(1 - D)] ;:

(2p€5; + Aegy0i5) [In(1 — D)l ;+ (2pes; + )\eik&j))j =0. (1.89)

The continuity of the stress vector across interfaces or element boundaries
for finite element analyses leads to (with here a boundary oriented by a nor-
mal &)

[(1 = D){AM(e5, + €yy +€£2) + 2ue, 1] =0,
[(A=Dypue;,] =0, (1.90)
[(1 - D)pes.] =0,

where [x] denotes the jump of a quantity +. Similar expressions are obtained
for normals €, €., or 7.

In equations (1.89) and (1.90), the displacement field @(x) and therefore
the elastic strain field €®(x) are known (assumed equal to the strain €(x)
determined by image correlation in the elastic range). These equations allow
for the determination of the field (1— D(x)) up to a multiplicative factor only
since no load measures are considered. If the critical damage D, is known,
the observed crack initiation condition corresponds to (1 — D) = (1 — D,)
and gives the multiplicative factor.

Based on the FEA, a weak formulation of the problem may be built,
assuming a spatial discretization by 2D quadratic elements and a damage
constant per element (D = D® for element p). The strain energy W of
an element p classically depends on the elastic properties and of the nodal
displacements {U®} (see Sect. 2.2). It is linear in (1 — D). In the absence
of applied load on each middle node k between two elements p and ¢, the
derivative of the strain energy W% = W) + W% of both elements with
respect to the displacement @* of node k vanishes, so that

8We(P‘J)
ouk

3

=0. (1.91)

Due to the linearity with respect to (1 — D)) in element p and to (1 — D))
in element ¢, one obtains two equations per middle node. These equations
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are written in the synthetic form
9 (UPHA - DP) = g (U@L - D), (1.92)

where the functions gfp °r9) are generic and only depend on the nodal dis-

placements {U®)}, {U(@} of elements p and ¢.
Taking the logarithm of (1.92) yields

(1 - D®) — (1 = D) = In|gf) (U })| = n |gf {UD})]  (1.93)
and leads to the overdetermined linear system
[M]{d} = {q}, (1.94)

where the vector {d} of components the logarithm of (1— D) over each element
is the unknown,

In(1 — DM)
{d} = | In(1 - D) | | (1.95)
In(1 —'D(N))

and where the matrix [M] is filled up with 0, 1 and —1 only. The second

member {g} is due to the terms In[g”| — In|g'”| and is function of the
measured nodal displacements. The system is solved by the use of the least
square method:

([(M){d} = {a})" Weor] ((M]{d} — {q}) minimum  gives {d}, (1.96)

where [Wqo,] is a diagonal weight matrix. We specify one component of {d}
and define {6} as the new unknown vector

{6} ={d} — {d}o where {d}o= |In(l —D), | . (1.97)

The damage field is finally obtained as the solution of

(IM]T Weor [M]) {8} = ([M]" [Weor]) {q} — (IM]" [Weor] [M]) {d}o.
(1.98)
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1.3.5.2 Example of a Cross-Shaped Specimen

As an example, Fig. 1.7 shows a cross-shaped specimen that is loaded bi-
axially in the triaxial testing machine ASTREE of LMT Cachan and also
the lens of the camera. The material is a vinylester-glass fibers composite
considered as isotropic since a random distribution of the fibers is observed
(Fig. 1.7). The size of the analyzed square is 36.5 x 36.5 mm and it is 2.5 mm
thick. The displacement measured just before failure by a mesocrack is also
shown in the figure and the corresponding damage field is given in the third
picture. Three highly damaged elements are visible on the top left corner and
correspond to the initiation of a mesocrack precursor of the final failure of
the specimen.
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Fig. 1.7. Sample in the ASTREE machine with its microstructure (a), displace-
ment field (b), damage field of the central zone (¢) (D. Claise, F. Hild and S. Roux
2002)

1.4 Kinetic Laws of Damage Evolution

According to the thermodynamics framework of Sect. 1.2.1, the evolution law
for damage derives from the potential of dissipation and particularly from
the function Fp:

0Fp 0Fp
oY aY;;

There are many possible choices for the analytical form of the function Fp,
depending on the knowledge of experimental results, the purpose of use and
the ability of the model maker! The best is the simplest with the domain
of validity required, where simplest means the smallest possible number of
material parameters.

D = )\ or DU = )\ (199)
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1.4.1 Damage Thresholdd)cj and Mesocrack Initiation(j

All measurements of damage during plastic loadings, creep, or fatigue show
that no mechanical damage occurs before a certain irreversible or accumu-
lated plastic strain (pp) is reached, on a meso- or microscale. This threshold
pp depends on the material but also encounters strong variations with the
type of loading. This is because the damage initiation is in fact related to the
amount of energy needed for the incubation of defects, as the stored energy
threshold (wp) of the material.

According to the formalism of elasto-(visco-)plasticity with isotropic and
kinematic hardening of Sect. 1.2, the stored energy is

t
ws=/ (RF + Xy ) dt. (1.100)
0

The wg vs p curve obtained is drawn in Fig. 1.8. It is also shown that the
isotropic hardening saturates at the value R = R, for large p and recall that
p =7 as long as there is no damage. With the consideration of the state law
Xij = gCOéij, one has then

3 XijX;; aslongas D =0. (1.101)

Wsg :p'@[]p ~ Roop+ 4C

For nonlinear kinematic hardening, the contribution 430 X;jXi; reaches a sat-
uration value for monotonic loadings and becomes a positive periodic function
of time for cyclic loadings. This last expression then exhibits a linear depen-
dency in p for large values of the accumulated plastic strain and values for
ws much larger than what can be measured when the observed tendency is
to reach a constant value asymptotically.

variables R and r

variables Q and q
A=0.05, m=4.4

o | |
0 0.5 1

Fig. 1.8. Stored energy and damage threshold in pure tension (exponential
isotropic hardening with b = 80)
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For the above purpose, the classical framework needs to be corrected
(A. Chrysochoos 1987). A new set of thermodynamics variables, (Q,q), is
considered to represent isotropic hardening which introduces the correction
function z(r) = ;:‘Lr(l_m)/ ™ (A and m are material parameters), leading to
new expressions such as

t t
ws = / (Qq + Xijd;) dt = / (R(r)z(r)r + X;jc;) dt. (1.102)

0 0
Within the thermodynamics framework, the change of variables is written as
Q(g) = R(r) and dg= z(r)dr (1.103)

so that ws increases much less with p, as shown in Fig. 1.8:

43CXinij as long as D =0. (1.104)
Nothing else in the constitutive equations is modified.

One considers then that damage is initiated when the corrected stored
energy reaches the threshold value and wp is considered as a material pa-
rameter. This allows us to represent the loading dependency of the damage
threshold in terms of accumulated plastic strain pp (Fig. 1.9).

ws ~ ARoop'/™ +

A
Ws
monotonic loading
WD - —_ — A — — —_— —_— —_— —_— —_— —_— — —
I |
I \ |
I cyclic loading l
I |
I |
v v P
0 €00 Po

Fig. 1.9. Stored energy defining the damage thresholds in monotonic and in cyclic
loadings

For practical applications, approximate expressions for pp may be derived.
In the monotonic case, the kinematic hardening may be considered as an
additional isotropic hardening (see Sect. 2.1.2) and with p = €, and r = p as
long as there is no damage. The threshold is defined by reference to the true
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limit of irreversibility taken as the asymptotic fatigue limit o¢°,
€pD A 1-m 1/m
wp z/ (ou—0f°) €™ dep or  wp=A(ou—0f)ep , (1.105)
O m
with o, as the ultimate stress and ¢,p as the damage threshold in pure

tension.

e For monotonic loadings,
PD = €D - (1.106)

e For cyclic or fatigue loadings between oy < 0 and opax > 0, the
stored energy due to kinematic hardening is small and may be neglected.
An approximation of perfect plasticity at the maximum stress in tension
and at the minimum stress in compression allows us to write

1 PD 00 A 1—m ]_ D 00 A 1—-m
wD:2/O (Umax_of )mp m dp+2/0 (|Umin|_0f )mp m dp

—A (Urnax ‘; |Umin| - O’?o) p]l)/m7

(1.107)

with a stress range, Ao = Omax —Omin = Omax~+|Tmin| > 20§°, correspond-
ing to a plastic strain range, Ae,. Equation (1.107) gives the threshold pp
as a loading-dependent function of the threshold in pure tension (e,p):

m m
ou — 0¢° ou — 0¢°
D = €D = €pD 1.108
b P Omax + |Umin| o P Ao _ g ( )
2 f 2 O f

For 3D cyclic loadings such as (A0 )eq = Teq max + Teq min > 205°, it can
be written as

_ ou — 05°
PD = €pD (Ac)eq o (1.109)
2 %

But the most accurate expression for any loading is of course to calculate
the stored energy ws and to write

max ws = wp at damage initiation . (1.110)

One needs then to identify the correction parameters A, m, and the stored
energy at damage initiation (wp). Two experiments with damage mea-
surements give the threshold of monotonic tension (epp) and in fatigue
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p) for a known plastic strain range (Ae,). The stored energy in mono-
(rp) P g p gy
tonic tension is

X2%(epp)
ypt=m/mg PR/ — 1.111
m/ Pt 2C o ( )
and is
X2
(1 m)/m max __ 1.112
m/ dp+ 2C D ( )

in fatlgue with (see Sect. 1.5.1):
for exponential isotropic hardening: R(p) = Roo(1 — exp (—bp))

— for linear kinematic hardening: X (e;p) = Cepp in monotonic loading,
Xmax = Cép max = CA€p/2 in alternate fatigue loading omin = —0max

— for nonlinear kinematic hardening: X (ep,n) = Xoo(1 —exp (—y€pp)) in
monotonic loading, Xax = Xoo tanh 'YAQEP in alternate fatigue loading
Omin = —Omax

where Ry, b, C, v and X, = C/v are the hardening parameters.

The exponent m is determined by (1.108) such that

m = (1.113)

and A is identified by a comparison between (1.111) and (1.112).
For nonlinear kinematic hardening,

mXs [1 — exp (—yepp)]” — tanh? 'YA;"

™Ry [PP _
7 / (1 — exp (—bp)) pm~tdp

€pD

A= (1.114)

or, with the hypothesis of saturated hardening at damage initiation in
monotonic tension,

X, 1—tanh? 'YAEP

~ 1/m l/m
2yRe Pp —¢€p

(1.115)

If possible, take A as the average value given by different tests where
the plastic strain range Ae, and the damage threshold pp are measured.
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Finally, still for nonlinear kinematic hardening,

AROO eb —m)/m
wp =0 [0 exp (b))
m-Jo

X2 [1 - exp (—vepp))?
20

(1.116)
+

e For cyclic or fatigue loadings that are periodic by blocks, each

level or block i is a cyclic loading between Ué )mm and oe(,g) max. Damage will
be initiated during the np-th block when the stored energy density reaches
its threshold, i.e. as soon as ws = wp, or in an equivalent manner when
the accumulated plastic strain reaches the loading-dependent threshold

pp deduced from:

o) (nB)
eq min + Ueq max %) 1/m m
< q 9 — 0§ > [pD/ - (pnB—l)l/ }

ng—1 ('L ( )
eq min + Oeq max o) m m (1117)
+ E < 4 ! — 0% > [(pi)l/ — (pi—)" }

1
= (0w — 0'?0)6515

where p; is the value of the accumulated plastic strain reached at the end
of the i-th block. This equation generalizes equation (1.109) to multilevel
fatigue loadings. An example of application is given in Sect. 4.4.1.

At the other end of the damage evolution, a mesocrack is initiated when
the density of defects reaches the value for which the process of localiza-
tion and instability develops (see Sect. 1.6), that is D = D, in the plane
where D(7i) is maximum. The critical damage D, is a material parameter.
A way to evaluate D, is to apply the concept of effective stress at fracture: in
a pure tensile test when damage develops at saturated hardening, the stress
decreases from the ultimate stress oy to the rupture stress or in such a way
that for isotropic damage:

OR

S = o ~ o 1.11
OR =0y Or |- D, o (1.118)
from which
D.=1-"% (1.119)
Ou

leading to values of the critical damage between 0.2 and 0.5 for many mate-
rials.

For anisotropic damage, Geq = g b, T 3 1 ”b with Dy & D1/2 in ten-
sion. Writing again deqr = oy and Dy = D, gives values of the critical
damage of the same order of magnitude.
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1.4.2 Formulation of the Isotropic Unified Damage Lawé

The thermodynamics approach ensures that the main variable governing the
damage evolution or the damage rate (D) is its associate variable (Y), the
energy density release rate. Then the dissipative damage potential func-
tion (Fp) is primarily a function of Y. Many observations and experiments
show that the damage is also governed by the plastic strain which is intro-

duced through the plastic multiplier (\) as
if p>pp or maxws>wp, (1.120)

with A calculated from the constitutive equations of (visco-)plasticity coupled
with the damage deduced from the dissipative potential function (F'),

F=f+F+Fp. (1.121)

The (visco-)plasticity loading function f is determined by the von Mises
criterion (see also Sect. 1.5),

o
- ~X) —R-0, =0y, 1.122
/ (1—D )eq = (1.122)

where

g 3 o']? o']?
* (l—D _X) = \/2 (1—JD _Xi‘) (1—JD _Xij)
eq
e 0, is the viscous stress for viscoplasticity, o, = 0 for plasticity

The normality rule,

D
iJ B .
. OF af 3 1_p i}

FAES =\ = 1.12
6” 8aij 80'1'3‘ 2 < g —D ’ ( 3)

1
- )
1-p % »

coupled with the definition of the accumulated plastic strain rate, p =
\/ 5€5;€5;» and of the evolution law for the variable r,

P L

oR op =N (1.124)

leads to

(1.125)
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Many experimental results show also that Fp must be a nonlinear function

of Y. Then a simple (good !) choice is

S Yy s+1
o= ina-n (s) ! (1.126)

from which

D= C;)p (1.127)

S and s are two material parameters that are functions of the temperature.

The full damage constitutive equation is (J. Lemaitre 1987)

. YV
D:(S>p if maxws > wp or p > pp,

. 1.128
D=0 ifnot, ( )
D=D. — mesocrack initiation,
where
=2
v _ TeqBv
° 2K ou \ 2 in the simplest case
R,=2(1+v)+301-2v) ( H)
Ueq
. Vo 1+v [ (o)) +h<0>fj<0'>fj v [ {ow)? h (—oki)?
 2E | (1-D)? (1-hrD)2| 2E |(1- D)2 (1 —hD)?

if quasi-unilateral conditions are considered

ws = fg (R(r)z(r)r + X;jc;;) dt and wp is a material parameter (related
to GpD)

Pp = €pp for monotonic loading,
m

oy — 0¢°

PD = €D for cyclic loading

Oeq max + Oeq min o

2 f

D, is a material parameter

This law unifies many particular models:

Ductile damage if p is governed by plasticity (see Chap. 3)

Creep damage if p is given by a viscosity law such as Norton power law
(see Chap. 5)

Fatigue damage if p is calculated from cyclic plasticity (see Chaps. 4 and 6)
Quasi-brittle damage if p is at a microscopic level (see Chaps. 6 and 7)
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1.4.3 Formulation of the Anisotropic Damage Law(jd)

(J. Lemaitre, R. Desmorat and M. Sauzay 2000)

It is a “simple” extension of the isotropic case if the following damage dissi-
pation potential is considered:

Fp = <Y(S€e))s Y

where |.| applied to a tensor means the absolute value in terms of the principal
components. The term Y is the effective elastic energy density which can be
written as a function of the effective stress,

deP

1.12
= (1.129)

ij

1 e e 1. e 5.623 R,
V= Eijki€nciy = o0ij€; = ;E ; (1.130)

introducing the effective stress triaxiality function,

- 2 5o\ 2
R,=_(1+v)+3(1—2v) <UH> : (1.131)
3 Feq
where o
Goq = (H 0" H)eq and ou = | — 0Dy’ (1.132)
Then oF
D;; = Aa}/ij with A=r (1.133)
. Y\ |deP
Dij =7 : 1.134
=+ () \w,m (1.134)
Or finally,
D <Y)S |€”] if a > 0 >
ij = €|, if maxws >w r
NS, poon o (1.135)

Dij =0 if not s

an equation written in the principal frame of the plastic strain rate tensor eP
which shows that the principal directions of the damage rate tensor
coincide with those of the plastic strain rate. As an example, the pure
tensile test reads

100 1 0 0 100
o=0|000]|, e’ =¢, O—% 0 , and D=D 0%0
000 0 —é 00 %
(1.136)
And as in the isotropic case,
Dij =0 if ws<wp or p<pp. (1.137)

The condition of a mesocrack initiation is fulfilled when the intensity of the
damage in one plane reaches the critical value D.. According to the physical
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definition of the damage, this occurs when the norm of the damage vec-
tor D;jn; or when the largest principal value of the damage D reaches D.:

max Dy = D. — mesocrack initiation. (1.138)
fiy(max Dy) gives the orientation of the plane on which lies the mesocrack.

1.4.4 Fast Identification of Damage Material Parametersd
As already stated in Sect. 1.3, the best set of data on damage evolution comes
from very low cycle tests, at constant strain range on tension-compression
specimens, from which the damage is deduced using the elasticity modu-
lus change. Unfortunately, these tests are not commonly available. We will
describe here a method to obtain the values of the material parameters
for a specific material from usual properties listed in catalogues or hand-
books, or derivations using only a few usual tests as tensile and fatigue
data:

The damage law itself needs F, v, S, s

The damage threshold needs e,p, 0¢°, oy and m

The condition of mesocrack initiation needs D,

The quasi-unilateral conditions need h for isotropic damage or h, for
anisotropic damage but most often h = 0.2 or h, =0

e anisotropic damage needs n but a good candidate is n = 3

1.4.4.1 Partial Identification from a Simple Tensile Test

A simple uniaxial tension test, as shown in Fig. 1.10, gives:

The Young modulus E and the Poisson ratio v

e The yield stress oy, the conventional yield stress oy02 = 0(c,=0.2 10-2) and
the ultimate stress o,

e The rupture stress or and the rupture plastic strain epr

So— S
e The necking parameter Z = 0 R with So the initial section of the
0

specimen and Sy its rupture minimal section

Considering the uniaxial, isotropic, unified damage law in monotonic loading
with the hardening saturated at o, gives

. a2\
D= (2ES) ép (1.139)

or, by integration with D = 0 if €, < €yp,

D= (o) o —eun) (1.140)
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The damage usually starts to grow when the plastic strain reaches the value
corresponding to the ultimate stress oy,

€pD = €p(0 =0y). (1.141)
As introduced in Sect. 1.4.1, the critical value of the damage is given by

OR
Ou

D.=1- (1.142)
and 0.2 < D. < 0.5 in general.

Upon fracture, the local rupture strain in the necking region (GER) is again
estimated from the necking parameter Z = (Sp — Sr)/Sy considering plastic
incompressibility (e}, = 0):

e;R:Q(l—\/l—Z) . (1.143)
Then,
on \ [
D. = (2ES> (€5r — D) - (1.144)

This relation allows us to determine the 3 remaining parameters: S, s, and
m. To go further, another type of test is needed.

A ©C Experiment
500 b~ Model with necking correction Z=0.5

00 -//r_‘l_\-. -3_ _
\ 6,=474 MPa l . —

.. \\\\\ s
Q_______\
/Y
65=330 MPa ,
(

300 -

6y=375 MPa l
ol | | ,1
wl | | o
£,,=0.15 €R €R
. N N . . N,
0 0.1 0.2 0.3 0.4 0.5 0.6

€

Fig. 1.10. Material parameters from a tension test on ferritic steel at room tem-
perature

1.4.4.2 Final Identification from Fatigue Tests

Usually it is not too difficult to obtain some information about fatigue! That
is at least the case for the engineering fatigue limit (o¢) corresponding to
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a number of cycles to rupture of 10° (or 107), or better, the asymptotic
fatigue limit (0f°) and some low fatigue tests results (Fig. 1.11).

The unified damage law can be easily applied to low cycle fatigue if we
make the assumption that the material is perfectly plastic for each level of
stress, i.e.,

. 0'2 u
D= max ). 1.145
<2ES(1 - D)2) P (1.145)
As p = |é,|, the integration of (1.145) over one cycle N, neglecting the vari-
ation of D during the cycle, is simply

8D . o2 °
= Ddt = max 2A 1.146
ON 1 cycle (2ES(1_D)2> v ( )

where Ae,, is the plastic strain range corresponding to omax or the stress
range Ao = 20« through the cyclic stress-strain behavior.

Using Np as the number of cycles corresponding to the damage threshold
and NNy as the number of cycles corresponding to a mesocrack initiation when
D = D, a second integration of (1.145) over the whole fatigue process gives

/DC (1- D)QS(SD _ (Cernax)S 2Aep /NR ON (1.147)
0 2ES Np
or
L [1—(1—-Dc)*»*] = (”fn“)s 2A¢, (Nr — Np) , (1.148)
2s+1 2ES

with Np given by

pp = 2Ae,Np = €pp ( Tu T Of ) . (1.149)

Omax — U?O
The number of cycles needed to initiate a mesocrack is finally expressed as

&p [ ou—0X \'  1—(1-D.)** (2ESY
Np= _"° f 1.150
R 2Ae¢, <0max — Uf°°> + 2(2s + 1)Ae, o2 ’ ( )

max

with (2ES)® taken from (1.144) of the tensile test results

s 2s eﬁR — €pD
QES) =0 77 (1.151)
so that
€D Oy — o> m 1— (1 _ DC)25+1 oy 2s
Nr= 7P f . .
" 2A6p (Umax - 0'?0) + 2(28 + ]_)DCAep Omax (epﬁ epD)
(1.152)
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This equation written for two “good” results of low cycle fatigue tests,
NRr1(0max 1, Aép1) and Nra(0max 2, Aép2) leads to two equations for the un-
knowns s and m which can be solved by substitution by any mathematical
software, for example.

If the threshold is written in terms of stored energy, we also need the
value of A to calculate wp according to (1.114) or (1.115) of Sect. 1.4.1:

2 vA
Xoo 1 —tanh® 75

1/m 1/m
27Re0 pD/ - 6p]/D

A= and

AR rD X2 (1 —exp(—yepp))”
— 00 1— _ (1—m)/m ) p
m ), (1 —exp (=bp))p dp + 00 ;
(1.153)

where Ry, C, v, Xoo = C/v are the hardening parameters (see Sect. 1.5.1).
The word “fast” in the title of this section means a procedure of a few
hours once one has the tensile curve and the Wohler curve, but obtaining
these experimental results can take a few days or even months!
For anisotropic damage, the same procedure gives material parameters
close to those obtained for the isotropic law when using damage data with
D <0.2.

wp

1000
T T T T T T T
(¢
Gmax
[GM1=450 o e
/ Aep1=o.027 | \
5004 GM2=340 ‘ Ae }
=~ / A€ =0.0035 ——p
p2

max Experiments

|
(MPa) '
I
| Model as identified
|

200 | I —
! ! ¢ —2201\@1 N
| | f= 4 /
| | of =180MPa
| |
I i

100 L

3 4 5 6

1 10 100 1x10 1x10 1><107 cycles

N

R

1x10 1x10

Fig. 1.11. Material parameters from a Wohler curve of ferritic steel at room tem-
perature
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1.4.4.3 Example of Identification for Ferritic Steel

The experimental tensile and Woéhler curves are shown in Figs. 1.10 and 1.11
but the identification is made only with the coordinates of the 6 points

marked by

4( 9

on the figures, that is: ou(€epu), or(€pR), or(€5R) and of°,

NRI (Umax 1, Aepl) and NR2 (Umax 2y Aep2) .

1.

From the tensile curve you can obtain the following:
— Elasticity modulus E = 200000 MPa.

— Poisson ratio measured v = 0.3.

— Yield stress o, = 375 MPa.

— Conventional yield stress oyo2 = 380 MPa.

— Ultimate stress: o, = 474 MPa.

— €p(ou) = 0.15, then epp = 0.15.

— ogr = 330 MPa then D, = 0.3.

— Z =0.5then e*R = 0.6.

The Wohler curve yields

Asymptotic fatigue limit of° = 180 MPa. If the asymptotic fa-
tigue limit cannot be estimated take the engineering fatigue limit o
instead.

— Low cycle fatigue tests corresponding to Nr ~ 10 and Ny ~ 1000

cycles:

1. om1 = 450 MPa, Ae,i = 0.027, mean value Ngi = 10 cy-
cles,

2. om2 = 340 MPa, Aeyy = 0.0035, mean value Nrp = 984 cy-
cles,

from which s = 2.4, m = 6. The value of S can then be calculated

using (1.144):

2
Ou

* 1/s
€ — €
S=gn ( PR pD) = 0.665 MPa. (1.154)

D

Finally, take h = 0.2, h, = 0, and n = 3. If the two scale damage model
is applied (see Sect. 1.5.5), Cy = 74T % _ 660 MPa and be happy.

€pu
Last, but most important, is to check how close the above values return

the starting curves. The graphs given by the model are shown by the
dotted lines in Figs. 1.10 and 1.11:

. . a2\
— for the tensile curve with D ~ <2ES> (€p — €pD),s

— for the Wohler curve in the range of low cycle fatigue.

Considering the small number of input information, the comparison with
the experimental data is “not bad.” The range of high cycle fatigue is the
domain of application of the two-scale damage model of Sect. 1.5.5.
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1.4.4.4 Case of Anisotropic Damage

If now the same work is performed with the anisotropic formulae, the only
change is in the damage law where R, is now different from unity, even in
the uniaxial case:

00 100
c=1000], D=D|0}0]|, (1.155)
000 003}
and )
- 2 5
R, = u+¢q+3u—2m<?H>, (1.156)
3 Oeq
with
G — OH o g
"7 1Dy T 1-2D
1/2 (1.157)
~ 3 D D . D D _2 o 1 o
Feq = 2(HO' H)" :(Ho"H) _31—D+3 D

Then,

—2
_ 2 2 1
RV_3u+uy+a1—mo%1—31»(1_D4-L_§>] (1.158)

in tension. ~
With v = 0.3 and 1 = 3, the maximum value of R, for D < 0.2 is 1.12,
which is 12% more than the isotropic damage value R, = 1. As the uniaxial

law turns into .
- UI%]aXRV .
D= ( 9S ) P, (1.159)

this changes the value of S and D, by an amount which remains in the order
of magnitude of the experimental discrepancy or the hypothesis of perfect
plasticity. In practice, keep s as identified for the isotropic damage model
and update S and D. on the monotonic tensile curve.

For more accurate predictions, the “fast identification” results may be
used as the starting values of an optimization process to fit all available
data that can be obtained on a specific material. This numerical optimiza-
tion process, the least square method, consists of finding the set of param-
eters to minimize the difference between experiments and predictions. Nu-
merical methods for precise identification are described in Sect. 2.4 with an
exampley.

The end of Sect. 1.5.5 offers a more precise identification of the asymptotic
fatigue limit.
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1.4.5 Generalization of the Unified Damage Lawéé

For materials which do not exhibit meso-plasticity, it is not possible to con-
sider the damage as governed by the accumulated plastic strain rate. The
damage law D = (Y/S)*p is then useless. A damage law D = D(Y) cannot
be considered either as it does not lead to damage growth in fatigue. For
such materials the idea is to relate the damage rate to the main dissipative
mechanism, often internal sliding and friction, and to consider damage
as governed by a cumulative measure of the internal sliding. This may ap-
ply to metals for which internal slips are mainly due to dislocations creation
and evolution, as well as many non-metallic materials such as elastomers
(Sect. 4.4.3), concretes, and composites.

We then use a framework that is similar to elasto-(visco-)plasticity cou-
pled with damage and define €™, «, g, and D as internal variables associated
with —o™, X, @, and —Y (see Table 1.2). The physical meaning of the ther-
modynamic variables depends on the type of material and of the physical dis-
sipative mechanisms. It will be discussed for the case of metals, elastomers,
and concrete later (Sect. 1.4.5.3). Nevertheless,

e €™ is an internal inelastic strain which can be recovered

e X is a residual microstress of kinematic nature

e () defines the size increase of the reversibility domain in the o™ stress
space

e D is the damage variable (D if induced anisotropy is considered)

Table 1.2. State and associated variables

Mechanisms Type State variables Associated
Observable Internal variables
Elasticity Tensor € o
Internal Tensor e” —o”
sliding Tensor « X
Scalar q Q
Damage Scalar D -Y

Next we consider the small strain hypothesis with isotropy of the dis-
sipative mechanisms, including damage. For the finite strain framework see
Sect. 4.4.3.

The general form of the state potential can be expressed as

pt = (1 — D) [wy(€) +wa(e — €")] + ws(gq, ) , (1.160)

where w; and wy define the strain energy density and wy is the stored energy
density as a function of the scalar variable ¢ and the tensorial variable .
The state laws are
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Tij = P;)Zi =(1- D)a(wé;wz) ,
05=ﬁ§%=a—0@$,
X, = pa‘?;i _ g;uj 7 (1.161)
Q= pzzf = 8;; ;
Y = —Pglig =wy + w2.

They naturally define the effective stresses (o, ™) such that the elasticity
law written in terms of strains and effective stresses does not depend on D
(strain equivalence principle):

. O(wy +w2)
7= Oe ’
1.162
. own (1162)
Oe

The dissipation potential is defined as

F=f+Fx+ Fp, (1163)

where
0.7'[
[ ] =
a norm in the stresses space (not necessarily von Mises norm), and oy is
the reversibility limit

e the functions Fx = 2; Xi;Xi; and @ = Q(q) model the internal sliding
X

— X|| — Q — 05 < 0 defines the reversibility domain, ||.|| is

nonlinearity
S s+1
Iy = is the d tential
o Fp (s+1)(1—D)<S> is the damage potentia
The evolutions laws can then be derived from the dissipation potential (nor-
mality rule)

. . OF

€= “80;.; ’

. . OF
Q5 = — [ )

0Xij (1.164)

) .OF

q= _y‘aQ )

H_ ﬂaF

oy’
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where i is the internal sliding multiplier equal to a norm of the inelastic
strain rate: . .
Iz r w
= = 1.1
o= D=l (1.165)

This defines the cumulative measure of the internal sliding as

t
ﬁ:/ 1€%)dt. (1.166)
0

The multiplier f is given by the consistency condition, f = 0 and f =0, for
non-viscous materials or by a viscosity law such as the generalized Norton
law, 7 = (f/Kn)N = (0y/Kn)V, for viscous materials undergoing a viscous
stress oy .

The generalized damage evolution law is derived from (1.164), leading to

. VAN
D= roif >
<S) TR e (1.167)

D =D. — mesocrack initiation,

which corresponds to the damage governed by the main dissipative mecha-
nisms through 7 and where S and s are the damage material parameters and
7p is the damage threshold.

1.4.5.1 Positivity of the Intrinsic Dissipation

As in the previous thermodynamics framework, the generalized damage
model satisfies the positivity of the intrinsic dissipation, D = oy;é;; — pv,
as

D=o] eU — Q4 — Xyjcu; +YD

0 OF OF \ . (1.168)
p— >
<z]8ﬂ+Q Q z]aX”‘f'YaY))\O

at constant temperature when the dissipation potential F(o™, @, X,Y; D)
is a non-negative convex function of its arguments ™, R, X, and Y, where
F(0,0,0,0; D) = 0 and the damage D acts as a parameter. Using the evolu-
tion laws, the intrinsic dissipation may also be rewritten as

D= <0’S—|—UV+ C’:/ Xinij> (1—D)||€ﬂ||+YD >0. (1169)
X

This condition requires the damage rate to be positive or zero (D >0,
an eventual recovery of damage needs a new variable) and the stored energy
rate ws = X;;04; + Q¢ to remain smaller or equal to the inelastic strain

power (o o 17;)
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1.4.5.2 Extension to Induced Anisotropy

Note that the generalization of previous damage evolution extension to in-
duced damage anisotropy is also possible. It is

) v\
b= () (1.170)

with |.| as the absolute value of a tensorfor ductile materials such as metals
(with then €™ = €P), or
. Y\ .

with (.)™ as the positive part of a tensor for quasi-brittle materials such as
concrete for (J. Mazars, Y. Berthaud and S. Ramtani 1990):

(D00
D=]1000 in tension
000
- (1.172)
000
D=|0DO0 in compression
100D

when the loading direction is €.

1.4.5.3 Application to Metals, Concrete and Elastomers

To conclude, this section (Sect. 1.4.5) can be considered a synthetic presen-
tation of constitutive models for metals, elastomers, concrete:

e For metals, w; = 0, Q(¢) = R(r) is the isotropic hardening, X is the
kinematic hardening, ||.|| is the von Mises norm (.)eq, €™ is the plastic
strain €, and the generalized damage law (1.167) recovers D = (Y/S)%p
where 7 equals the accumulated plastic strain p.

e For filled elastomers, and anticipating the choices made in Sect. 4.4.3 for
the model of hyperelasticity with internal friction coupled with damage,
w; is an hyperelasticity density such as Mooney or Hart—Smith densities,
R = 0, and we and Fx are quadratic functions. The variable X stands
for the residual microstresses due to internal sliding with friction of the
macromolecular chains on themselves and the black carbon filler parti-
cles. The internal inelastic strain €™ represents the average displacements
incompatibilities due to friction on a microscale.

e For concrete, wy, we, and Fx are quadratic, @ and X model the growth
and the translation of the reversibility domain f < 0 in the o™ space,
and €™ represents the average slip discontinuities of the cracked media on
a microscale.
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1.5 Elasto-(Visco-)Plasticity Coupled with Damage

The whole set of constitutive equations is derived from the dissipation po-
tential as explained in the general thermodynamics framework of Sect. 1.2.1.
The different models differ by the choice of analytic forms of the functions f,
Fx, and Fp for the potential

F=f+Fx+FIp. (1.173)

1.5.1 Basic Equations without Damage Couplingd

Both plasticity and visco-plasticity introduce a yield criterion (f) by defin-
ing the elastic domain of the material by f < 0, and the plastic and visco-
plastic states by

f=0, f=0 Dplasticity

1.174
f=0,>0, visco-plasticity (1.174)

respectively. The term oy is the viscous stress given by the law of viscosity.
More often, the von Mises criterion is used with isotropic hardening,

[ =0~ R—o0y, (1.175)

where o¢q is the von Mises equivalent stress.
When isotropic and kinematic hardening are taken into consideration,

f=(0—X)eq—R—o0y, (1.176)

2

The isotropic hardening R is related to the density of dislocations or
flow arrests and it represents the growth in size of the yield surface. Expo-
nential isotropic hardening is considered to ensure a quasi-saturation of the
strain hardening when damage occurs, i.e.,

with (0 = X)eq = \/3(05 — XB) (0} — XD).

R=R(r) = R [1 —exp (—br)] , (1.177)

with R, and b as temperature-dependent material parameters. The variable
r is equal to the accumulated plastic strain p as long as there is no damage.
A power law R = K,r'/M or a linear law (M = 1) may also be used.

The kinematic hardening governed by the back stress X is related to
the state of internal microstress concentration. It represents the translation
of the yield surface as X defines the center of the current elastic domain in
the stress space. Nonlinear kinematic hardening is modelled by the function
potential Fx,

3

=40

Xij Xij (1.178)
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with C' and ~ temperature-dependent material parameters. As long as there
is no damage, the classical evolution laws for the back stress are

X;j = _Ce for linear kinematic hardening
3 Y
d (X 2 v X;;p for nonlinear kinematic hardenin (A7)
= €.. — i7 .
at \ © 36— oib &

The last equation is the non-isothermal form of the Armstrong—Frederick law
which is often used with X, = C/~ for easier identification, as in monotonic
uniaxial loading X = X [1 — exp(—~ep)]. The back stress X governed by
the plastic strain is a deviatoric tensor (X = 0 and X = XP). For Prager
linear hardening, X;; = gCe% can be recovered by setting v = 0.

A strong effect of the temperature (T) is observed as there is a transition
from visco-plastic time-dependent (viscous) behavior at high temperature,
such as creep, to plastic time-independent behavior at lower temperature.

The constitutive equations can be derived from (1.25) as follows:

. OF
b
6ij_)\80'1'j’
. OF
==\
OR’
o or (1.180)
YT T,
. . OF . . OF
D_)\8Y7 or Dl‘]_)\a}/Z’

provided that

e For plasticity, the multiplier is determined by the consistency condition

fzoafzoa

of . 2dC _ of .
_ 80'1'3‘ Tij + 3 dTa” 8X”T
~ dROfOF 2 _, 0f OF of OF

dT OR OR 3CaXij dXi;  OD;; ODy;

A (1.181)

e For viscoplasticity, the multiplier is a function of the accumulated plastic

strain rate (p = géfjéfj) given by a viscosity law. Different choices are
possible:

— Norton power law

, F\Y
oy = Knp~  or p:( ) , (1.182)
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— Exponential law to ensure saturation at large plastic strain rate,

oy = Koo [1—exp(—z>} or p:ln(l—[éf )n, (1.183)

where Ky, Ko, N, and n are material parameters that depend on the
temperature.

There are many possibilities in modelling plasticity and viscosity, depend-
ing on whether or not the yield stress, kinematic hardening, and isotropic
hardening are equal to zero. The model must be chosen carefully because the
material parameters for a given material have values that are specific to each
model.

To be as clear as possible, the notations adopted in the book for the
(visco-)plasticity parameters have an extra “0” in superscript or lowerscript
when a zero yield stress is considered. They have an extra “y” in superscript
or lowerscript when (visco-)plasticity is modelled with a non-zero yield stress
but with one hardening only, either isotropic or kinematic. This is illustrated
in the uniaxial case as:

e Yield function in monotonic tension f =0 - X — R — oy
~ Ifoy,=0and X =0, R = K0¢/""
~ Ifo, #0and X =0, R= K3e;™ or R = RY (1 — exp (~byep))
- Ifoy,#0and R=0, X = Cye, or X = X3 (1 — exp (—y€p))
- Ifoy,#0, X #0and R #0,
R= eré/M or R= Ry (1 —exp(—bep)),
X=C¢ orX=X(1—-exp(—ep)),
e Viscosity law

No
Ifa'y:(),X:OandR:O,ép:<Uo>
KN
o—o0 Ny
- Iny;éO,XzoandRzo,ép:< yy>
KN N
_X_R_
- Ifay#O,X;éOandR;AO,ép:<0 KR (’Y>
N
c—X—-R—0o,\ "
=T (1- )
Orep n( KOO >

1.5.1.1 Fast Identification of (Visco-)Plasticity Material
Parameters

An accurate value of the (visco-)plasticity material parameters is necessary
for practical applications and may be obtained independently from the dam-
age parameters if p < pp. Altogether, there are 5 (42) characteristic parame-
ters of (visco-)plasticity to determine for each material and each temperature:
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Yield stress: oy.

Isotropic hardening: Ro and b (or K, and M).

Kinematic hardening: C' (linear) or X and 7 (nonlinear).
Viscosity: Ky and N or K and n.

1.5.1.1.1 Hardening parameters

For hardening, a direct and fast identification is possible from a tension test or
tension-compression low cycles tests that are strain controlled, at increasing
amplitude below the damage threshold, as R and X may be directly measured
on the graph o(ep).

From a monotonic tensile curve it is only possible to identify one harden-
ing which is either
— An isotropic hardening by
A power law R =0 — oy = ngll)/My
An exponential law R = 0 — 0y = RY_ [1 — exp(—byep)]
— Or a kinematic hardening by
A linear law X = 0 — oy = Cyep
An exponential law X = o—oy, = XY [1 — exp(—y€p)] with XY =
RY,, vy = by.
From the example of Fig. 1.12 for an Inconel alloy at room temperature
with a yield stress depending upon the chosen hardening law:

1600 T T T T T T T
1400
1200
1000
(0)
(MPa)

800

600

400

€pa=6.3x1072 |
I
0 ] ] ] ] ] 1 ]

200

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08
€

Fig. 1.12. Tension curve for identification of either isotropic or kinematic hardening
parameters (Inconel alloy at room temperature, J. Dufailly 1987)
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oy =920 MPa, KJ = 810 MPa, My = 4.5 for the power R law

oy = 1120 MPa, Cy = (04 — 0y)/epa = 3800 MPa for the linear X law
oy = 1040 MPa, R} = X’ = 315 MPa, by, = 7, = 55 for the exp. laws

e From a tensile curve with repeated unloadings and compressions until the
yield stresses in compression are reached, we can identify both isotropic
and kinematic hardenings acting together as the back stress X is the
ordinate of the middle of the elasticity straight line. The test should be
performed at very low strain rate if the material exhibits viscosity.

From the example of Fig. 1.13 on the same material used for Fig. 1.12,
a curve fitting procedure gives the following for isotropic and kinematic
hardenings considered altogether:
a) K, =280 MPa, M = 5.5 for the isotropic hardening power law,
or Ry, = 165 MPa, b = 80 for the isotropic hardening exponential law
b) C = 7140 MPa and v = 0 for linear kinematic hardening,
or Xoo = 450 MPa, v = 60 (and C = vX o, = 27000 MPa) for nonlin-
ear kinematic hardening

A ©
(MPa) .
1400+ Experiment
AR.
1200+ S A Y
800+ L7
Oy+ X
400+ e — K= —F T T
- X
/
I 1 A
r T T T T T T T V.
-0.01 0 opr 02  0p3 044 00 0.0 0.07  0.08
—400/+ €

Fig. 1.13. Tension test with repeated unloadings up to a plastic strain offset of
1075 for the identification of both isotropic and kinematic hardenings parameters
(Inconel alloy at room temperature, J. Dufailly 1987)

e From the stabilized cycles of tension-compression experiments performed
at different plastic strain ranges Aep, it is possible to identify the nonlinear
kinematic hardening parameters C, v, X = C/7~.
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The integration of the nonlinear law (1.179) over each half cycle leads to

AT 1 X, tanh (7A6p> : (1.184)
2 2

where Ao is the stress range of the considered cycle and 2k is the size

of the elastic domain measured on each cycle unloading for each strain

range (k = oy + R if there is no viscosity, k = oy, + R+ o if there is). We

can identify X, as the asymptote of the curve AQU — k vs Aep and then

determine « using a curve fitting procedure.

1.5.1.1.2 Viscosity parameters

The more accurate way to determine viscosity parameters is to perform re-
laxation tests after saturating both isotropic and kinematic hardenings. The
saturation values Ro, and X, can be found from a very slow tensile test:

o=0y+ R+ X +o0v, (1.185)

where o, is the viscous stress.
At constant strain, € = €, + €, the strain rate é = 0, and

- (1.186)

coupled with the viscosity law leads to a nonlinear differential equation whose
solution is the o(t) curve. The graph of o, = 0 — 0y — Roo — X as a function

of €, = —d/E allows then for the identification of either
1200
\ Exponential law
1000} \ -
\
o \ Experiment
(MPa) '

800 —

736 MPa

Norton law

1 1
1x10* 2x10% 3x10%
time (s)

Fig. 1.14. Relaxation test for identification of viscosity parameters of an Inconel
alloy at T'= 627°C (J. Dufailly 1987)
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N
e The Norton law ¢, = <;§V )
N

e The exponential law o, = K [1 — exp <—€p)]
n

From the example of Fig. 1.14 with £ = 160000 MPa, a curve fitting
procedure gives Ky = 75000 MPa-s'/N, N = 2.4; K., = 107 MPa, and
n=1410"2%s"1.

For better accuracy, the results of this fast identification may be taken as
the starting solution of a numerical procedure of optimization if other tests
are available (see Sect. 2.4).

1.5.1.2 Concerning the Choice of a Damage Model

Different possibilities arise corresponding to the physical effects really needed
for the application in mind, the quantitative information available in the
experimental data base and different levels of mathematical and numerical
complexity. The following advice may be considered as guidelines:

e For proportional loading and more generally when simplicity is the
most important issue, the isotropic damage models are preferred. When
analytical solutions are needed, this choice is necessary and compatible
with the consideration of the microdefects closure effect.

e For numerical computations, the use of the anisotropic damage models
is encouraged as they do not introduce additional material parameters,
except maybe the coefficient 7 which is equal to 3 in most cases. The
difficulty related to the consideration of induced anisotropy is mostly nu-
merical but Sect. 2.2 is devoted to the subject.

e For non-proportional loading (difficult to handle in closed form),
choose the anisotropic damage models as they reproduce in a more re-
alistic way the accumulation of the damages due to loadings applied in
different directions.

e For fatigue applications, we advise using the models that include the
microdefects closure effect as they lead to an evolution of the damage
different in tension than in compression and then to a mean stress effect.

Last, choose a proper damage threshold criterion (see Sect. 1.4.1):

e For monotonic applications use the criterion p = €,p,

e For fatigue applications use the criterion p = pp. It is possible to
consider pp = constant as long as no overloading occurs and then usually
pp > €pp. The preferred way to calculate pp for each loading amplitude
is using .

oy — og°
=€ 1.187
po pD Omax + |Umin| - ( )

92 f
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e For numerical analysis with a complex history of loading, use the stored
energy criterion maxws = wp. It is then necessary to consider both non-
linear isotropic and kinematic hardenings with the thermodynamics cor-
rection of Sect. 1.4.1. The material parameters for the damage initiation
are either wp, A, m or e,p, A, m, with A and wp given by (1.114)
and (1.116). If the fatigue limit of° and the plasticity parameters are
known, use the approximate formula (1.153) to calculate A.

1.5.2 Coupling with Isotropic Damage(j’dé

The damage is represented by the scalar D. Its law of evolution is (see
Sect. 1.4)

. Y\
D:(S)p, if r>pp or maxws> wp, (1.188)

where the damage threshold is written in terms of stored energy or in an
equivalent manner of accumulated plastic strain (see Sect. 1.4.1).

The full sets of constitutive equations for elasto-(visco-)plasticity coupled
with isotropic damage with nonlinear isotropic and kinematic hardening are
given in the following tables, where the case of linear kinematic hardening is
recovered by setting v = 0.

1.5.2.1 Isotropic Damage without Microdefects Closure
Effect® (Table 1.3)

The coupling of damage with elasticity as well as plasticity is made through
the use of the effective stress o instead of o in the elasticity law,

c© _1+V&'__Vo~_kk5” 5 — Oij
11 1 1 1 -
K FE 7 E 7 J 1-D’

(1.189)
and in the von Mises criterion,
f=(06—X)eq— R—oy. (1.190)

The plasticity remains incompressible and €P, X, and a are deviatoric
tensors.
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Table 1.3. Elasto-(visco-)plasticity coupled with isotropic damage

Strain partition

Thermo-elasticity

(Visco-)plasticity

Damage

Plastic multiplier

Visco-plastic multiplier

e P
€ij = €5 T €

e 1+v_ v

€ij g O~ E5kk5ij + (T — Tret)dij

P 3(5’5—Xij) 7
U 2@ —X)eql—D
. T

P=1-p

R = R (1 —exp (—br))

d Xij o 2 _ p Xij .
dt<7Xm>__3u Di&i—x."

D= (Y)S . if > pp or maxws > wp

S up to De
~2
Geq Ry
Y = 2Eijk15$j52l = quE

RV—2ﬂ+¢0+3ﬂ—2m(0H)2

3 Oeq

7=MAgiven by f=0and f =0

f N
= (K ) Norton law
N

p=1In (1 - Kf ) exponential law
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1.5.2.2 Isotropic Damage with Microdefects Closure
Effect®° (Table 1.4)

The coupling of damage with elasticity is made through the use of the effective
stress,
R G P b
05 =
7 1-D 1-hD

v (5kz <0‘>zl — (oK) N Sk <0->l;l + <_0kk>> i (1.191)

1-2v 1-D 1—hD

defined in Sect. 1.2.4 in the elasticity law, but not in the von Mises criterion
in which o/(1— D) is used. The justification is in the mechanism of plasticity
itself controlled by slips and produced by shear stresses in the same manner
regardless of their signs. Furthermore, as mentioned in Sect. 1.3.4, damage
measurements mainly in compression by microhardness give the same values
as those obtained by elasticity change in tension:

f:(l_D—X>eq—R—ay. (1.192)

The plasticity remains incompressible and €?, X, and a are deviatoric
tensors.
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Table 1.4. Elasto-(visco-)plasticity coupled with isotropic damage and with
microdefects closure effect

Strain partition €ij = €; + €
e 1 - -
Thermo-elasticity € = _];ij — ga'kk(sij + (T — Tret)dsj
D
70Xy
&= 3 1-D Lo
¢ 2 o 1-D
- X
(75 %)
eq
(Visco-)plasticit; ) ’
1 - 1CT =
p y P=,_p

R = R (1 —exp (—br))

d < Xij ) = 21-pyr, — Xy

dt \ 7vXoo 3 7 Xeo
- (Y - if r > pp or maxws > wp
Damage D = (5’) up to D.
yo 1ty (0)5(a) N B (@it
2F (1-D)? (1 —hD)?2
v [ o) (o)
2E [ (1 - D)? (1 —=hD)?
Plastic multiplier F=Agiven by f=0and f =0
f N
p= ( ) Norton law

Visco-plastic multiplier £\
p=In(1- % ) exponential law
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1.5.3 Coupling with Anisotropic Damageécj’(jéé

The damage is represented by the second order tensor D. Its evolution is
governed by the law (see Sect. 1.4)

) v\°
D;; = <S> |€°],; if r>pp or maxws>wp, (1.193)

where the principal directions of the damage rate coincide with the absolute
value (in terms of principal values) of the plastic strain rate. The damage
threshold is written in terms of stored energy or in an equivalent manner of
accumulated plastic strain (see Sect. 1.4.1).

The full sets of constitutive equations for elasto-(visco-)plasticity coupled
with anisotropic damage with nonlinear isotropic and kinematic hardening
are given in the following tables, where the case of linear kinematic hardening
is recovered by setting v = 0.

1.5.3.1 Anisotropic Damage without Microdefects Closure
Effect®° (Table 1.5)

The coupling of damage with elasticity is made through the use of the effective
stress,

e D D OH
Gij = (Hinog Hij)~ + 1— Dy Oij 5 (1.194)
in the elasticity law as well as in the von Mises criterion,
f=(06—X)eq— R—oy. (1.195)

The plasticity remains incompressible and €P, X, and « are deviatoric ten-
SOrs.

Writing the following set of equations in terms of effective stress makes it
fully similar to the set obtained in the case of isotropic damage.
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Table 1.5. Elasto-(visco-)plasticity coupled with anisotropic damage

Strain partition €ij = €5 + €;
1
Thermo-elasticity €5 = ;Véij - Zj&kk‘sij + (T = Trer)di;

€0 = [HineR Hj]"

(Visco-)plasticity with é7; = Z (U&”_ X)Zqi"
[H(e" — X)H]
p= - A
(0= X)eq

R = R (1 —exp (—br))
d Xij _ QéP. _ Xij ;
at \yxo ) 3% 7 x

Y'Y if r > >
: . if r D O max w, WD
D;; = < ) |€7] p S

S J up to Dc
1 e o _ Ry
Damage Y = 2Eijkl6ij6kl = ;E
R, = 2(1+u)—|—3(1—21/) ou "
"3 Beq
~ D ~ OH
O'eq—(HO' H)eq, aHil—nDH
Plastic multiplier F=A given by f =0 and f =0
f N
5 = ( ) Norton law

Visco-plastic multiplier £\
p=In(1- % ) exponential law
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1.5.3.2 Anisotropic Damage with Microdefects Closure
Effect 99 (Table 1.6)

The coupling of damage with elasticity is made through the use of the effective
stress,

= D D n D grn\D (om) (—ou)
Gij = (Hjyoy, HE)” + (Hjo2, Hj3)” + | — 0Dy 1—nhaDy | %9
(1.196)
defined in Sect. 1.2.4 in the elasticity law, where
—1/2 n —1/2
HY. =(1-D);"* and H}=(1-h.D);"*. (1.197)

The full (HPoP® HP)P is introduced in the yield criterion, not affected by
the closure effect,

f=(H"e"H" - X) —R-oy. (1.198)

(5]

The plasticity remains incompressible and €P, X, and « are deviatoric
tensors.
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Table 1.6. Elasto-(visco-)plasticity coupled with anisotropic damage and with
microdefects closure effect

Strain partition €ij = €; + €
. . 1 ~ ~
Thermo-elasticity € = };ygz’j - Eakk‘sij + T = Trer)bi

& = [kaénglpj] °

. - S s 3 (kaallc)lHU)D - Xij
(Visco-)plasticity with &5 = (HPoPHP — X)o

[H” (HPe"HP)P — X) HP]eq .

b= .
(HPoPHP — X)oq

R = R (1 —exp (—br))

Do — Yy .p; if 7> pp or maxws > wp
i=\g € |ij up to De

_ 1 +v p D p 2 n D n 2
Y= tr{(H o H ) + ha (H o H )
Damage 5 9
31-20) [ (on) (~on)
+ + ha
2F (1 —nDu)? (1 — nhaDu)?
Plastic multiplier =X given by f =0 and f =0
FAYN
p= ( ) Norton law

Visco-plastic multiplier F\"
p=In(1- % ) exponential law
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1.5.4 Non-Isothermal Behavior(jé

The constitutive equations in the preceding tables are written for anisother-
mal cases and all the material parameters are functions of the temperature.
If an incremental numerical procedure is used, the state laws must be prop-
erly differentiated with respect to the time. This is particularly important
for the law of thermo-elasticity, in which appears an extra term when the
temperature varies.

.e_l—l—l/; v

d /1+v)._ d /vy da .
+[dT( E )0”_dT(E)Ukké”+dT(T_T”’f)5” T

There are no such temperature derivatives in the laws of (visco-)plasticity
and damage as they are derived from the dissipation potential that is written
in terms of powers.

Note that the evolution law for nonlinear kinematic hardening is simpler
for anisothermal loading if it is written in terms of «, as with the state law
Xij = gCOC»L'j. We can then obtain

&kk&j + aT
(1.199)

ééij = (1 — D)(—ij — ’}/Oél'j’l‘“ or Oz” = 6% — ’}/Oéijf, (1200)

with éfj = éfj and 7 = p as long as there is no damage. This avoids taking into
account the supplementary thermal term due to the derivative of C' = v X,
with respect to T" in the Armstrong—Frederick law, as

= P 1.201
dt <7Xoo> 397 X (1.201)
becomes 5 X dC

. .p ij :

Xij = 3C'eij — X+ c dTT (1.202)

Note also that in plasticity, the expression (1.181) for the multiplier A
introduces a T' term.

1.5.5 Two-Scale Model for Damage at Microscaled
(J. Lemaitre and I. Doghri 1988, R. Desmorat and J. Lemaitre 2000)

The damage threshold criterion max ws = wp or p = pp states that damage
occurs for a given amount of plasticity. In the same spirit, the damage evolu-
tion and its anisotropy are both governed by the plastic strains. The damage
model previously described applies then only when plastic strains are sensi-
ble on a mesoscale, i.e. mostly for ductile failure, low cycle fatigue, and creep
(Chaps. 3, 4, 5). For brittle failures with no permanent strains, other damage
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models are necessary (see Chap. 7). For quasi-brittle failures or high cycle
fatigue, for which the loading is below the conventional yield stress, plastic-
ity (or dissipation) and damage occur but at a scale much smaller than the
RVE scale. A multiscale approach is thus necessary (see also Sects. 6.2.3 and
7.2.4).

Two scales are defined in accordance with the growth of microscale dam-
age in a mesoscopic RVE:

e The mesoscale or the classical scale of continuum mechanics.

e The microscale or the scale of microdefects present inside the RVE but
whose effects on the mechanical properties are not measurable, except
for monotonic and fatigue supture properties. From the mechanical point
of view of the homogenization procedures, such defects are considered
altogether as a “weak” inclusion in a meso-RVE, the matrix (see Fig. 1.15).

STRUCTURE CALCULATION
Gii(0), Siej(t), (8% t)) RVE Elastic ELV )
Plastic o, =o0;
ElaSth E, A% Damage D(t)
(Plasticc ) 3¢
y
> ol (e ®eEr

MESO —> Localizationlaw —>  micro
Fig. 1.15. Microelement embedded in an elastic (plastic) RVE

1.5.5.1 Constitutive Equations

The overall elasto-(visco-)plasticity material behavior is the same on the two
different scales but as the inclusion is “weak,” it will be subjected to damage,
with the matrix remaining undamaged.

On a mesoscale, the full set of elasto-(visco-)plasticity constitutive equa-
tions with a yield stress of o, and with both isotropic and kinematic hard-
ening may be considered. For quasi-brittle failure or high cycle fatigue ap-
plications (with a state of stress under the yield stress) only elasticity is
considered.

On a microscale, the behavior is modeled by elasto-(visco-)plasticity cou-
pled with damage. The weakness of the inclusion is related to its yield stress
ol taken equal to the asymptotic fatigue limit o¢° of the material, below
which no plasticity exists and then no damage can occur. The yield criterion
is written as

H o H o)
f = 1_ pn - X eq_Uf 5 (1.203)
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where X" is the microscale back stress. To simplify, only linear kinematic
hardening is assumed on the microscale but with the same plastic modu-
lus Cy as the modulus measured on the mesoscale. The microscale damage
is assumed to be isotropic and its evolution law is written in terms of mi-
crostress, micro-energy density release rate, and micro-accumulated plastic
strain, i.e., D* = (Y*/S)*p". As the mean stress effect needs to be repre-
sented in fatigue, the micro-energy density rate Y* takes into account the
different behaviors in tension and in compression through the parameter h.
Finally, the plastic multiplier, A = p*(1 — D*), is calculated from

e The consistency condition f* =0 and f H = 0 for micro-plasticity or
N

n
e The Norton law p" = <Ié ) for micro-viscoplasticity.

N
The full set of equations is given in Table 1.7. The variables in the inclu-
sion (stress tensor o, total strain tensor e*, elastic strain tensor e*¢ and
plastic strain tensor €"P, damage D" ...) have a “i’-superscript to denote
microscale when the variables at the mesoscale are simply represented by o,
€, €°, € ... with no superscripts. Note that damage being considered only on

the microscale, the “p”-superscript is omitted by setting D" = D.

1.5.5.2 Scale Transition

The scale transition for inner defects is made by use of the Eshelby-Kroner
localization law: the total and plastic strains at microscale level are related
to the strains at the mesolevel as in

e = iy + Bel) — €y, (1.204)
where 3 is given by an Eshelby analysis of a spherical inclusion:

2 4—5v

B=151_,-

(1.205)
For surface defects, due to free edge conditions the localization law must be
changed (see Sect. 6.4.6).

1.5.5.3 Use of the Two-Scale Model

The mesostresses (o (t)) and strains (€(t), (eP(t))) are determined from a clas-
sical structure calculation (made in elasticity for quasi-brittle and high cycle
fatigue applications). Their history are the inputs for the post-processing cal-
culation of the strains, stresses, hardening, and damage at microscale. Their
values are obtained from the time integration of the constitutive equations at
microlevel coupled altogether with the Eshelby—Kroner law of localization.
When the damage (D) reaches the critical value (D,) there is initiation
of a crack in the inclusion which corresponds to a mesocrack in the RVE if
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Table 1.7. Two-scale damage model equations

Mesoscale ~ General case Elasto-(visco-)plasticity constitutive equations
o
1
€, €°, € Quasi-brittle Elasticity €;; = * Vai]- v Okk0ij
. E E
failure
X, R High cycle fatigue with of° < 0eq < 0y
Scale Eshelby—Kroner e = €y + Bl —€b))

transition localization law

o
Microscale  (Visco-)plasticity € = Tty @5 v Ok dij
. i E 1-D E1-D "
" coupled with b (gn_ xn o with 5% — o>
g isotropic damage /= (6" = X")eq — 0" with &j; = 1-D
~uD _ yp \
M. ehe. ehp ehP — 39 Xij A
1€ U T2 (6% — XW)eql— D
X* Xt = 20,8%(1 - D)
ij = gvCi

. u S

D D:(lg)p”ifp”>pD
and up to D,
. ou — of°
with =e .
y4o] pD Uéiqmax+aé¢qm1n -
2 ot
o 10 [N e
2FE (1-D)? (1 - hD)?
v (oh.)? +h (—oh)?
2FE |(1—-D)? (1 —hD)?

its size is comparable to the value of the mesocrack initiated (Jg) calculated
using (1.252) in Sect. 1.6.3.

All the material parameters at the mesoscale are identified with large
plastic strain. Nevertheless, we advise adjusting s and m on a test where
fracture occurs in quasi-brittle conditions.
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The numerical procedure to solve the set of equations is described in
Sect. 2.3. Some approximations allow for closed-form solutions in particular
cases described in Chaps. 6 and 7.

1.5.5.4 More Precise Identification
of the Asymptotic Fatigue Limit
(S. Calloch and C. Doudard 2003)

In the two-scale damage model the asymptotic fatigue limit (o£°) plays an im-
portant role as the yield stress at the microlevel. A definition as the asymptote
of the Wohler curve is mathematically appealing but difficult to practice be-
cause to reach points close to this limit, we may need experiments of months,
years, centuries and more duration! Fortunately, there is an other way by
evaluating the dissipation through an elevation of temperature in cyclic tests
(M.P. Luong 1998, A. Galtier 2002).

Damage (and fatigue in particular) is always related to plastic strain, at
microlevel for high cycle fatigue. In cyclic tests, the corresponding dissipation
Oij éfj induces an elevation of temperature which can be measured if the tests
are performed at a frequency large enough to compensate the heat lost by
conduction. The ideal would be adiabatic tests. Then, if several successive
increasing levels of periodic stresses are applied on one specimen and the
stationary temperature 7" is recorded, of° corresponds to the level for which
an elevation of temperature is just detected. Of course this value depends
on the accuracy of the temperature measurement but, with thermocouples
and some elementary precautions, an offset of 0.05°C may be detected, thus
providing a good accuracy for of°.

Gmax{MPa\I | G, . MPa) _—
150 b Ao |
o o
100 .
[ i O - il i b —
50 |~ 50— -- -
USSR SRS s
5 i i Na odi i i i T
104 10° 108 107 0 051 15 2 25 3 35

Fig. 1.16. Wohler curve of a dual phase steel and asymptotic fatigue limit detected
by temperature elevation (S. Calloch and C. Doudard 2003)

In the following example of dual-phase steel, the successive stress levels
at 10 Hz are 25, 50, 75, 100, 105, 120, 125, 130, 135, 140, and 145 MPa for
about 1000 cycles each.
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The graph of the elevation of temperature T'—Tj as a function of the stress
level in Fig. 1.16 allows us to consider the asymptotic fatigue limit of° = 105
MPa when the engineering fatigue limit is o = 130 MPa at Ng = 10° cycles.

1.6 Localization and Mesocrack Initiation

The aim of this section is to give an answer to difficult questions concerning
a mesocrack initiation: what is a crack initiation from a continuum mechanics
point of view? What is the size and the direction of the crack initiated?
A theoretical difficulty is encountered as continuum mechanics defines its
scale of application as the scale of the Representative Volume Element, in
which the mechanical fields are homogeneous and continuous, whereas the
free surface creation of a crack is a geometrical, non-homogeneous process.

1.6.1 Critical Damage Criterioné

The simplest and most practical solution to model a crack initiation is to use
the critical damage criterion which states that a mesocrack is initiated when
the damage reaches a critical value D..

For isotropic damage, this occurs when D = D, (see Sect. 1.4.1).

For anisotropic damage with principal damage components Dy, I = 1,2, 3,
this takes place when the maximum principal damage reaches D, i.e.,
when max Dy = D, as already stated in Sect. 1.4.3.

The term D, is considered as a material constant, which is not so easy to
measure. For most materials, 0.2 < D. < 0.5.

V/ele]

1.6.2 Strain Damage Localization Criterion

One may consider the mesocrack initiation as the ultimate state of the strain
localization process which occurs in softening materials. Due to severe load-
ing, localization bands occur in which strain and damage are strongly local-
ized and in which microcracks develop and then degenerate into a mesocrack
(R. Billardon, I. Doghri, A. Benallal and G. Geymonat 1989).

This is a realistic criterion for a mesocrack initiation in its physical defi-
nition but it has two main drawbacks:

1. Such a criterion needs tough calculations and is difficult to use in finite
element computations.

2. It is strongly dependent on the damage evolution law as well as the plastic
or visco-plastic behavior of the materials, such as anisotropy, ratcheting,
and non-proportional loading effects.
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Nevertheless, at least for the uniaxial tensile case, it allows for the theoret-
ical calculation of the value of the critical damage D, without any need for
experiments.

Two main approaches are available for the study of the instabilities related
to the phenomenon of localization: the bifurcation approach which applies to
time-independent constitutive laws; the perturbation approach which applies
to both time-independent and time-dependent constitutive laws. The con-
sideration of viscosity effects makes the solution of the mechanical problem
unique in general but instabilities may still occur.

1.6.2.1 Bifurcation Approach of Localization
(R. Hill 1962, J.R. Rice 1973, J.R. Rice and J.W. Rudnicki 1975)

The bifurcation approach consists of the analysis of the loss of uniqueness
in the rate mechanical problem. It is is written in terms of velocity field 7,
strain rate € and stress rate o. In the quasi-static case,

Gijj+ fi =0 in the structure,

éij = 5 (vij +v;;) in the structure,

6ijNj = FFY" on the given load boundary, (1.206)
v; = Uiglven on the given displacement boundary, and

0ij = Lijri€i; in the structure,

with f as the body force, U8V*" as the applied displacements, F&Ve" as the
applied loads, and N as the outward normal of the boundary. The last equa-
tion is the rate form of the time-independent constitutive laws. Its introduces
the fourth order tensor tangent operator L which will be introduced later for
elasto-plasticity coupled with damage (1.216).

Let us consider a homogeneous infinite body with a known homogenous
solution 7)) and let us assume that at a given loading time, a second possi-
ble solution of the rate problem #(?) exists. Two bifurcation modes may be
exhibited:

1. A harmonic eigenmode (j is the pure imaginary number j = /—1),

[vi] = v — o) = gy exp (i€npar) (1.207)

which, if reported within the equilibrium, leads exactly to the loss of
ellipticity of the equilibrium equations,

¢ (L), ;9; =0 and det (7L7i) =0, (1.208)

where ¢ is an arbitrary wave number of mode § and (71L#7) is the acous-
tic tensor related to the localization plane with a normal 7i: (7L);; =
npLigjing.

2. A bifurcation mode involving discontinuous velocity gradient. If the sub-
scripts (U and ) stand now for the fields in each side of the discontinuity
surface (or planar band) of normal 77, the continuity of the normal stress
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and Maxwell compatibility equations read

dz(;)nj = dg)nj and Uz(,lj) - Ufj) = ginj, (1.209)
with Uz(gl) = Lz(jl;llv,(” and &, @) _ Lg,)clvkl due to the usual symmetry

Lijri = Lijir. One ends up w1th
= - 1 2
(RO gy (10~ L) o =0, (o

The first case of continuous bifurcation corresponds to a material still plas-

tifying (and damaging) on both sides of the discontinuity surface: Lz(j,ll =

Ll(_jkl = L;ji; given by (1.216) and
det (7L7) = 0. (1.211)

The vector g is then the eigenvector associated with a vanishing eigenvalue
of the acoustic tensor. If ¢ is orthogonal to 7, one gets a shear band. If g is
parallel to 77, an opening mode results instead.

The second case of discontinuous bifurcation corresponds to a body still

loaded with LE;,)Cl = L;ji at one side of the planar band but unloaded

in elasticity at the other side (Lg,)cl = ENijkl). This leads to the condition
det (7L7) < 0.
The condition det (77L7) < 0 is a necessary and sufficient condition for

strain localization to occur in homogeneous, non-viscous bodies.

1.6.2.2 Critical Damage from the Bifurcation Analysis

The tangent stiffness operators may be derived from the full sets of elasto-
plasticity coupled with the damage constitutive equations of Sect. 1.5. No
kinematic hardening and no unilateral effect are considered here in order
to keep the calculation simple! The constitutive equations are written in
a concise way, as in

3 (Hik&]?[Hlj)D

P =a;p with a; = , 1.212
17 D J 2 (H &DH)eq ( )
r=pA with A= 5;;(1 , (1.213)
(H& H)
eq
Y S

. ( g ) dij isotropic damage,

Dij = dijp with dij = (1214)

Y S
( g ) lal;;, anisotropic damage,
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and where H;; = (1 — D)i—jl/2 for anisotropic damage and H;; = 5ij/\/1 - D
for isotropic damage.

The accumulated plastic strain rate is determined by the consistency con-
dition f =0:

. bioi . 35,
= , th b = . 1.215
P=reya ™ VT 95, (1.215)

For both isotropic and anisotropic damage models,
- 2G - _, 06
Lijkl = Eijkl - R'A +2G amnbmn Eiquaqukl + Miqu aDZ;qS drsbkl:| )

} (1.216)
with Fijn = Mi;;quqkl as the elastic effective tensor and M;j; is given

by (1.15). Readers can refer to Sect. 2.2.4 for details concerning the calcula-
tion of the tangent operator.

For isotropic damage, the strain localization condition, det (7L#7) = 0,
written for uniaxial tension leads to the expression of a critical damage which
depends on the normal of the planar localization band,

2

Do(7) ~ 1 — k(6) <2‘]’;S>S ”G“ , (1.217)

with 7 = [cos 6, sin 6, 0]T and

2 — 4v + (5 — 4v) sin” § cos? 0

0) = :
~(6) 3 — 6sin® A cos? § + (1 — 2v)(2sin? § — cos? 6)

(1.218)
This allows for the determination of the normal to the localization plane:
for v = 0.3, § = 42°. In fact, the ratio of the ultimate stress to the shear
modulus (0,/G) remains very small for any material such that  is of the
order of magnitude of unity and D, in tension is found to be close to 1.

For anisotropic damage in pure tension, the result “a critical damage al-
most equal to 1”7 is also obtained but in terms of hydrostatic effective damage:
strain localization occurs when nDy. = 1 or Dy, =~ 1/7, i.e., in tension when

3
Dic =2Dy. = 2D3. = . 1.219
o= 2Dac = 2Dpe (1.219)

With n = 3, this gives D, ~ 0.5. This value is in accordance with the
critical damages often measured in experiments with poor accuracy due to
the difficulty in defining the initiation of a mesocrack in practice! The stress
at strain localization has a non-vanishing value,

304

7= 2 N 1
1-D; " 1-Dy

(1.220)

which is og = 0,,/2 for n = 3. In the absence of any measurements, D. = 0.5
is a good candidate for all applications.
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1.6.2.3 Perturbation Analysis — Stability
(A. Molinari 1985, A. Benallal 1988)

To check the possibility of bifurcation toward solutions that are different from
the homogeneous one, a way to proceed is to slightly perturb the reference
solution ('?). If the evolution of the perturbed solution (7 = 7+ 6%) remains
close to ¥'9, one expects stability. If not, instability occurs.

From a mathematical point of view, this practical approach applied to
mechanical problems is fully similar to the study of the stability of a set of
first order differential equations written as

ou
ot

where G is in general a nonlinear differential operator, poaq is a parameter
(for example, representing the loading intensity), and U is the vector solution
(for example, made of the velocity and all the necessary variables to describe
the material behavior).

Different perturbation and stability analyses are possible:

= G(U, Nload) y (1.221)

e Study of the decay (or lack of decay) in the linearized perturbation dU:

8 0 _ 0 8 0
oy U+ 80) = G (U, piona) + 8GU (U°)sU (1.222)
o B oG
_ _ 0
5 BU) =AU A= (U°). (1.223)

If one of the eigenvalues (A4) of the operator A has a positive real part,
the perturbation dU will grow.
e Study of the decay (or lack of decay) in a relative perturbation defined as

U
Z = , 1.224
joe) 22
and 07 oG 1 0
— 0y _ 0

with 1 as the identity operator. This set of differential equations leads to
a different value for A 4 from that in the previous case. If the perturbations
are sought in the form dU = U* exp (Aat) and 6Z = Z* exp (Arell), Arel
compared to A4 yields

1 0

Arel = A — el at||U0|| (1.226)

and the “relative” instability occurs when
Re(Aa) = Lo 2107 (1.227)

|U°]|| ot

instead of Re(A4) > 0.
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The perturbation and stability analysis applies to rather complex problems
such as elasto-plasticity or elasto-visco-plasticity coupled (or not coupled)
with damage, quasi-static or dynamic loadings, temperature and heat con-
duction, or any other diffusive phenomenon.

1.6.2.4 General Thermo-Mechanical Case
(A. Benallal and V. Cano 1996)

Let us consider the general case of structures made of generalized standard
materials submitted to dynamic loadings. The thermodynamics description
of such material behaviors is given in Sect. 1.2. It introduces the Helmholtz
free energy potential, pi, written in terms of strains € and internal variables
Vi (the damage D or D is one of those), a yield criterion f, and a dissipation
potential F'.

The equilibrium equations are represented by

82%

=P g (1.228)

ijj + fi

with @ as the displacement, f as the body force, and p as the density. The
compatibility equations are of the form

1
€ij = o (uij +uja) - (1.229)

The energy conservation principle (first principle of thermodynamics) reads
as

. . O0Ak - 00
—qi; =pCT — AV +T Vi — e, 1.2
qi,i +w = pC, kVk + [8T K= gp G (1.230)
. %y .
with w as the heat source, C. = =T o7 as the heat capacity, and Ag as
the associated variables. The constitutive équations are the
o
lasticity 1 i = s
elasticity law Oij p(’?eij
o
tate 1 Ag = —
atefaws A= TP gy (1.231)
. OF
evolution laws Vk ==\ 9A)
conduction law g =—kT;,

where k is the conductivity and A =7 is the Lagrange multiplier in addition
to the boundary and initial conditions.

In order to derive the differential operator G for the general thermo-
mechanical problem, let us set
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%)
Vs
v 8u1
U= |T with v, = ; (1.232)
ois ot
Vi
with a set of equations to be solved:
’lli = U;
b= Lo+ 1)
Vi = \0Oij,j i
p i
. k T 0% 1 [ oy 0% . w
T= T i — -T Vi
pC M T e, or" T o lovie T aviear | KT p0. (1.233)
Py Y Py
7 = T Vi
ij paeijaT + paeijaekl Vel paeijavK K
3 . OF
VK = —TaAK

For an infinite homogeneous body we take the Fourier transform of this
set of equations or, in an equivalent manner, seek the perturbed solution of

the form

Ux,t) = Ut) + U(t)exp (jéngay) and U= | T |, (1.234)
Oij
Vi
where £ acts as a wave number. We then linearize the previous differential
equations, identify the differential operator A and solve for the solution as

U =U*exp(Aat), (1.235)

where A4 is the stability parameter to be determined (Re(Aa) < 0 implies
stability). We will then obtain a set of linear equations and after some sub-
stitutions, we can formally express them as

*

*
/\Aup =y,

P)\?AUI*) = j&opgng,

*x s A A
Vic = JCicpqnaty + BT (1.236)
oy = JELp g onsur + M) T*

g .
<pC6 + Y + pC{>K> T — JgPpAqnqu; ,
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where the 4 tensors Lf‘jkl, Cpiiy M7, and Pi;‘», the vector R, and the scalar

7 35
pC€}K introduced depend on the stability parameter A4 but not the wave
number £. They are temperature-dependent and are affected by viscosity

and inertia.

e The fourth order tensor Lf‘jkl generalizes the expression for the tangent
operator L;ji; to viscous materials loaded in dynamics at constant tem-
perature as the rate law

(fqu = LPqTSéTS = qursar,s . (1237)
Coupled with the consideration of the perturbed fields,

Opg = qu + 05, exp (Aat) exp (jEnxzy), (1.238)
Uy = u(r) + urexp (Aat) exp (jénkak) .

lead to
cr;q = J¢Lpgrsnsu, . (1.239)

Note that Lf‘jkl is not a material property as it depends on A 4.

e The tensor Mz)\] stands for the thermal effect on stresses and Mi)‘jT* rep-
resents the perturbation of the thermal stress,

e The tensor Cg;; and Ry represent the contributions in terms of internal
variables due to the mechanical and the thermal loadings, respectively.

e The heat capacity contribution (C‘)}K) is due to the consideration of in-
ternal variables to model the material behavior and Pfj‘» models the heat
source due to the material deformation.

Finally, we obtain a set of two equations of the two unknowns «* and T*

PN + §2anf\pkqnq —jEMny uyy
i€ p 14 k& O | |1+ T (1.240)
=5 Pignq tooa T oc.

and the parameter A4 is a solution of the polynomial equations,

det (RLA) =0, (1.241)

Eijkl = px\idikdjl + 52 Lf\jkl + (1.242)

A pA
M Py
kE2

pCe+ 5+ pCP
When Re(As) > 0 (or Re(Aq) > ”Ulgn SNU°||) the perturbation (or the
relative perturbation) starts to grow.

The adiabatic, isothermal, and static cases are limiting cases of this per-
turbation analysis. They are solved by mathematically setting:

e Lk =0 for the adiabatic case
o pC. — oo for the isothermal case



1.6 Localization and Mesocrack Initiation 73

e p = 0 for the quasi-static case except in the heat equation in which pC,
is kept constant

For elasto-visco-plastic materials (without damage), the parameter A4 is
bound and the question of when the localization process takes place has
not been clearly answered. For constitutive equations coupled with dam-
age, the strain damage localization criterion A4 = A. = oo coincides with
det(7E7) = 0 (inertia effects neglected) and therefore with nDy ~ 1 as well.
One ends up with 7 = 3 to the 3D strain-damage localization criterion

tr D~ 1 (1.243)

which corresponds in tension to

1
Dy =2Dp = 2Dsc ~ - (1.244)

1.6.2.5 Effects of Viscosity, Temperature, and Inertia

Qualitatively,

Viscosity has a regularizing effect.
Heat conduction may have a destabilizing effect. The smaller the wave
number is, the larger is the destabilization.

e Dynamics has a stabilizing effect which is much more important for the
large wave numbers than for the lower ones. Inertia effect may usually be
neglected.

1.6.3 Size and Orientation of the Crack Initiated(j

Based on the principles of Continuum Damage Mechanics, the size of the
mesocrack is the size on which the constitutive equations operate, i.e., the size
of the Representative Volume Element: infinitely small for a mathematician
but something concrete for an engineer!

If the question asked is whether or not a crack is initiated, the answer is
given by information on the loading conditions for which the damage reaches
its critical value.

If the damage analysis must be followed by a fracture analysis based on
an existing initial finite crack, its size and orientation has to be determined.
One way is to consider that the mesocrack initiated by Continuum Dam-
age Mechanics involving a dissipated energy ¢p, can also be described
by a process of Fracture Mechanics involving the same amount of dissi-
pated energy ¢r = ¢pp (J. Mazars 1984). This bridges the gap between
damage mechanics and fracture mechanics at least in the sense of energy.
Since &g is the linear size of the mesocrack, also the size of the RVE for this
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purpose, the energy ¢p, involved in the process of initiation by damage of
a mesocrack is composed of two energies:

e The energy dissipated in the damage process itself, including isotropic
damage,

D,
ép = 53/ YdD. (1.245)
0

Assuming saturated hardening and a triaxiality function of R, = 1 as the
crack is often initiated at the surface where the state of stress is also often

uniaxial, we have
2

Uu
ép ~ 03 o Do (1.246)

e The energy dissipated in the associated plasticity process is

fracture
bp = 6 /0 oijder; . (1.247)

Assuming either proportional loading or uniaxial loading leads to

PR
$p = / Oeq(p)dp, (1.248)
0

where pr is the accumulated plastic strain at rupture (for which oeq = oy
and pr = €pr in pure tension). Then

o

bpp = ¢p + Dp ~ 53 (2E

D. + auepR) . (1.249)
The first term is preponderant for brittle materials as the second term is
dominant for ductile materials.

On the same RVE, the energy ¢r is evaluated through the concepts of classical
fracture mechanics dealing with a crack area Ag = 3 and a strain energy
release rate G:

Ao
¢F:/O GdA. (1.250)

For simplicity, let us consider the upper bound on ¢r given by the maximum
value G of G, the material toughness. This approximation is close to reality
for brittle materials and is a step function of the R-curve for ductile materials.
Then,

or ~ G07 . (1.251)

Writing the energy balance ¢p, = ¢r gives the length §y which matches
Continuum Damage Mechanics and fracture mechanics:
G
do~ ¢ . (1.252)

O-U
ZEDC + ouepr
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This formula gives values generally obtained by metallurgy or physics con-
siderations, as shown below:

do ~ 0.1 to 0.2 mm for light alloys
do ~ 0.2 to 0.5 mm for steels

do ~ 0.1 to 1 mm for ceramics

do ~ 0.5 to 1 mm for polymers

do ~ 10 to 100 mm for concretes

Concerning the orientation of the plane in which lies the initiated mesocrack,
its normal 7 is the result of the localization analysis of Sect. 1.6.2,

det(RL7) = 0. (1.253)

If no localization analysis has been performed, the anisotropic damage evo-
lution gives the orientation of the mesocrack as the plane with normal 7 (in
which lies the maximum value of the damage vector D7 which corresponds
to the maximum principal value of the damage (see Sect. 1.4.3)):

7i = fi(max Dy) . (1.254)

If only an isotropic damage analysis has been performed, we use the orienta-
tion of the maximum principal stress,

7l = fi(maxoy). (1.255)

To conclude, Table 1.8 gives the possible choices in modelling the damage
threshold, critical damage, size, and orientation of the mesocrack initiated.



Table 1.8. Conditions for initiation of damage and mesocrack

Monotonic
loading P = €pD €pD = €p(0 = ou)
Damage Cyclic B _ ou — of°
threshold loading P =pD Pp = €pD gmax 4 gmin .
—of
2
N ical
pr‘égli‘zlif; Max wes = Wp wp given by (1.116)
Isotropic D=D D.—1_°®
damage e °c Ou
Critical Anisotroni
nisotropic
damage damage PI¢ hax Dy = De D. =05
Numerical o
prediction det(riLii) =0 nPu ~ 1
Isotropic - ﬂ
damage Max principal ¢ 7
Direction
of the Anisotropic

crack plane damage Max principal D 7

Numerical

.. Localization n
prediction
i 0.2)> metals
Checking ( 2
Size of the initiation RVE Ao (mm)2 ~ (1) , polymers
mesocrack (100)* concrete
Checking Equivalence with _ Gf,

propagation Fracture Mechanics 0 o2 2
D) Dc + Ou€pR
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Numerical Analysis of Damage

Damage is essentially a nonlinear phenomenon often coupled with (visco-)
plasticity, also a nonlinear phenomenon. Therefore we can not expect sim-
ple closed-form solutions of mesocrack initiation problems except for rough
approximations of simple cases.

For early design of mechanical components, the coupling of the strain
behavior with the damage may be neglected and a post-processing of dam-
age evolution is possible after a classical structure analysis (D. Hayhurst
and F.A. Leckie 1974). This approach is the uncoupled analysis based on
a reference (visco-)plastic computation. For localized (visco-)plasticity and
damage, this reference computation can even be purely elastic with a local
energetic correction (such as the Neuber method) to estimate the plastic
strain. Fast!

For accurate engineering applications and when the coupling between
strains and damage is strong, (visco-)plasticity, damage, and possible cracks
distributed over the whole structure deem a fully coupled analysis nec-
essary. The constitutive equations need to be implemented within a finite
element computer code and the numerical analysis encounters the classi-
cal difficulties of convergence of linearized schemes. It needs special algo-
rithms, much care, and large computer times (A. Benallal, R. Billardon and
I. Doghri 1988).

When the damage is localized on the mesoscale, there is the possibility
to use the two-scale damage model of Chap. 1 in which damage occurs on
a microscale only (J. Lemaitre and I. Doghri 1992). This locally coupled
analysis mainly applies to high cycle fatigue (fatigue in the elastic range),
eventually with initial plastic strain and damage. The analysis can be per-
formed by post-processing an elastic computation for “elastic” fatigue or a
(visco-)plastic computation if the process of creation of non-trivial initial
conditions has been modelled.

Another area that requires numerical analysis is the precise identifica-
tion of the material parameters. Even if a fast, rough identification is
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possible using simple methods, an adjustment or updating of the parameters
from more complex tests or similar studies needs numerous iterations and
robust optimization techniques based on sensitivity analyses. A table at the
end of the chapter gives values of damage parameters for several materials.

In order to make the expressions simpler, intrinsic notations are used in
this chapter when describing the schemes for the numerical implementation
of the constitutive equations.

2.1 Uncoupled Analysis

Structure calculations performed with nonlinear material behavior become
very costly in time very quickly. Their use is therefore difficult to perform for
designs in which the geometry of the structure and the choice of the materials
are the results of an optimization process.

A fast way to evaluate the damage is by post-processing classical calcula-
tions of elasticity or elasto-(visco-)plasticity in order to perform a posteriori
time integration of the damage evolution law of Sect. 1.4 (see Fig. 2.1):

D= t; (Yét)jp(t)dt or D= t: (Ys(,t)flép(t)ldt, (2.1)

where tp is the time taken for damage initiation, corresponding to the damage
threshold pp = fOtD p(t)dt (see Sect. 1.4.1).

LOADING
(LOADING \

\

Stress. strain,

FAILURE
PREDICTION

STRUCTURAL
ANALYSIS

internal variables fields

INITIAL CONDITIONS CONSTITUTIVE

DAMAGE MODELS

Defects EQUATIONS:
Strain hardening and Thermo-elasto- FAILURE CRITERIA
damage field (visco)plasticity

Fig. 2.1. Uncoupled approach to structural damage analysis

The time histories of the plastic strain, the energy density release rate
Y for isotropic damage, and the effective strain energy Y for anisotropic
damage are the necessary inputs for the damage post-processing. They may
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come directly from an elasto-(visco-)plastic computation or indirectly from an
elastic computation followed by an initial post-processing of (visco-)plasticity.
Note that the material parameters depend on the temperature which may
vary during the loading. In that case, their time dependencies have to be taken
into account when integrating the damage law.
The procedure for the uncoupled analysis of damage is then:

Perform a structure calculation to obtain the histories of Y or Y and €P
Evaluate D or D by means of the time integration of Eq. (2.1)

Estimate the time or the load corresponding to the critical damage D,
Define a safety margin on the most appropriate parameter: the plastic
strain p, the number of cycles IV, the time ¢, or the damage equivalent
stress o*, through a safety factor Saf (larger than unity) in order to
ensure

PR Nr tr
< N < t <
P=6ar " V= 8ar Y "= Saf

or o<

oR
2.2
Saf (2.2)
as a safe non-failure design criterion.

Most of the time, neglecting the coupling of the damage with the strain
behavior yields an upper bound on these parameters. The integration of the
damage rate equation (2.1) concerns any kind of loading: monotonic, cyclic,
multi-level, random ... Examples are given in the next chapters.

2.1.1 Uniaxial Loadingd’éd

Let us first consider the 1D case of tension or tension-compression with a state
of stress

c00
o=|000], o=o(t) (2.3)
000
and a state of plastic strain
e 00
e=10 —62" 0 , €p = €p(1) (2.4)
00 =%

The accumulated plastic strain is then

p=p(t) = / Ep(D)dt (2.5)

the von Mises stress is geq = |0, and the stress triaxiality has the value 1/3.
The damage calculated by means of the isotropic model is

D= /tt (Yét)f & ()]t (2.6)
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For the anisotropic model, the same expression is obtained on D; (the com-
ponent in the loading direction) as for tension such that

100
D=D;|0;0 (2.7)
002

Dy = /t; (YS))S léydt (2.8)

The expressions for the functions Y (¢) or Y (¢) depend on whether or
not we consider the microdefects closure effect (quasi-unilateral conditions)
through the value of the microdefects closure parameter h or h, of Sect. 1.2.4.

and then

2.1.1.1 Damage without Microdefects Closure Effectd
For both isotropic and anisotropic damage models, the effective energy den-
sity release rate functions have the same expression if written in terms of the
uniaxial elastic strain €e:

Y:;Eeg(t) or Y =_FEet). (2.9)

From a reference elasto-(visco-)plastic computation, the knowledge of the
time history of the elastic strain allows for the determination of Y (¢) or Y (¢)
and the damage, as follows:

D= t(E;%’f))sup(mdt o Dy - / (E;g;t)>s|ép(t)|dt.

tp
(2.10)
Due to the uncoupled analysis where the stress and the strain are calcu-
lated without the softening effect of damage, Y and Y written in terms of
stresses are preferred as they give an upper bound on D. In order to keep
the post-processing simple enough for design purposes, the preferable case of
isotropic damage is considered for which

o?(t)

Y= oB1-Dp-

(2.11)

If the stress and plastic strain histories are known, we have

/OD (1- D)?*dD = /t:) (;ZE(? ) e () (2.12)

D—1- [1 (254 1)/; <‘;Z§2 ) |ép(t)|dt} . (2.13)

or
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The anisotropic case is similar, with an effective triaxiality function R,
now that depends on the damage (Eq. (1.41) of Sect. 1.2.3). For uniaxial
tension, it is a function of D; alone because Dy = D3 = D;1/2 and Dy =
2D1/3, leading to

R,(Dy) = §(1—|—V)+3(1—2u) [(1 - 2;7D1) (1 _2D1 + 1_1[;1 )] (2.14)

and the evolution of the damage is obtained as an implicit function of Dy,
which is easy to solve by use of mathematics software:

" Rosap —L/t PO e @1t (2.15)
o v 1= . 2ES 6p . .

2.1.1.2 Damage with Microdefects Closure Eﬁ'ectéd)

Considering the quasi-unilateral conditions is important when dealing with
compressive loading and cyclic or fatigue applications as they lead to a dam-
age rate that is much smaller in compression than in tension. The represen-
tation of the mean stress effect in fatigue then follows.

Microdefects closure material parameters h or h, are introduced within
the expressions for the Y and Y functions. This makes the models more
difficult for closed-form solutions. We advise using the approximation
Y(o0,D,h,) = Y(0o,D = 0,h = 0.2) if damage anisotropy needs to be taken
into account. For the resolution with the exact Y function for anisotropic
damage with microdefects closure effect, please refer to Sect. 2.1.2 on pro-
portional loading.

For the uniaxial tension-compression case, one has

L[ (o) (—0)?

Y = h 2.1
o8 |(1=Dp)2 T 1 —nD)y2| (2.16)
which may be written in terms of elastic strain
_ LK 2 2
Y = ) [<ee> +h< 6e> ] : (217)
Then,
2
L o) . .
try N YT = e in tension,
D= / (S) le,|df with Y = 2E(102£))
to Y- = h2E(1 _hD)? in compression.

(2.18)
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2.1.2 Proportional Loadingé’déé

Uniaxial loading is a particular case of proportional loading for which the
stress tensor at a given point M of a structure remains proportional to a
time-independent tensor 3 such that

0y (M, 1) = o5 (t) iy (M). (2.19)

The main sufficient condition for a structure to be considered as proportion-
ally loaded is when there is only one applied load or when all the loads vary
proportionally to one parameter.

With the normalization Yeq = \/323 E]Z-Dj = 1, the scalar oy, is the signed

von Mises stress and |os| = 0eq. In tension-compression,

100 go 0
>=1000], P=|0-1 0|, and ox=0. (2.20)
000 00 -1

For elasto-(visco-)plasticity that is coupled (or not coupled) with isotropic
damage, the plastic strain tensor remains proportional to the deviatoric part
of X, as in

3 1
e (M, t) = 26p2(t) Sh(M) and ¥ =% — 32,@,651-]«, (2.21)

introducing the scalar signed equivalent plastic strain e,y such as |epy| =

\/ 5655655~ Due to the 3/2 term in (2.21), the accumulated plastic strain has

the same expression as for the uniaxial tensile case:

t
p=l|épz| or p=pt) :/ |éps|dt . (2.22)
0

The anisotropic damage case is more complex and the previous equation
efj = gepg E?j of proportional loading in terms of plastic strains may be seen
as an approximation for the general anisotropic 3D case but it strictly applies
for tension-compression and for shear.

2.1.2.1 Kinematic Hardening as an Additional Isotropic
]

Hardening in Monotonic Proportional Loading

For elasto-(visco- )plasticity with isotropic and kinematic hardenings R and

X, one has UD gengPj and

= 0’22”7 ij = 5

3
Xij X( ) 23 ) Xeq = \/2XUXU = |X| . (223)
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The yield criterion is

F=(0" = X)eg— R— 0y = ((aE - X)ED) ~R-oy, (2.24)

eq

with

((aE - X)ED)eq = \/‘;’ (05 — X)*SP5EP = |o5 — X| Seq = |0 — X].
(2.25)
In cases of increasing monotonic proportional loadings (ox, > 0, X > 0,
X < ox) one ends up with

f=lox —X|—R—0y =0eq — (Xeq + R) — 0y, (2.26)

which shows that kinematic hardening may be considered in these cases as
an additional isotropic hardening. This remark is consistent with the
consideration of one hardening only (either kinematic or isotropic) for com-
putations of structures undergoing monotonic loadings.

2.1.2.2 Damage Post-processing Without Microdefects Closure
Effectd)

For both isotropic and anisotropic damage, the effective elastic energy density
functions have the same expression if written in terms of elastic strain €®:

Y = ;Eijklefjezl or Y= ;Eijklefjezl . (2.27)
As for the uniaxial case, information on the time history of the elastic strains
allows for the determination of Y (¢) or Y (¢) and the damage.

Expressions written in terms of stresses are preferred. For isotropic dam-
age,

quRV o U%RV
2E(1 - D)2 2E(1- D)2’

where the triaxiality function R, only depends on the tensor ¥ and has
a constant value:

Y = (2.28)

2
R, =_(14v)+

1
3 1—20) (Sik)? = const. (2.29)

N

The possibilities for the time integration of the damage evolution law are

t El-lkle’?ee °
D= IFGTRE) e Sdt 2.
(P56 ™) lesl (2:30)

If the elastic and plastic strains are known or (the most conservative choice),
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then

D t o2 s
| a-prap=r; [ () sl
0 tp

. , (2.31)
t (52 (t) 2s+1
& D=1-|1-2s+1)RS e coxs (1)]dt .
[ s+ ;[ ( ]
If the von Mises stress geq = |ox]|, the stress triaxiality Tx = aH _ Y =
Oeq

1
BEkk and the accumulated plastic strain rate p = |é,x| are known, or

t o2\
D =R} ed : 2.32
B [ g ) el (2.3

as an approximation of the last formula.

The case of anisotropic damage is similar but is made more difficult for
closed-form solutions because of the dependency of the triaxiality function
on the damages D1, D5, and Dj3. Nevertheless, it may always be worked out
by using

S

3 LYY
D

1
where Y = 2Eijk16$j621 and || denotes the absolute value of the deviatoric

tensor ¥ in terms of principal components.

2.1.2.3 Damage Post-processing with Microdefects Closure
Effectédé

For the isotropic damage model, the only change in the damage law is the
expression of Y, which now introduces the microdefects closure parameter h
(1.49):

1+v [ (o)) (o);(o); v [ (owk)? (—owk)?
Y= 9E | (1-Dp +h(1—hD)2 _2E[(1—D)2+h(1—hD)2 ’
2.34)

with h = 0.2 for metals.
By considering the definition 0;; = os ¥;; of proportional loading and by
neglecting the effects of the damage on Y, one gets

U% (t)Run

Y ~
2F ’

(2.35)
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if ox>0, Ryn=R),=1+v)[(E)5(E)+nD);E);]

j

— v [(Skr)? + h{(—3k)?] = const,

if ox <0, Run=Ry,=0+v)[();(2);+h(E)5E)]]

— v [(=Zk)? + h(Zgx)?] = const.

For the anisotropic damage model the microdefects closure parameter h,

is introduced. It is different from h, with h, &~ 0 in most cases (1.60). The
effective elastic energy density is then

(2.36)

(2.37)

14w o D2 , 31 —=2v)  (om)?
Y = o0 F tr (HPoL H?)™ + 2B (1—nDy)2 (2.38)
so that
1
Rf, =1+ v)(E)EEP)E+ S0 W) (k)2 = const (2.39)
_ ~ 1
Ry, = (1+v)(EP)Z(EP); + S0 W) (—Xp)? = const. (2.40)

2.1.3 Post-processing a (Visco-)Plastic Computationd)

A classical elasto-(visco-)plastic computation without any damage gives the
time histories of the von Mises stress ooq, the hydrostatic stress om, the
stress triaxiality Tx = ou/0eq, the elastic energy density ;Eijklefjeil, the
accumulated plastic strain rate p, and the stored energy density ws. These
quantities are used directly as inputs for the time integration of the damage
evolution law, providing an estimation of the damage as a function of the
time, the accumulated plastic strain, or the number of cycles for fatigue
applications.

To make the post-processing procedure fast, the time integration of the
damage law may be performed only at the most loaded point location where
the damage equivalent stress o* = aeqR,l/ 2 has the largest value in the
whole structure. Such a criterion takes the stress triaxiality effect into ac-
count through the function R, . In that case the hypothesis of a proportional
loading may often be made, allowing for the use of the analytical expressions
of Sects. 2.1.1 and 2.1.2.

The post-processing procedure may also be automatically applied at each
Gauss point of the structure. Then the most loaded point simply is the point
where the damage is the largest. The advantage is that one obtains maps of
the damage field, while the drawback is of course a longer computer time.

If the loading is periodic, it is only necessary to run the elasto-(visco-)
plastic computation up to the stabilized cycle (10 to 50) as the information
collected for the time integration of the damage law will be sufficient. For
large numbers of cycles, a “jump” in cycles procedure may be applied to
avoid the calculation of too many cycles (see Sect. 2.1.5).
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2.1.4 Post-processing an Elastic Computationé

Often, the plasticity is localized so that the stresses and the strains of the
entire structure may be first calculated in elasticity. This has many advan-
tages including reduced computational time cost and the possibility to use
the main linearity property to obtain the stress and strain fields for many
other applied loadings. The results depend only on the Young’s modulus and
Poisson ratio.

The (visco-)plastic quantities p, wy and the quantities strongly dependent
on the (visco-)plastic behavior oeq, o, Y, or Y need to be estimated from
an initial post-processing procedure as those quantities are required for the
time integration of the damage law. Examples of these caculations include
the Neuber method or the Strain Energy Density (SED) method fully de-
scribed in Sects. 3.2.4, 4.2.4 and 5.2.4. These methods are based on a local
energy equivalence at the stress concentration points between an elastic and
an elasto-plastic computation of the same structure with the same loading
history. Applied as post-processors of an elastic computation, the Neuber and
SED methods allow for the determination of the von Mises stress and the ac-
cumulated plastic strain where plasticity is localized (small scale yielding).

The damage post-processing is then carried out as described in Sects. 2.1.1
or 2.1.2, yielding closed-form expressions for the mesocrack initiation condi-
tions with an explicit dependence on plasticity and damage material param-
eters.

The knowledge of the stress triaxiality T is of first importance as it partly
governs the damage growth through the triaxiality function:

2
Ry = (1 4v) 301 -2)T%, where Tx = oH
Ocq

(2.41)

It is not given by the Neuber or SED methods. Nevertheless some analytical
results may be obtained for plane deformation problems:

e For a plane stress state, the points located along free edges are exposed
to pure tension (or compression). The value of the triaxiality ratio is
simply 1/3.

e For a plane strain state in elasticity, the triaxiality ratio evaluated at
points located along free edges only depends on Poisson ratio,

1+v

Tx = ,
X 3vV1— v+ 12

(2.42)
where Tx depends on neither the loading type nor its intensity. For v = 0,
Tx = 1/3 for some composite materials. For v = 1/3, Tx = 0.5. For
v = 0.5, Tx = 1/4/3 ~ 0.58 for rubber-like materials.

e For a plane strain state in (visco-)plasticity, the closed-form expres-
sion of the stress triaxiality may be derived analytically for points located
along free edges.
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In plasticity with linear hardening the yield function is f = geq—Cyp—oy,
where Cy is the plastic “tangent” modulus and Cy ~ (o, — 0y)/€pu. The
boundary conditions (free edges of normal é€1: ;7 = 0), the plane strain
condition €;3 = 0, and the elasto-plastic behavior considered altogether

lead to ) . .
033 — V022 (2033 — 022)p

5 = = . 2.4
€33 B 2070 0 (2.43)
With the notations,
C, (1-2 1 2v3 2
X = Y( V)v Uog = ; W= \/X2(1_ . )’
2(Cy + E) V1—v+ 02 3+ 4x 1—-2v
2x 2x? 2x
d w= -
e @ 1—2u+3—|—4x2< 1-2v)°
(2.44)

and without any assumption about the loading, the closed-form expression
for the Tx(p) law is then governed by the parametric representation

TX(U):U—l\/4—3U2,

1 3u0 _ u u

\/ Xt exp s W - |arcsin Viu _ % ,

\/1 2 Cy
4 0

(2.45)

which may be seen as a law Tx = Tx(p) or as Tx = Tx(0eq): the triaxiality
ratio on a free edge depends on the von Mises stress only.
For Poisson ratios larger than 0.3, there is a slight difference between Tx
evaluated in elasticity and Tx evaluated in plasticity: the triaxiality re-
mains between 0.5 and 0.58 but its variation shows that the plane strain
loadings are not truly proportional. As soon as elastic strains are negli-
gible, Tx reaches a saturation value Txgat. Table 2.1 gives the values of
the triaxiality at saturation as a function of the ratio Cy/E for different
Poisson ratios. For metals, it is Tx gat = 0.58.

u

Table 2.1. Triaxiality in plane strain condition

Cy/E 107 0.1 0.25 0.5
Txsat(v =0)  0.58 0.56 0.54 0.50

(
Txsat(v = 0.3) 0.58 0.57 0.56 0.55
Txsat (v = 0.5) 0.58 0.58 0.58 0.58

If the hardening law is not linear, one has to fit a linear law in the plas-
tic strain range under consideration and apply the parametric expres-
sion (2.45) as well.
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2.1.5 Jump-in-Cycles Procedure in Fatigue

2 Numerical Analysis of Damage

Consideration of the viscosity effects introduces the viscous stress o, func-
tion of the loading rate. For strain rates at which the viscosity effects are
important, the yield stress has to be replaced by oy +0, but the saturation
value is independent of the loading rate.

To conclude, Tx = 0.58 at a free edge point is a good value to consider in
order to evaluate R, and to achieve plane strain Neuber or SED method.
For 3D cases, the hypothesis of a stress triaxiality in plasticity equal to
the (known) stress triaxiality in elasticity can be made. This may be seen
as a weak form of proportional loading.

)

(R. Billardon and I. Doghri 1988)

For loadings that are periodic or periodic by blocks in fatigue, the step by step
computation in time becomes prohibitive when the number of cycles becomes
large (10%, 10%, 108, ...). Therefore a simplified method which allows the
program to “jump” full blocks of AN cycles is necessary. The time integration
is performed over one cycle once in a while and the computation time may
be reduced by a factor of almost AN.

This “jump”-in-cycles procedure is as follows:

. Before any damage growth, i.e., up to ws = wp or p = pp, run the

op
ON | .
accumulated plastic strain increment over this single cycle. Assume then
that during the next AN cycles, p remains linear versus the number of
cycles N and calculate the number of cycles to be advanced by AN cycles
as

computation until reaching a stabilized cycle Ny and let be the

Ap

op
SN |,

AN = , (2.46)

where Ap is a given value which determines the accuracy of the procedure
and Ap =~ pp/50 is a good compromise between accuracy and time cost.
The accumulated plastic strain is updated as

p(Ns + AN) = p(Ns) + Ap (2.47)

and is equal to 7(Ny + AN) as long as there is no damage. The stored
energy density is updated as

p(Ns+AN) A .
ws(Ns + AN) = wy(Ny) + / R(p)p='dp. (2.48)

p(Ns) m

The stresses, strains, plastic strains, kinematic hardening at the end of
the cycle Ng, the accumulated plastic strain p(Ng + AN), and the stored
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energy density ws(Ng + AN) are then the initial values for the computa-
tion of the first time increment of the cycle (Ns + AN + 1).

Repeat the jumps until damage occurs.

. Once damage occurs, first run the computation at constant damage until
a new stabilized cycle Ny is reached. Then

5
e Calculate the accumulated plastic strain increment 6]1\)7 .
Ny
oD 5D
e Calculate the damage increment or H over this cycle.
ON |y SN |y

e Assume again that during the next AN cycles, p and D (or Dy)
remain linear versus N and calculate the number of cycles to be ad-

vanced as
. Ap AD
AN = min sp| ° oD , (2.49)
SN N. ON N.

where AD is a given value which determines the accuracy on the
damage. Here again AD ~ D./50 is a good compromise between

S
accuracy and time cost and take Ap = (Kix) AD with Y.« as the

maximum value of functions Y or Y over the cycle Ng.
The accumulated plastic strain and the damage are finally updated as

S
p(Ne+AN) = p(Ny) + P | AN,
SN |
(N4 AN) = r(No) + 7| AN
T{{Vs = T{{Vs oN N, )
8D . .
D(Ns; + AN) = D(Ng) + SN AN for isotropic damage, and
Ns
1 5Dy for anisotropic
D;j(Ns+AN) = D;;(Ns) |1
J( + ) J( ) + -DH (Ns) SN N, ] damage,
(2.50)
and the stored energy density as
r(NAAN) 4 .
ws(Ng + AN) = ws(N,) + / R(r)r="tdp. (2.51)
r(Ns) m

The stresses, strains, plastic strains, kinematic hardening at the end of the
cycle Ng, the accumulated plastic strain p(Ng + AN), the stored energy
density ws(Ns+ AN), and the damage D(Ng+ AN) or D(Ns+ AN) are
then the initial values for the computation of the first time increment of
the cycle (Ng + AN +1).
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2.2 Fully-Coupled Analysis

For complex loadings, such as non-proportional or anisothermal, or for severe
loadings leading to large scale yielding, the stress and damage states cannot
be determined from an uncoupled analysis. Stress redistribution and stress
triaxiality changes enhanced by the damage may be a major accelerating
factor towards structural failure.

It is then necessary to solve the continuum mechanics equilibrium equa-
tions in a fully coupled manner with the elasto-(visco-)plasticity coupled with
damage laws (see Fig. 2.2). This is in general a difficult task as the problem
is strongly nonlinear and the computation of strain localization gives rise to
non-unique, mesh-dependent solutions.

LOADING
\)

\\

Stress, strain, FAILURE
PREDICTION

STRUCTURAL
ANALYSIS

internal variables
(Damage included)
fields

CONSTITUTIVE
EQUATIONS:
Thermo-elasto-
(visco)plasticity
and DAMAGE

INITIAL CONDITIONS
Defects
Strain hardening and
damage fields

FAILURE

CRITERIA

Fig. 2.2. Fully coupled approach to structural damage analysis

Based on both time and space discretizations, the finite element anal-
ysis (FEA) is commonly used to solve complex engineering structure prob-
lems. The FEA is briefly described here for nonlinear material behavior. The
main part of this section concerns the description of the implicit numerical
schemes used for the implementation of the damage models of Chap. 1 as
subroutines of commercial finite element computer codes.

Temperature-dependent loadings and behaviors are considered. As the in-
fluence of the mechanical behavior on heat transfer remains small in many
situations (be careful with contact problems and high speed dynamic ef-
fects ...), one assumes that the history of the temperature field is deter-
mined from an initial thermal computation. It affects the mechanical prob-
lem through the temperature dependency of the material parameters and
the thermal strain e = (T — Trer)1. The schemes described remain the
same whether or not the viscosity effect is taken into account. They allow
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us to represent the continuous transition plasticity /visco-plasticity due to
temperature variation.

One considers here the quasistatic case. The acceleration quantities and
the inertia effect are not taken into account.

2.2.1 Nonlinear Material Behavior FEAéd)
(J.J. Moreau 1974, Q.S. Nguyen 1977, J.C. Simo and R.L. Taylor 1986)

The finite element analysis uses a mesh of the considered structure in ac-
cordance with both the computation option (2D, axisymmetric, 3D) and
the degree of approximation for the elementary displacement field (linear
or quadratic shape functions in general).

The approximations for the displacement @ (M) on each element V, have
the general expression

i~ {u} = {u(M)} = [N]{U*}, (2.52)

where shape functions N;;(M) are introduced. The vector {U®} represents
the nodal unknowns (displacements) of an element; it is part of the nodal
displacements vector {U} for the whole structure. For 2D problems with
n-node elements, {U°} has 2n components and [N] is a 2 x (2n) matrix.
For 3D problems with n-node elements, {U°} has 3n components and [N] is
a 3 X (3n) matrix.

The Voigt vectorial representation for the strain tensor {e¢} and the stress
tensor {o} may be considered:

€11 o1

€22 022

| es3 | o33
{e} = V23 | {o} = V203 | (2:53)

\/2631 \/2(731
V2€12 V2012

The strains are calculated from information on the displacements by use
of classical differential operators [D] and [B], such that

{e} = [Di{u} = [BJ{U®} and [B] = [D][N] . (2.54)

The virtual work principle allows us to derive the global matricial form
for the equilibrium equations,

{Rae}= > [B]" {o} dV — {F} =0, (2.55)

all elements ” Ve

where the vector {F} accounts for the applied loading. This last equation
also defines the global FE residual { Rge} which vanishes for the equilibrated
solution.
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The local nonlinear constitutive equations are often linearized and solved
by use of iterative methods (Newton—Raphson or Quasi-Newton methods ...
or others). The consistent tangent operator L® and its matricial representa-
tion [L°] are then defined as

Ao _ o{Ae)

L= or [L°] = 2{Ac}’

A (2.56)

where {Ac} is the stress increment obtained for the strain increment {Ae}.
[L€] will be used to build a FE tangent matrix (see next section), ensuring
good convergence of the iterative scheme for the resolution of the global
equilibrium (2.55).

To sum up, the full mechanical problem is made of a global equation
concerning the whole structure and two local equations:

The global equilibrium {Rgg} = 0,

The compatibility equation {e} = [B]{U*°},

The constitutive equations considered at each Gauss (or integration)
point.

Of course the boundary conditions and the initial conditions are included as
well.

Due to the nonlinearity in material behavior and the loading dependency
of the tangent operator, it is difficult to ensure both global equilibrium and
local behavior simultaneously. An iterative process takes place which con-
sists of each instant ¢, in iterations made of a global equilibrium resolution,
followed by local integrations (see Fig. 2.3):

e The global FE resolution of the structure equilibrium is made with tan-
gent operators [L°(M)]. The initial value for [L°] is the effective elasticity
matrix [E] The solution obtained called “elastic predictor” is a first
estimate {U},,} for the nodal displacements vector at time t,41 and
for the strains {e} }.
e The local time integrations of the nonlinear behavior equations called
“plastic corrector” are performed in order to satisfy the state and the
evolution laws (“local” means “performed at each Gauss point”). Practi-
cally, this integration is made through the use of subroutines
— whose inputs are the first estimate for the strains {e} ;} and the
values of the state and internal variables at time ¢,

and

— whose outputs are the updated estimates for the state and internal
variables at time t,41, the updated value of the consistent tangent
operator (if possible), or any good approximation.

A global convergence criterion is checked at the end of the local time integra-
tion of the constitutive equations, such as the absolute convergence, written
in terms of residuals ||[{Rgr}|| < admitted error, or the relative convergence,
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Displacement field {Un}

Internal variables fields v,

v

Elastic predictor (q=0)

Solve the global equilibrium with unchanged

(O
internal variables Vn+! = Vn

Ree(UhnD=0 - {Juia}

3
>

Y

Local integration of the constitutive law
Plastic corrector

yes @ no

- keep the internal Perform the time integration

variables unchanged at the considered Gauss

tangent operator points
) : o start resolution

= effective elastici — "

matrix v solve {Riocf=0 ) at time t
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(q9)

— V.4, ateach Gauss point

— tangent operator [Lc] ﬂﬂ at each Gauss point
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[Roeuia)

<

{asd={uta}
Q)

Vn+l = Vn+l
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with constant internal variables v\,

Krlp  buit from [Le]%,

solve

KT|2+1 {Ugill}= KT|2+1{U2+1}— RGe ({UEHB
—>{Uﬂﬂ}

Fig. 2.3. FEA algorithm for nonlinear constitutive equations
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written in terms of relative residuals ll{ﬁiﬁ}” < admitted error. When sat-

isfied, the estimate for {U! ,}, for the state and internal variables, is kept
as the FE solution at time ¢,,41. If the convergence is not easily reached, the
time step is reduced and the whole process is restarted with a smaller ¢,,1.

The computation of the structure response at time ¢,,42 is made follow-
ing the same procedure. The relative criterion is usually preferred because
dimensionless but it is inapplicable when unloadings with ||[{F}|| = 0 occur.

2.2.2 FE Resolution of the Global Equilibrium®®

The global equilibrium equations at time ¢,y are

Ree({Un41}) =0, (2.57)

with {U,,+1} as the FE solution (to be determined) of the mechanical problem
at time t,11. If this nonlinear equation is solved iteratively by use of the
Newton method, solutions { Uf{ﬁ} are calculated at each g-th global iteration
such as

RGE({UEH}) + KT"(IZZ+1 ’ <{Ugii} - {UZJrl}) =0. (2~58)

The previous equation introduces the tangent stiffness matrix K1 built from
the knowledge at each point of the consistent tangent matrix [L°]:

milla= o] = X [ mrmama. @)

n+1 all elements

Despite its expected rapid convergence, the Newton—Raphson process
solving the global equilibrium equations can be expensive and inconvenient
because its main disadvantage for non-associated plasticity coupled with dam-
age models is that [L°] and Kt are not symmetric, so specific solvers are
required.

In fact, any approximations for [L°] and K may be used as these matrices
only affect the convergence rate of the iterative process (Fig. 2.4). Modified
Newton methods use, for instance, the tangent matrix calculated at the first
iteration. It is even possible to use the elasticity matrix [E] or the effective
clasticity matrix [E] as a constant iterative matrix over a time increment.
Quasi-Newton methods use a secant approximation Kg of K.

Last, note that the arc-length methods (G.A. Wempner 1971, E. Riks
1972, 1979, M.A. Crisfield 1980) can converge when classical displacement
control methods fail. Nevertheless, the capture of instabilities such as se-
vere strain localization may demand specific enhanced arc-length algorithms
(M.A. Crisfield 1996).

In any case, most robust algorithms are available in the commercial FE
computer codes. Do not hesitate to switch from one method to another when
convergence difficulties are encountered!
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Global resolutions

{F} \

{Fn + l} 777777777777777777777777777

Fb b

local plastic-damage
corrections

Fig. 2.4. Iterative process for nonlinear FEA

To initiate the process, the resolution starts with a (thermo-)elastic com-

putation (the elastic predictor) with [L];_, = = [Eli=s, (the effective
elasticity matrix) locally and gives {U},} as the initial first estimate. The
corresponding first estimate for the strain at time t,41 needed for the local

time integrations is

{enta} ={en} +{Ac} and {Ae} = [B]({Ups1} — {Un}) . (2:60)

After each ¢-th global resolution, a ¢-th local time integration (the plastic
corrector) gives the value of the tangent operator, [L°]? |, a new first es-
timate for the FE solution, {U,4+1} = {Ugﬂ}, and {e 41} = {eflill} is set
with

{effi} = {en} +{Ae"} and {Ae} = [B] ({ULH} —{Ua}) . (2:61)

Remark on dynamics — Taking dynamic effects into consideration does not
change the numerical resolution of the mechanical problem by too much. From a the-
oretical point of view a matriz Kayn (built with the acceleration terms of dynamics
equilibrium not explicited stated above) has to be added to the previous tangent
matrix Kv. As for the damage models of Chap. 1, the density remains constant
and Kayn does not depend on the damage behavior. From a practical point of view,
the expression for Kqyn depends on the numerical scheme chosen for the time dis-
cretization of the acceleration quantities and explicit algorithms may be needed for
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the local integration of the constitutive laws. Such a work needs much care and is
not described here.

o

2.2.3 Local Integration Subroutines

After each resolution of the global structure equilibrium, the value of the
stress {0, 41}, the thermodynamics internal variables, the accumulated plas-
tic strain, the stored energy, and the value of [L°] are updated. This is
made by performing the local time integration of the constitutive laws of
Sect. 1.5 at the structure’s Gauss points for which f > 0 (a negative yield
criterion f < 0 corresponds to an elastic state and does not need any
correction).

The inputs for the local integration subroutine are the values at current
time t,,41 of the strain tensor €, (represented by the previous {€,+1}), the
thermodynamics variables o, €,, €, €2 r,, R, oy, X, Dy, or D,, at time
tn, as well as the values of the accumulated plastic strain p,, and the stored
energy wsy. The calculation of p is not strictly necessary as it is replaced
by the variable r, but is useful for comparisons with measures and fitting of
experimental data. Recall that, as long as there is no damage, the equality
r = p stands and the damage threshold p = pp is equivalent to r = pp.
The outputs are the same variables as above but calculated at time ¢, 1 and
the updated consistent tangent operator (previous matrix [L¢] or any good
approximation for [L¢]).

If the damage model does not exist in the chosen FE code, it has to be
implemented as a subroutine (such as ABAQUS UMAT FORTRAN subrou-
tines) written in the adequate language of programming. The corresponding
implicit algorithms are fully described in Sects. 2.2.4 and 2.2.5.

Due to the strong nonlinearity of the behavior and the possible occurrence
of instabilities, implicit schemes are preferred. During the same computation,
they allow switching between plasticity models at low temperature to visco-
plasticity models at higher temperature (and reciprocally) as the Norton
parameters vary with 7T'.

For high-temperature, visco-plastic damage computations, explicit
schemes (very sensitive to the time step) may be used with shorter com-
putation times if the value of D, is not too large (< 0.3). The algorithms
for the time integration of the constitutive equations are simpler: the values
at time t,41 of the accumulated plastic strain and the state variables are
calculated from the explicit discretization of a nonlinear system of first or-
der differential equations (use of Runge-Kutta schemes, for example). This
makes the computation of structures undergoing visco-plasticity/plasticity
transition more difficult. Plasticity is then numerically recovered by setting
N — oo and the numerical convergence is difficult.

Finally, do not use explicit schemes for states of damage close to the
occurrence of strain localization as instabilities are expected.
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2.2.4 Single Implicit Algorithm for Damage Modelséé
(R. Desmorat and J. Besson 2001)

The damage models of Tables 1.3 and 1.5, Sect. 1.5, use the effective stress
for damage coupling with both elasticity and plasticity. This feature allows
for the use of the existing schemes developed for elasto-(visco-) plasticity
(A. Benallal, R. Billardon and I. Doghri 1988).

The algorithm described here applies to anisothermal computations, the
temperature maps being determined for each time increment by a previ-
ous heat transfer computation. In order to make the presentation as well
as the programming synthetic, both isotropic and anisotropic damage vari-
ables are represented by the second order tensors D and H = (1 — D)~ 2.
Isotropy represents the limiting case where D = D 1, H = 1/4/1 — D, and
n=1

The evolution laws for the internal variables are derived from the nor-
mality rule applied to the potential F' = f + Fx + Fp, where f is the yield
criterion, Fx stands for the nonlinearity of the kinematic hardening and Fp
stands for the damage evolution. Remember that

f=(6—-X)ey—R—0y, and FX:ng:X, (2.62)

with (\)eq = \/g()D : ()P the von Mises norm. We will define the normals
as
x _ OF of 3 ¢°-X

n —

T 060X 2(6° - X)eg

OF D 2.63
n="t = (Hn H)" (2.63)
OF
m=—g=n —ya.

The evolution laws for the plastic strain and the kinematic hardening then
become oF oF

) — x — S \ —

€ /\80 rn and & /\aX rm (2.64)

and the accumulated plastic strain rate is

2
p:\/gn:n 7, (2.65)

which reads p = /(1 — D) for isotropic damage.
With the state laws

6=FE:[e—al —Te)l] and X = ;Ca (2.66)
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and with the definition of H, the normals n*X, n, and m may be expressed
at given T as functions of €°, a, and D only:

n* = n*(e°, a), n =n(e’, a, D), m=m(e, o). (2.67)

A set of 4 nonlinear equations of the 4 independent variables W =
q p
{€®, a, 7, D} then has to be solved in a coupled manner, as follows:

E— & —in=0,
a—mm =0,
f-ov=(06-X),y—R—0y—0y,=0,

. v\ (2.68)
D — <S> p1l=0 isotropic damage,

) v\
D — <S> |n|r =0 anisotropic damage,

where |n| means the absolute value of n in terms of principal components
and where

e R=R(r)

1
Kszlv = Kpn (\/gn:nf)N Norton law

e o, =

Ko {1 — exp (—;\/gn n T‘):| exponential law
1
e Y(e?)=Y(e®) = 2E AR

For the sake of relative simplicity, the dilatancy terms are dropped out next.
Keeping them does not yield any particular difficulties.

2.2.4.1 Discretization by the 8-method

The previous set of nonlinear equations is discretized in time by considering
the resolution variables at the intermediate time, t, 9 = t,, + 0At, with 0 as
the numerical parameter of the so-called -method.

e The value 0 < 0 <1 is used for the 3 differential equations.

e In plasticity, it is of first importance to ensure the validity of the yield cri-
terion at each computation time ;. The value 6 = 1 (Euler fully implicit
scheme) is set for the nonlinear equation f,+1 = 0 and the incremental
form of the plasticity loading/unloading conditions is Ar > 0, f,4+1 <0,
and Arf,11 =0.

Any value 0 < 6 <1 can be used in visco-plasticity.
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In plasticity coupled with damage, the local residual is then defined as
{Rloc} - {Re°7 Raa Rra 7RD}T )
Ree = Ae® — Ae + Ar ny 49,
R, =Aa—Arm,g,
Rr - fn+1 - (&nJrl - XnJrl)eq - R(TnJrl) — Oy,

{Rioc} = AD (Y(GZH;))S 1 _Ar )

, for isotropic damage,
S Dn+0

Rp =

S

Y(E%Jre) . .
AD — |"nt0| Ar, for anisotropic damage,
(2.69)

where for any of the 4 variables €°, a, r, and D, the subscript n + 6 means
“variable at time t,, + 0At”: Wy 19 = W, + AW, ie.,

€ 0= €, + OA€®,

QAnig =, + A, (2.70)
Tnto = Tn + 0AT,

D, p=D,+0AD,

and for any function g of those variables,

gn+0 =g (624»97 an+07 rn+97 DTL+9) . (271)

In visco-plasticity coupled with damage, the residual R, is changed to R,

N
R = Ar — At <f”+9> . (2.72)

Performing the time integration of the constitutive law consists of reaching
the local convergence |[{Rioc}| < admitted error at a given strain {e} =
{€nt1} or € = €,41 by correcting the variables €°, e, r and D. The Newton
iterative scheme may be used again and one has then to solve

, O{Rioe} 17 ™ ,
{Rlocanrl} + |: AW :|n+1 : ( Z+1 - Wg+1) = 0, (273)

where the expression for the jacobian matrix [0{R}/ 8AW]Z/ 41 (or any good
approximation) of the partial derivative of each discretized equation with re-
spect to each variable increment AW = {Ae®, Aa, Ar, AD} is needed for

convergence reasons. The convergence of the Newton scheme for the local
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integration is not guaranteed in general. For the damage models under con-
sideration, the convergence is enhanced by using Amarthe derivatives derived
in next subsection and 3D computations have proven the method efficient.
At convergence, Ae® = Ae®? T Aa = Aad T, Ar = Ar?+L and AD =
AD?*! is set and
6?1-{-1 = 6?1 + Aee )
Opt1 = O + Aaa

2.74
Tn1 = Tn + Ar, ( )

D,.1 =D, +AD.

2.2.4.2 Closed-form expression of the Jacobian matrix

The derivatives of { R} taken with respect to AW define the Jacobian matrix

as [Jac] = g{A}f/\}/ For any function g one has
dg 99 OW _  dg
oAw ~ow  aaw ~ Paw (2.75)
and all the necessary terms are given thereafter.

First, let us consider €°, a, r, and D as independent variables such that

on* on* 1 3.1 X x
96 = ox _(5—X)eq |:2I—21®1—’n Xn"|,
X
" _ 0. and (2.76)
or
onX
8D_0’

2
where (6 — X)eq = (E te’ — 3Ca)
To calculate the derivatives of n, a fourth order tensor Q is defined such

that n = (Hn*H)P = Q : n* and
1
Q=H®H—31®H2, (2.77)

where the special tensorial product H®H applied on the symmetric second
order tensor H stands for (H®H);jiu = H;,Hj;, leading to

on _ On _Q.anx
oo X oo (2.78)
=0.

or
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Table 2.2. Jacobian terms for isotropic and anisotropic damage models

Derivatives of Ree with respect to AW

8R€0 3nX 8Ree _
IAee =I+6Ar Qn+e " 95 » - E OAr = MNpto
8R e 2 anx aRec 8”
€ = QA : = GAT
ore =398 Q0’ ox | 0AD oD/ .,
Derivatives of R, with respect to AW
OR., on*
= —0Ar __ - E
dAee 9 |, ORa _ _ . .,
8Ra 8Ar
2 on* aAD ~ "7 oD
— _COAr n+0
3 0X |40

Derivatives of R, with respect to AW (take § = 1 for the plastic case)

OR, X . OR, /
8Aee =0 nn+@ FE 8A7‘ = —9R (Tn+0)
8Rr _ 2 X 8R7 _
oAa = 300 e oap = °

Derivatives of Rp with respect to AW

Isotropic damage Anisotropic damage

ORp SOV Ar . ORp SOV pAr .
OAee —  S5(1— Do) 1OF: €nro dAee ~ Ss [Pntol @ B €nvo
ORpD —0 ORp ~0
A« A«
8RD _ Yn+9 ° 1 1 8RD 7 YnJrg °
AT S ) 1—Dnyo onr ~ g ) Inmeel
ORD I Yoio\ ORp ~T
OAD S OAD "~

0ATr 11 o1
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The differentiation of the property H?*(1 — D) = (1 — D)H? = 1 allows for
the calculation of the derivatives of H? and H with respect to D:

OH?

o2 2
oD = H°®H", 219
9 A (H?9H? .
aH =A"': (H*®H?) ,

where A is the fourth order tensor A = H®1 + 1QH or its symmetric part
already introduced in Chap. 1 (Eq. (1.38) of Sect. 1.2.3). The expression for

gg is finally derived from the knowledge of

O(H n*H)
op | —le(H n*) + (H n*) ®1 (2.80)

e on  O(H n*H) OH 1
oD 9H D 3

Table 2.2 gives an abstract of all the Jacobian terms for plasticity coupled
with damage. When the viscosity effects are taken into account, one needs
the terms Zﬁ% at time ¢, 4. For Ar, we consider the Norton law (2.72) here

so that

1on*: (H*9H?) . (2.81)

oRy _ | NAt N5 OR,

IAr KY  0Ar’ (282)
For AW; = Ae®, Aa, AD, we have
oRY NAtfN OAR,
PV Y S s P8 (2.83)
AtfNo  20n.  on '
T s s b

2.2.4.3 Updating the Thermodynamics Variables

Once €], 1, apt1, Tnt1, and D, 11 are known, the remaining thermodynamics
variables are updated explicitly:

e Effective stress tensor 6,1 = E : €,
e Plastic strain tensor €, | = €,41 — €5,
. . . 2
e Strain hardening variables R,,11 = R(rn41), Xnt+1 = 3Can+1

e Accumulated plastic strain p,4+1 = p, + \/ gnmrg : My g Ar equivalent

t0 pp+1 =pn + Ar/(1 — Dyyg) for isotropic damage
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e Stored energy (Be careful for the integration: the correction term
z(r) = Ap0=m/m of Sect. 1.4.1 is singular in r = 0)

m 1 .
Ws p41 = AR(Tn—;—l)T}L{H + 30 Qnt1 P Oppl — Wntl,
A m
d]nJrl = "Dn + 9 Rl(rn)T}/m + Rl(rnJrl)TiLérl AT’

with R/(r) = bR exp(—br) for exponential isotropic hardening.
1
e Damage Hy1 = (1 —Dypq) 2, Yoy1 =Yy = 2E I Y

e Stress tensor 0,41 = M, 11 : Gpi1 = 0041 + G g1l (see Eq. (2.91)),
also written as

-1 - 1 (1=Dpy1): 041
UBJrl = Hn+la7l+1Hn+l - 3(1 _nDH +1?;
n

0t nt1 = (1 = NDH nt1)0H nt1 -

(1 - Dn+1) )

(2.84)
Note that for isotropic damage, the last equation simply recovers
Ont1 = (1 - DnJrl) &nJrl'

2.2.4.4 Consistent Tangent Operator
(J.C. Simo and R.L. Taylor 1985, J. Besson 1999)

One of the advantages of the implicit integration by Newton methods is
the direct calculation of the consistent tangent operator L° or its matrix
representation [L°].

Let us break down the residual {Rjoc} into 2 parts,

€

{Rloc} = {Rl} - {Re} and {Re} =

A
0
0 (2.85)
0

where {R;} corresponds to the contribution due to the internal variables and
{Re} to the contribution due to the applied loading. Once the convergence is
reached, we perform a perturbation of (2.85), 8{ Rioc} = 8{Ri}—0{R.} = {0}.
With the definition of the Jacobian matrix, we have

3{R;} = [Jac] bAW. (2.86)
One has then
SA€e® LYAX:
AN _ 0
SAr = [Jac]™* o | (2.87)
SAD 0
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which shows that the first column of the inverse of the Jacobian matrix at
convergence is the vector

[ OA€® T
Uadale] | Sae
[Jac];lee 9Ae
' = 2.88
[Jac];. & 0Ar (2.88)
J —1 . 3Ae
[ aC]D,e 8AD
L 0Ae |

whose value at time ¢,,1¢ is calculated within Newton iterative resolution.
The tensorial definition of the effective stress ¢ = M : o with

1 1 1
M=H®H - _[H*®1+1® H? trH*) 11 191
® 3[ ®1+1® }+9(r )1® +3(1_77DH) ®
(2.89)
gives back
- D OH
= (HoPH 1 2.
6= (Ho"H) +1_77DH , (2.90)

and may be inverted in

(1-D):e

=M "':6=H '¢H '-
o o o 3(1 = Dy

(1— D)+ (1—nDy)éul, (2.91)

with H™' = (1 — D)'/? and

1-D)e(1-D) 1

M '=H 'gH '~ + . (1—9Dp)1®1. (2.92)

3(1 — Du) 3
Then,
M—l
SAc=M"':5A6+6: 0 :8AD (2.93)
oD
and finally with
SAG = E : 5A€® = E : [Jac|ol . : 5Ae
1 ' (2.94)
SAD = [Jac]p .. : A€,
the expression for the consistent tangent operator is:
oM™!
L°=M":E:[Jac .. +5: : [Jac]p'ee - (2.95)

oD
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2.2.5 Damage Models with Microdefects Closure Effectéécj
(R. Desmorat and J. Besson 2001)

For the damage models with the microdefects closure effect (consideration of
the material parameters h or h, of Chap. 1), the effective stress defined in
elasticity by & = E : [€® — a(T — Tyer)1] is not used for the coupling with
plasticity.

For the isotropic damage model, & is given by Eq. (1.48) of Sect. 1.2.4
but now

D

f=(s—X)eq— R—0y with s:l"D;A&D, (2.96)

where (.)eq = \/g ()P : ()P is the von Mises norm. For the anisotropic dam-

age model & is given by (1.57) and
f=(5=X)eq—R—0y, with s=(1-D)'2¢P(1-D)"1/2£&". (2.97)

Again, isotropic and anisotropic damage may be represented by the single
second order tensor D, with isotropy being the limiting case D = D1.

As the yield criterion remains unchanged, the normals n*X, n and m
have the same expressions as for the case without the microdefects closure
effect:

x 3 sP-X
n" = ,
2 (5 — X)eq

n= (1 _ D)71/2nX(1 —D)71/2 b , (298)
m=n"—va,

and can be considered as functions of &, D and o only.
A set of 5 nonlinear equations function of the 5 independent variables
{€®,a,7, D o} has to be solved in a coupled manner:

e—€—mm =0,
a—rm=0,

f-ov=(6-X),,—R—0y—0,=0,

eq

. YV
D — < g > pl=0 for isotropic damage, (2.99)

. v\’
D — < g > |n|r =0 for anisotropic damage,

e€—E':6—aT—Te)l=0,
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with

e o as the effective stress such as the elasticity law. For isotropic damage,

e LtV [ (o) | o)” }Jr v [<tr o) _(-tr 0>]1—a(T—Tref)1 _0

E |1-D 1-hD| E|1-D 1-hD
(2.100)
and for anisotropic damage,
1
€ — ;” [(HPoRHP)P + (H"oP H™)"]
(2.101)
1-2v <O’H> <—O’H> -
B [1 —uDw 1 - phy Dy 1—a(T —Te)l =0,
with H? = (1 — D)~Y/2 and H" = (1 — h,D)~'/2.
2
e X = BCa, R = R(r) for hardening.
o o, = Kszlv or oy = K [1 — exp (_p)} for the viscosity law.
n
e Y=Y(D,r),Y=Y(D,o). For isotropic damage,
y o Lrv (o)) (o) (o)™
2F (1— D)2 (1-hD)?
(2.102)
v [ (tr o)? h (—tr o)?
2E | (1 - D)? (1 —-hD)?
and for anisotropic damage,
1+v D 2 D oy 2
v =" u|(HeRH?) + h (H'oPH")'|
(2.103)

N 3(1—2v) [ (on)? “h (—ou)? } .

2B [(1—=nDu)?> " (1 - nhaDn)?

Still for the sake of relative simplicity, the dilatancy terms are dropped out
next.

2.2.5.1 Discretization by the 8-method

The previous set of nonlinear equations is discretized by use of the 8-method
(with @ = 1 for the yield criterion). This defines the local residual for plasticity
coupled with damage as
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R = Ae® — Ae + Ar ny 9,
R, =Aa—Arm,yg,

Rr - fnJrl - (SnJrl - XnJrl)eq - R(TnJrl) — Oy,

Yoye) A . .
{Rioc} = AD — ( +9> "1 for isotropic damage,
R S 1 - Dn+9

D =

YnJrG
S
-1 -~
R,=¢€,g—E " :0n+0

o

S
) |rnt0] Ar for anisotropic damage,

(2.104)
and the incremental form of the plasticity loading/unloading conditions still
reads as Ar > 0, fro+1 <0, and Arf,4+1 =0.

The main difference with the case without the microdefects closure effect
is that the relationship o(€®, D) is now implicit and given by the numerical
inverting of the elasticty law.

For visco-plasticity coupled with damage, we consider the Norton law for
the residual Ry defined by (2.72) instead of R,..

2.2.5.2 Jacobian Matrix

The Newton iterative scheme is used again here and the derivatives of the
residuals with respect to the increments Ae®, Aa, Ar, AD, and Ao are
needed.

First, we have

on* on* 1 3 1
=— = I- 191-n*eon®
0s ~0X  (s—X) |2 2"ETTmEn
onx
Oe® =0,
3nX_
or ' (2.105)
8nX_208nX
da 3 90X’

on*  on* 09s

oD  9s 90D’

on*  om* 09s

o Os Oo’
with

ds OHPoP HP _OHP?

1
0 _ promr - ‘o1,
oo 3
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where BH(];;II:,HP and aalg are defined by (2.79) with H changed into HP
and nX into oP. ) «
. . HP HP
Again, we set up n = (H?n*HP)P = Q : nX with Q and ( a}}p )
obtained by replacing H by HP in (2.77) and (2.79). Then, we obtain
on _ on Q- onX
ds 90X T 0s’
on
dec 0,
on
or
on 2 _0On on*X
= C = M
da 30X Q da ’
on onX  9(HP nXHP) OHP 1 < o
=Q: : - (1 . ( HP @ HP
o0~ % op T omv op ~ 5 (1enY): (HYGH).
on _ _ on*
do T do

(2.107)

Finally, the derivatives of Y and Y are needed. For isotropic damage,
closed-form expressions are obtained:

Y 1+v [<cr>+ o)t pate) <0>}

oD E (1-D)3 (1—hD)3
v [ (tr o)? —tr o)?
" E _(i —D>)3 +h2(<1 - hD>)3] !
Y 1+4+v ][ (o)t h{o)~ (2.108)
do  E [(1—D)2+(1—hD)2]
v [ (tro)  h{-tro) ] 1
E|(1-D)  (1-hD)?

For anisotropic damage, only the hydrostatic terms (those responsible for
strain localization) can be obtained in a closed-form. For an estimation of
the last Jacobian terms, let us consider the approximation

14w o2 3(1 —2v) (om)? hal—om)? (2.100)
3F (]. - DH)2 2F (]. - 77DH)2 (]. — nhaDH)2 ’ '
which leads to
o _f21+v) 0 N n(1—2v) (on)? N h2(—oy)? L
oD "] 9E (1-Dg)3 E (1-nDu)® (1 —nh.Dy)?
oYy N1+V O'D 1—-2v <UH> _ ha<—UH> 1
oo E (1-—Dy)? E  [(1-=nDu)> (1—nhaDu)?
(2.110)
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Table 2.3 gives a summary of the Jacobian terms. For visco-plasticity, the
derivatives for aaARi;v are still given by (2.82) and (2.83) as in the case without
microdefects closure effects. Note that in last equation of Table 2.3, H is the

Heaviside function, H(z) =1 for x > 0, H(z) = 0 for = < 0.

Table 2.3. Jacobian terms for damage models with microdefects closure effect

Derivatives of R

ORce I
0Aee OR e
X = Nnto
OR e _ 2C€Ar 0 : on OAr
Ao 3 LECNGD. ¢ nto OR e — oA on
ORe _ . onX oap ~ "= ap|,
one ~ 2 Qo oo |,
Derivatives of R
OR. 0
0Ae® . OR., o
OR, 2 on OAr  Ninte
= (14+~0Ar)I — _COAr
oaa ~ EH0ANT = 0X |,y OR. _,
OR, on* OAD
= —0Ar
0Ao Jdo nto
Derivatives of R, (take 6 = 1 for the plastic case)
OR, 0
dAee OR, =—0 R (rnte)
R, 209 % OAr
dAa 370 Mo OR g px,, . 95
OR, _, oAD — """ oD L,
ong e

(continue next page)

2.2.5.3 Updating the Thermodynamics Variables

Once €], 1, ®pi1, Tnt1, Dpg1, and 0,41 are known, the remaining thermo-
dynamics variables are updated explicitly:

o Plastic strain tensor: €, | = €,11 — €54
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Table 2.3. (continued)
Derivatives of Rp
Isotropic damage Anisotropic damage
ORp _ ORp _ _sayj';;m' P
dAee — dhee ~ gs P gee|
ORD —0 ORD ~0
A A
aRD - _ Yn+6 ° 1 1 8RD 7 YnJrg °
dAr S ) 1—Duyo oAr =\ g ) Inntel
ORD I Yoo\ ORD ~T
dAD — S dAD "~
0Ar 1 0Y 5 A oY
X 1®1 _ 59 nge T
(1= Dnye)?3 gs [Tnto| ® oD/,
SHYTZ;AT oY
S5(1 — Dpto) oD,
s—1 s—1
ORp _  stY, oAr Y ORp _  stY, eAr oY
e T e A S
Derivatives of R,
OR, OR, OR,
0Ae® =01 OAr =0 0A«a =0
OR, _ 6(1+v) 1 _ 0Os
dAD ~ E {I 311 op o
_7’]9(1 — 27/) |: <UH n+(~)> _ ha<_UH TL+9> :| 1 ® 1
3E (1 =nDunt0)? (1 —nhaDunio)?
OR, _ H(1+v) 1 _0s
ore ST E {1_31@)1}'80%0
_9(1 —2v) { H(oH n+o) H(—0H n+6) } 191
3E 1—nDunte 1 —nhaDunto

2
e Strain hardening variables: R,11 = R(rn+1), Xnt1 = 3C’an+1

e Accumulated plastic strain: p, 11 = p, + \/ gnn+9 CMptg Ar

e Stored energy:
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1/m 1 N
Ws n4+1 = AR(rnJrl)TnJrl + 3C Apt1 - Optl — Wnitl,
. . A 1
i1 = Wn + 5 [R’(rn)r,l/m + R’(rnﬂ)rnff} Ar,

with R/(r) = bR exp(—br) for exponential isotropic hardening
e Damage:

H®  =(1-Dyy1) 2, B =(1—hyDpyy)"2 and

Yn+1 = Y(Dn+17 Un+1) or Yn+1 = Y(DnJrla a-nJrl) .

2.2.5.4 Consistent Tangent Operator

The variables {e°, a, 7, D, o} have been considered for the local integration

of the constitutive equations. The consistent tangent operator is then a block

of the Jacobian matrix at the convergence of the local Newton scheme as
Ao = [Jac],l.Ae = L°=[Jac|, .. (2.111)

o,€e® o,€e°

2.2.6 Performing FE Damage Computationsd

Once the damage models are available as part of the FE code material li-
brary, their use is identical to the use of elasto-(visco-)plasticity models. The
material parameters need to be supplied in an input data file with eventually
tables of the temperature dependency information.

Users prefer the anisotropic damage model because it demands the same
computation effort than the isotropic model but takes into account the in-
duced anisotropy and gives good results for the strain-damage localization
with a realistic mesh size. Recall that due to the strong nonlinearity encoun-
tered, the computations are costly in time. When a whole structure is under
consideration, we advise starting with a purely elasto-(visco-)plastic analysis
before running the fully coupled computation (set for example, the dam-
age threshold to a very large value) and performing an uncoupled analysis
of damage as detailed in Sect. 2.1.3. Systematic comparisons between both
uncoupled and coupled analysis are encouraged to build up the engineering
experience.

The outputs of a fully coupled damage analysis are the history of the
nodal displacements and, at each Gauss point, the stresses, strains, and state
and internal variables, particularly the damage field history. The damage
maps identifies the structure’s weak points. There is crack initiation when
the damage reaches the critical value D..

Different options are then possible

e To stop the computation when strain-damage localization takes place.
This is the most commonly used option as the FE solution is mesh-
independent up to this point.
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e To continue the continuum mechanics computation with a given mesh
size in the zone of intense damage. The strain-damage localization pat-
tern gives an idea of the further development of cracks. The FE solution
is mesh-dependent and should only be used to compare different design
solutions.

e To continue the computation with a given mesh size and releasing nodes
to model the crack initiation and propagation (see Table 1.8 of Sect. 1.6.3
for the orientation and the size of the initial mesocrack). This option
needs the difficult operation of release of the adequate nodes to create
a crack with the right size and orientation. The FE solution is still mesh-
dependent; it has no absolute value but has again a relative value for the
comparison of different design solutions.

e To initiate and propagate mesocracks with sizes and orientations inde-
pendent of the mesh nodes by use of enriched finite elements with em-
bedded displacements discontinuities. New classes of efficient methods
emerged recently: manifold method (G. Shi 1992) or more generally the
partition-of-unity method (J.M. Melenk and I. Babuska 1996, N. Moés,
J. Dolbow, and T. Belytschko 1999). But the extension to damage behav-
ior with softening, strain localization and mesh dependency is still under
study.
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2.2.7 Localization Limiters

When performing the FE analysis of a structure made of damageable ma-
terials, the instabilities encountered are due to the numerical representation
of the physical occurrence of shear bands where the initial fracture mechan-
ics mesocrack will initiate. The good thing is that damage mechanics re-
produces such a phenomenon. As we just pointed out, the drawback is the
mesh dependency of the solution and the shear band thickness. This empha-
sizes that there is missing information in the formulation. For an arbitrary
small mesh size, the computed shear band may be much too thin, corre-
sponding to a non-physical, unlimited, strain localization. Localization lim-
iters are then necessary to introduce by a way or another a characteristic
length.

Initially proposed for the crack band model (S.T. Pietruszczak and
Z. Mroz 1981, Z.P. Bazant and B.H. Oh 1983), the simplest localization
limiter is to set the mesh size to a constant value. Some authors propose
considering the mesh size as a material parameter (and identifying it) in or-
der to compute the crack propagation within damage mechanics framework
(G. Rousselier 1987). The characteristic length introduced may be seen as the
size of the RVE. But the “correct” mesh size for a good quality computation
seems to be related to the shape, the size of the whole structure and to the
loading!
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As 21st century localization limiters, a material internal length is intro-
duced directly into the constitutive laws, the main idea being that plasticity
and/or damage evolution at a structure point @ depend on the value of the
thermodynamics variables at the considered point as well as a small domain
around it. One speaks then of non-local constitutive models.

2.2.7.1 Strongly-Non-local Theories
(Z.P. Bazant and G. Pijaudier-Cabot 1987)

Each local thermodynamics variable V (or some of them) may be replaced
by an “average” V! of the variable around the considered point. The delo-
calization of V is described by

yri = ! /W(m—s)V(s)dV and w:/W(m—s)dv, (2.112)
VT \%4 14

where W(x — s) is a generalized weight function and V is the structure
volume. The non-local weight function is a new parameter of the model,
chosen as the Gauss distribution function for instance:

W () = Wo exp <— ”;_)”j) (2.113)

or the polynomial bell-shaped function with finite support (Z.P. Bazant and
J. Ozbolt 1990):
VAR RN
W(x) =W, <1— 52 > , (2.114)
C
with Wy and W( as the normalization factors and d., 8, as “the” internal
lengths of the medium.

To perform the variables delocalization makes the numerical implemen-
tation of the constitutive equations difficult in classical FE computer codes.
The local integration subroutines now need the value of the thermodynamics
variables at many Gauss points, eventually located far outside the considered
element.

2.2.7.2 Gradient Theories
(E. Aifantis 1987)

An alternative way that is easier to implement is to consider gradient theories
for which plasticity and/or damage evolution at a structure point depend on
the value of the thermodynamics variables as well as their first, second, ...
n-th gradients. Replace then each local variable V by the expansion

V6=V ie - VWHeaVV+..., (2.115)
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often with ¢y as the only non-vanishing term (second gradient theories). It is
also possible to define V! as the implicit solution of

e R VA e VA 2 (2.116)

where the “internal lengths” are introduced through the parameters cy.
Note that the gradients theories are recovered by introducing the Taylor
expansion

V(m+s):V(m)+VV-s+21'V(2)V-(s®s)+... (2.117)

in the average integrals of the non-local theories.

Many non-local or gradient models may be constructed, depending then
on the choice of the variables to be delocalized and the delocalization proce-
dure (T. Belytschko 1988, Z.P. Bazant and F.B. Lin 1988, R. de Borst and
H.B. Mulhaus 1991, S. Forest and E. Lorentz 2004). They all introduce an
internal length. We will present in the next section a simple way to make the
damage models of Chap. 1 non-local.

2.2.7.3 Simple Non-local Damage Model

One possible way to study damage models is to delocalize the damage variable
and use

w1 - s s
D" = VT/VW(:B )D(s)dV (2.118)

instead of D in the constitutive equations.

But from the remark of Sect. 1.6 that the strain localization is strongly
related to the value of the parameter i, which defines an hydrostatic damage
dy (fully acting when strain localization occurs) as

OH

2.11
T (2119)

dy =nDy where opg =
the simplest is to make the previous relationship non-local and to calculate
dg as

on

2.12
VL (a2

1
dn= / Wz — 8)nDy(s)dV , still with &y =
r JV

or to consider the gradient form dy — cpV3dy = nDy, with c¢p as a material
parameter. The last equation written either in an integral or a gradient form
is the only change when compared to the local damage model.

2.3 Locally-Coupled Analysis

In quasi-brittle failure and high-cycle fatigue applications, the damage
is very localized in such a way that the damaged material occupies a small
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volume in comparison with the macroscale of the structural component and
even with the mesoscale of the RVE. This is due to the high sensitivity of dam-
age to stress concentrations at the mesoscale and defects at the microscale.
According to the hypothesis of a weak, damageable inclusion embedded in
a meso-RVE, such a state of localized damage is represented by the two-scale
damage model of Sect. 1.5.5 (see also Fig. 2.5).

LOADING

STRUCTURAL meso-stress, strain

ANALYSIS

T

INITIAL CONDITIONS| [ CONSTITUTIVE
Defects EQUATIONS:
Strain hardening and Thermo-elasto-
damage ficlds

internal variables fields

(visco)plastisity

| meso-strain history }"4

AN LOCAL micro stress, strain, FAILURE
micro- ANALYSIS internal variables > PREDICTION
clement (Damage included)

ficlds

CONSTITUTIVE
EQUATIONS:
Thermo-elasto-
(visco)plasticity

and DAMAGE

FAILURE
CRITERIA

Fig. 2.5. Locally-coupled approach to structural damage analysis

By considering damage on the microscale only, the two-scale model pre-
dicts crack initiation when the microdamage reaches the critical value D..
The crack initiation condition D = D, on the microscale coincides with the
initiation of a mesocrack. The model is 3D and applies to complex loadings
under isothermal conditions. It needs robust algorithms of resolution and an
implicit scheme for its numerical implementation is described here.

2.3.1 Post-Processing a Reference Structure Calculaltion(j

The damage is determined by post-processing a reference structure calcu-
lation, performed in elasticity for quasi-brittle and high-cycle fatigue appli-
cations and in elasto-plasticity for more ductile conditions. The reference
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calculation provides information on the history of the stresses, strains, and
plastic strains with no damage at the mesolevel of classical continuum me-
chanics. Considered altogether with the Eshelby—Kroner localization law and
isotropic elasticity,
2 4—5v
B51-v’
are inputs for the time integration of elasto-(visco-)plasticity fully coupled
with damage constitutive equations on the microscale.

The numerical scheme used to solve those equations is the one described

in Sect. 2.2.4 for the local integration of the fully-coupled analysis with only
slight differences:

e =€+ [(e"? —€?) and p[= (2.121)

e For the fully-coupled damage analysis, the full calculation is performed
by iterations made of global FE resolutions followed by local integrations
at the structure Gauss points. Here, the time integration of the consti-
tutive equations is performed only one time as a post-processor of the
reference calculation. It may then be performed at the most loaded point
only.

e In nonlinear FE computations, the local time integrations are made at
constant strain. Here, the localization law has to be considered and the
calculation is made at constant (e* — GeVP).

e The microscale constitutive equations are those of elasto-(visco-)plasticity
coupled with damage, but with linear kinematic hardening and isotropic
damage only. At points where f* > 0, a set of 4 nonlinear differential
equations is solved in the same manner as in Sect. 2.2.4 (p-superscripts
standing for “microscale” are added):

M 4 (1 — B)itnt — e+ P =0,
at —rtmMt =0,

fH—olt=(" = X" —of —al =0, (2.122)

. Y=Y
D—( )p*‘:o if p"*>pp,

where 6" = % /(1 — D) is the microscale effective stress, the yield stress
ol is equal to the fatigue limit o¢°, ok, if needed, is given by a viscosity
law and where (isothermal case)

3 &M —x*
mht = ,
2(6"P — X")eq
m"
nt = ,
1-D
ot = o" =F:e",
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2
XM = 3C'ya”,
g L [0 o) o)
°E | (1- D)2 (1— hD)?2

v [ (tr o#)? (—tr oH)?
C2E [(1 — D)2 +h(1 - hD)2] '

(2.123)

2.3.2 Implicit Scheme for the Two-Scale Model(jd)
(I. Doghri and R. Billardon 1988)

The reference computation gives the history of stresses, strains, and plastic
strains on the mesoscale as discrete values at every instant t =0, ..., tg,...tn,
tn+t1,- .. With the microscale variables at time t,,, the mesoscale variables at
times t,, and t,4+; being known, the microscale variables at time ¢,1 are
determined following a two step procedure:

1. A local elastic prediction, which assumes an elastic behavior with
constant plastic strains e"P = €!'P, constant kinematic hardening X" =
XF and constant damage D = D,,, gives a first estimate of the strains,
elastic strains, and effective stresses on a microscale at time t,41:

h e pler—d,).
"’ =€" —eh? | (2.124)

GM=FE:e" =0 —-2G(1—f) (e — €, ).

2. A local plastic correction of the state and internal variables e*, e,
and o made at constant e — Ge"*P? = € — F€P gives the strain e;‘H, elastic
strain €}, plastic strain €}, stress 0,11, kinematic hardening X 11,

and damage D,,+1 at time ¢,,41.

To detail the second step, consider that the elastic predictor has given ",
e", and €"® as initial estimates of the stresses, strains and elastic strains. If
the yield condition f* < 0 is satisfied, then &}, = 6", e}, = €", and
e;ﬁl = €"° is set. If not, the Newton iterative process starts. For simplicity,
the damage is assumed to remain constant over a time increment (in fatigue
it may even be assumed constant over a whole cycle) and it is then the same
as to integrate a law of elasto-plasticity with linear kinematic hardening only.

The nonlinear equations to be solved in a coupled manner are (implicit
Euler scheme is used)

Ae"® + (1 - B)Ar* nh, | — Ae+ fAe? =0,
Aot — Artmb | =0, (2.125)

frr= (00— Xrli—k—l)eq —of°
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They may be solved straightforwardly by use of the Newton iterative scheme
as in Sects. 2.2.4 and 2.2.5 for the fully-coupled analysis, but it is advan-
tageous here to write them first in terms of the plastic strain p* and the
variable st = " — X" as a set of two equations, as follows:

R, = 3;L+1 + §gm;‘+1Ap“ — E:e+2GPe? +2G(1 — B)el? + XH =0,
Ry = (35+1)eq —o0° =0,

(2.126)
where G = 3G(1 — 3) + Cy(1 — D,,), m* = 3 s"” and the mesoscale strains

2 sb
€ = €n41 and €® = €, | are known from the inizial FE analysis.

For each iteration ¢ of the Newton scheme, the solution s*(¢t1) and
p*@tD or in an equivalent manner, the “corrections” C = st(a+1) — gh(a)
Cp = pratl) — pila) o be applied at each step to the previous iterated s*(@)
and p*(@ are given by

R, R,
Rs—i—a :C'S—i—8 Cp =0,
gsr Ip (2.127)
p . —
Ryt o % Ca=0,

where R, R, and their partial derivatives are taken at time ¢,,1 and the
iteration ¢. The starting solution s*(®) = " — X" and p*(®) = p* corresponds
to the elastic predictor (2.124).

The set of equations (2.127) are then written as

Rot 142680 7™" | c, 4 26mrc, = 0
° 3 gsw |77 03 P (2.128)
R, +m*:Cs =0,
where I is the fourth order identity tensor and
om# 1 13 1
= I- 1®1-m* Bl 2.12
ash sk [2 gt @1 mmiem (2.129)
. 3 om* .. .
Since m* : m* = _ and m" : dan 0, the system explicitly gives the
corrections for p* and s* as
, = fio B
9 Rys¥, + 2GAp*(m* : Ry)m* (2.130)
Cs=_(m':Rs— Ry,)m — "
3 Seq + gApLL

For the solution to any system of equations, the procedure is then an implicit
scheme with the advantage of an explicit one: the unknowns are updated
explicitly by use of the closed-form formulae (2.130) for C}, and Cs.

Once the convergence is reached, ply,; = p*(@*) and sk | = st(@+D is
set and the remaining variables are updated as
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pnD
3 Sn+1
2 of°
e Plastic strain: €7, = ei? + mM*Ap"

2
3Cy(1 - Dn)erpﬁl
o Effective stress: 6}, =sh ; + X5 |
e Elastic strain: eh$, = E~': 6k,

YRV
. _ n+1 Mo .
e Damage: D11 = D,, + g Ap* if p > pp, with

e Normal m#: m* =

e Kinematic hardening: X} 1=

1-D,

2
1+vw (Gho) T i(eh )T +h <1 B th> (Gh 1) (&,‘;rl)‘]

YTL}{FI - 28

v
2F

~ ]- - -Dn 2 ~
(tr &hy1)? + 1 (1 D > (—tr 05+1>21
(2.131)

e Stress tensor: o | = (1 — Dpq1)oh

2.3.3 DAMAGE 2000 Post—processord)

The locally-coupled analysis of damage is made as a post-processing compu-
tation of an initial elastic or elasto-(visco-)plastic analysis. For simple geome-
tries and/or loading types (such as uniaxial or proportional), the most loaded
point is simply determined as the point where the damage equivalent stress
o* = creqR,l,/ % is maximum (see also Sect. 2.1.3). It is sufficient to perform
the post-processing at this single point to calculate the failure condition by
the mesocrack initiation condition D = D,.

For complex geometries and/or loading types (such as non-proportional),
the most loaded point may vary from one time increment to another or from
one cycle (or block of cycles) to another. The calculation of the damage
accumulation at the possibly weak points of the structure must be han-
dled properly. This includes post-processing at all structure Gauss points
and drawing damage maps. The result of the locally-coupled analysis will
be the numerical prediction of a mesocrack initiation at the point where
D = D, is reached for the corresponding time ¢g or number of cycles Ny to
supture.

The computer code DAMAGE 2000 allows us to solve the two-scale model
constitutive equations on the basis of the numerical scheme of Sect. 2.3.2.
The input data are the material parameters and the history of the strain
components ¢;; and ;. The outputs are the evolutions of the damage D, the
accumulated plastic strain p*, and the microscale stress components UZ-F; up
to crack initiation. DAMAGE 2000 can handle any kind of proportional (or
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non-proportional), monotonic or fatigue loading, fatigue periodic by block,
or random fatigue. For the fatigue loadings, the jump-in-cycles procedure of
Sect. 2.1.5 may be activated in order to save much computer time. Examples
are given in Sects. 6.4.1 and 6.4.2.

To finish, note that:

e The case § = 0 and of° = o0y corresponds to the single-scale damage
post-processing with the uncoupled analysis of Sect. 2.1.

e The case § = 0 corresponds to the use of the Lin-Taylor localization
law (instead of the Elshelby—Kroner law). Coupled with the consideration
of Cy, = 0, m =1, and s = 1 it corresponds to the initial two-scale
damage model described in the book A course on Damage Mechanics
by J. Lemaitre, in which the FORTRAN 77 listing of the DAMAGE 90
post-processor is given.

o The effect of free edges and free surfaces on mesocrack initiation in fa-
tigue may be represented by considering an adequate localization law (see
Sect. 6.4.6) programmed as a possible option of DAMAGE 2000.

2.4 Precise Identification of Material Parameters

Contrary to linear elasticity for which the Young’s modulus and Poisson ra-
tio have almost the same value for each class of materials (steel, aluminum
alloys, concrete ... ), nonlinear behaviors introduce parameters whose val-
ues strongly depend on the material. Due to the diversity of the engineer-
ing materials and the strong influence of the microstructure on the failure
properties, the material parameters need to be identified directly from spe-
cific experiments despite the existence of handbooks of parameters. The ta-
ble in Sect. 2.6 gives only the order of magnitude of parameters for some
materials.

This section deals with precise identification procedures. They require
computer tools which at least allow for the calculation of the material re-
sponse in uniaxial tension-compression under isothermal conditions. They
are

e Mathematical softwares that perform the time integration of the con-
stitutive laws.

¢ FE computer codes that may include numerical optimization proce-
dures.

e Specific identification by optimization softwares such as SIDOLO
(P. Pilvin 1983).

Three levels of tests are generally used:

e Qualitative tests to choose the proper state variables to measure, to
determine how they act, and to determine the couplings between the
phenomena represented.
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e Quantitative tests to identify the numerical values of the material pa-
rameters for each material at each temperature considered.

e Tests of validation to check the ability of the constitutive equations
to represent more complex situations than those used for the parameters
identification.

This section completes the fast procedures of Sect. 1.4.4 used to obtain
an approximate initial set of parameters to be improved. If anisothermal
constitutive equations are considered, the identification procedure consists of
identifying the material parameters at each temperature and considering by
interpolation all the parameters as functions of the temperature.

o[@)

2.4.1 Formulation of an Identification Problem

Identifying the parameters of a model consists of finding the set of material
parameters which gives the best representation of a maximum volume of
experimental data and information on a given material. The data comes
from

e Simple laboratory tests as monotonic (with repeated unloadings) or cyclic
tension and compression experiments, monotonic or cyclic shear experi-
ments in torsion on tubes, as well as creep and relaxation experiments
performed after either a monotonic loading or a cyclic loading.

e More elaborate laboratory tests in the bending of beams, in bi-axial load-
ing on cross-shaped specimens or in tri-axial loading on pseudo-cubic spec-
imens. As the damage is not uniform over the whole geometry, such ex-
periments need structure computations to determine the history of stress
and strain on the RVE where the mesocrack is initiated.

e Any failure of a component, provided the structure calculation is available.
An inverse method is not advised at this level because the damage is
always localized and has an effect that is too small on control global
variables. It may be possible only if local and very accurate measurements
are performed.

e Any qualitative or quantitative information from the “state of the art” of
experienced engineers and technicians!

Note that as damage governs the mesocrack initiation, it is essential to run
all the laboratory tests up to the point of failure. Never interrupt a test which
runs too long. Increase the applied load or the applied strain range instead
in order to break the specimen more quickly. The corresponding data may
then be used to validate the identification.

The database is then a finite set of load-displacement or stress-strain
charts, or it could be a set of load, displacement, stress or strain versus time
charts. The first thing to do is to extract as much information as possible
from each test and to determine the history of all the state variables (plastic
strain, accumulated plastic strain, hardenings, damage ...) or at least some
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components of the internal variables. This operation defines for each exper-
iment an array, Z¢*P(t), of the collected history at discrete times, ¢;, of the
variables.

The identification problem consists of determining the material param-
eters denoted formally as A = {E,v,0y ...} which minimize the difference
between the observations Z¢*P(¢) and the numerical simulation of the model
that is denoted as Z(t¢,.A). From a classical mathematical point of view,
a functional £(A) is introduced to measure the accumulated error between
observations and simulations. The term £ is the sum of functionals £, for
each test k such that

1 ex
L= Ly and L= e SOIZTP(t) = Zilts, AP, (2132)
k i

where NP is the number of experimental points considered for the k-th
experiment.

At this stage, one would expect the precise identification to end (£ = 0)
because such a formulation may be handled automatically by use of numer-
ical minimization procedures such as the Simplex method (not described in
this book), the Newton or Quasi-Newton methods, the Levenberg—Marquardt
method, or the Sequential Quadratic Programming (SQP or Projected La-
gragian Method), using evolution or genetic algorithms or combinations of
different minimization procedures (e.g., the identification software SIDOLO
or FE computer code optimizers). In fact, the question concerning the choice
of the norm on the space of thermodynamics variables is somewhat subjective.
It depends on the relative accuracy the experimental results and the domains
of application in which a good accuracy is necessary. Note that a ponderation
(weight) matrix P needs to be defined in order to make || Z*P(t) — Z (¢, A)||
dimensionless (P. Pilvin 1988):

1299() = (8, AP = {279(1) — (. A} TP{Z0(0) — Z(t. A)} . (213)

One may refer to Sect 2.4.6 on “Sensitivity Analysis” of the following chapters
as an aid to avoid an arbitrary choice of the ponderation coefficients.

In order to avoid giving too much weight to the comparison times t; (for
non-regular time discretization, for instance), the expression

]' ex
Ly = Texp/ |Z00(t) — Zi(t, A)|Pdt (2.134)
k TP

may be used instead of (2.132) for some experiments or some part of ex-
periments (with 7" as the observation time of the k-th experiment). The
integral is numerically calculated, for example by use of trapezes method.
An example of precise identification is given in Sect. 2.4.3.
Some numerical minimization procedures for least squares nonlinear prob-
lems are described in next section. Due to the strong nonlinearity of the
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identification problem, local minima may be obtained and as in general, the
solution of the optimization problem is not unique. It is of first importance to
have a starting solution A" that is “not too far” from “the” solution. When
the convergence fails or becomes slow, it is important to be able to switch
automatically from one method to another.

vlelv)

2.4.2 Minimization Algorithm for Least Squares Problems

The optimum set of material parameters A°P* minimizes the error £(A) that
is mathematically called the objective function. The term £ may generally
be written as

LA = ) S = LA, (2135)

where the residuals r; or their vector form 7 are defined according to (2.132)
and (2.134). This is a least squares problem that is strongly nonlinear for the
nonlinear constitutive equations considered and is non-convex that is with
possibly several local minima.

The mathematical tools to handle such a problem exist and are well de-
scribed in the applied mathematics literature. For further details, readers
can refer, for instance, to the book Numerical optimization by J. Nocedal
and S.J. Wright (1999).

There are two classes of procedures:

e The unconstrained optimization procedures with no conditions (con-
straints) on the material parameters. From this class the Newton method,
Gauss—Newton method, BFGS method, and Levenberg—Marquardt
method are described below.

e The constrained optimization procedures with conditions (constraints) on
the material parameters to force them to remain bound by some “reason-
able” values: see for instance the SQP method described below.

For the identification problems, it is often efficient to disregard the constraints
and assume that they have no effect on the optimal solution, or to replace
them by additional penalization terms in the objective function (use loga-
rithmic penalization for inequality constraints). These terms have the effect
of discouraging constraints violation. One can then use the unconstrained
optimization procedures that are simpler to implement.

For all the methods (except for the genetic algorithms), the gradient of
the objective function is needed. For the least squares problem (2.135), we
need

VL(A) = JT(A)F(A); (2.136)
for some of them the Hessian is needed:

V2L(A) = J(A)TT(A) + D ri(AVr; (2.137)
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Or.
where the Jacobian of 7, J(A) = {3.:1]
the Jacobian allows us to compute the first part of the Hessian for free. Near
convergence, the second term in (2.137) may be neglected and the approxi-

mation

}, is introduced. Note that knowing

V2L(A) =~ J(A)JT(A) (2.138)

may be used.

2.4.2.1 Generalities on Iterative Minimization Procedures

The numerical minimization procedures for nonlinear problems are iterative.
The solution at the iteration k is calculated as

Apr1 = Ak + prwy (2.139)

where wy, is the search direction and py the step length. The expressions for
the search direction depend on the method and wy, is usually calculated first.
The step length is initially taken to be equal to unity but one may optimize
its value in order to get a substantial reduction, £(Ag) — L(Ag41), of the
objective function. The idea is to minimize at low cost L(A + pwy) with
respect to p and an iterative process may again take place.

An efficient possibility for convergence reasons is to choose pi which sat-
isfy the Armijo—Wolfe condition

L(Ar + prwi) < L(Ax) + c1puVLE wy
VLT (Ay, 4 prwg)wy > oV L  wy
with 0 < ¢; < ¢ < 1 as constants of the method.
For the sake of simplicity the expression, VL(Ax) = VL, has been set

up and we shall also denote 7, = 7(Ax) and V2L(Ay) = V2L,. With such
notations, equations (2.136) and (2.138) stand as

VLi=J' and V2L, ~ JpJ. (2.141)

(2.140)

2.4.2.2 Newton Method
The search direction is the solution of
V2Lywy = —JL 7% (2.142)

and pf = 1.

2.4.2.3 Gauss—Newton Method
The search direction is the solution of
T JEwgN = — T, (2.143)

where the approximation (2.138) of the Hessian is used.
We then find a step length pg’N which satisfies the Armijo—Wolfe condition
(try pGN =1 first).
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2.4.2.4 Broyden—Fletcher—Golfarb—Shanno or BFGS Method

The search direction is
wpFS = —H I (2.144)

with Hj, the approximation of the inverse of the Hessian calculated iteratively,
T T T

His1 = (I — ki ) H (I— YkS% ) + Kk (2.145)
Yi Sk Yi Sk Yi. Sk

where sy = Agy1 — Ag, Yy = VL1 — VL, and [ is the identity matrix.
Set the initial Hy to be equal or proportional to the identity matrix or set it
to the inverse of an approximate Hessian V2L~ ! at A = A° (calculated, for
example, by finite differences).

The step length pB¥SS is chosen to satisfy the Armijo-Wolfe condition.

2.4.2.5 Levenberg—Marquardt Method

The Levenberg—Marquardt method is a robust, first order method especially
meant for least squares optimization.
The search direction is the solution of

(JeJit + M) wiM = —JF7 (2.146)

which corrects the possible rank deficiency of the Jacobian. The scalar Ag
may be interpreted as a Lagrange multiplier.

Take piM = 1. As long as L(Ay + wy) > L(Ay), multiply the previous
try for Ay by a factor of 10 (A\x « 10Ax). When L(Ax + wg) < L(Ag), take
Ae+1 = Ak/10.
2.4.2.6 Sequential Quadratic Programming (SQP)

The SQP method explicitly handles equality and inequality constraints.

2.4.2.6.1 Equality Constraints Minimization
To set up the SQP framework, consider first the problem:
min £(A) subject to g;(A) =0 where i=1,...m, (2.147)

which allows us to define the Lagrangian as £(A,\) = £ — ATg.
The minimization problem at the k-th iteration is written as the mini-
mization of a quadratic problem under linear constraints:

1
min 2wTVV;.Cw + VL w subject to Arw + gr =0, (2.148)
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where Wi, = V4, L(Ak, M), g = g(Ak), and Vg; = Vg;(A), A =
Vgi,..., ng]T. The term )\ is the Lagrange multiplier vector of the k-th
iteration.

The solution set Ag11 = A +wy and A1 = A\g +w) solves the Karush—
Kuhn-Tucker (KKT) system,

Wi —A;CF Wi —VL, + AE)\k
= , 2.149
[Ak 0 wx — 9k ( )
which may also be written as
Wk —AE Wi —VC]C
= . 2.150
|:Ak 0 k41 — 9k ( )
2.4.2.6.2 Inequality Constraints Minimization
The nonlinear minimization problem,
min £(A) subject to  ¢;(A) >0 where i=1,...m, (2.151)
defines the linearized problem at the k-th iteration,
1
Hii;n 2wTVV;.Cw + VL w subject to Apw +gr >0, (2.152)

which is solved iteratively. The method defines then the auxiliary equality
constraints sub-problem:

1 r
min 2 Wi + Wiw™ + VL] 2z,  subject to Az, =0, (2.153)

T
where z, = w — w") is set.

The SQP method proceeds as follows:

1. Set Cy as the subset of the active constraints at A = A = A4, (if g; is
active g;(A) = 0).

2. In order to find x,,, solve the auxiliary KKT problem associated with
(2.153) with the equality constraints Vgfz, = 0 (i € C,) rewritten as

A,(:)a:w =0:

T W™ —
Wi —A {xf] - { Wi = Vﬁ’f} , (2.154)
AN g

with g(") as a vector with components g;(Az), i € C,..
3. a) If z,, # 0, compute the auxiliary step length as

Vglw® + gzﬂ

2.155
Vol (2.155)

pr = min [1, min (
(i¢CT,Vg;Fww<O)
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and try for the new search direction
W =™ 4 pay, . (2.156)

Take then first C,.41 = C,.. If there are blocking constraints (i.e., con-
straints ¢ for which the minimum in (2.155) is achieved), update C,41
by adding one of these constraints to the subset of the active con-
straints C;41.

b) If 2, = 0, the current value 1 of w(") minimizes the objective func-
tion over the current working set ¢ = C,. Compute the Lagrange
multipliers that satisfy

> Vgiki = Wit + VL . (2.157)
ieC

If all the ;\ are positive, stop with the solution wy = w. If some 5\ are

strictly negative, subtract the constraint j corresponding to the larger

|A;| from the subset of the active constraints (C = C,41 < C, \ {5}).
4. Take pSQP =1and A1 = Ap + wg.

Note that the calculation of W} needs the calculation of the second deriva-
tives of £. The method is then similar to a Newton scheme. Again, approx-
imate expressions for V2£ may be used, the most popular being the BFGS
approximation of the Hessian.

o[V

2.4.3 Procedure for Numerical Identification

Consider that the constitutive laws are available in a computer code which of-
fers optimization facilities. The identification is then performed automatically
by the minimization of the functional £(.A) but some practical (convergence)
difficulties may be encountered.

As a guide to optimize the full identification process, a 5-step procedure
may then be followed:

1. Choose the plasticity, visco-plasticity and damage models, bearing in

mind the experimental data available and the considered application. For
example considering both isotropic and kinematic hardenings is useless
for a monotonic application, considering classical plasticity models (those
described in this book) gives a poor accuracy in modelling the ratcheting
effect.
And it is no secret that for low cycle fatigue applications, the best choice is
to perform the model identification on low-cycle fatigue tests. In general,
the identification is better as the identification tests are close to the cases
of the application!

2. Perform the fast identification procedure of Sect. 1.4.4 to determine an
initial set of material parameters.



128 2 Numerical Analysis of Damage

3. Estimate qualitatively and quantitatively the sensitivity of the simu-
lation to each parameter (see Sect. 2.4.6). This allows for a qualitative
understanding of the model and a way to find out in which experiment
or in which stage of the experiment each material parameter has a minor
or major effect.

4. Build a chart of the experimental values of all the possible variables
for discrete values of the time. The chart will compare the experimen-
tal values with the numerical simulation in order to calculate the error
2P (t:) — Zi(ts, A)||? or the integral [ || 2P (t) — Zi(t, A)||2dt.

5. Use the set of initial parameters to perkform the numerical minimiza-
tion of the functional £. Some FE codes propose this option. For better
convergence, proceed step by step and try to identify first the plastic-
ity parameters, second the viscosity parameters, and last the damage
parameters. In a last step, perform a numerical identification of all the
parameters at the same time.

Let us detail each point of this identification procedure on an example:

1. The whole set of operations is described here for the elasto-(visco-)
plasticity coupled with the damage model of Table 1.3 for which the
one-dimensional isothermal constitutive equations are recalled below for
the Norton viscosity law:

€ =€+ €p

B o
“~ B(1- D)
o
f:‘l_D—X‘—R—cryzav
72.
cf. =8 —X’: —X
& =sgnlo — X) p=semio —X)

R = Ry (1 —exp(—br))
X = C(1 - D)éy — X7 with C = 7Xoe (2.158)

. Y\
D=(5>15 if p>pp,

mesocrack initiation if D = D,

o2

" 2E(1 - D)?

(5 (4

2. The initial set of material parameters is determined according to the fast
identification procedures of Sects. 1.4.4 and 1.5.1. The precise identifi-

Y
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cation is performed for the steel alloy 2-1/4 CrMo at a temperature of
580°C and from the following initial data:

Fatigue limit of° = 60 MPa

Yield stress oyg2 = 95 MPa

Ultimate stress (at ¢ = 1073 s71) o, = 187 MPa for an ultimate
plastic strain ep, = 0.2

Rupture stress (at ¢ = 1072 s71) og = 150 MPa for a rupture plastic
strain ep,r = 0.3

A few tension-compression tests at very low strain rate ¢ = 1076 s~!
give for the yield thresholds o7 in tension and ¢ in compression:

ep =0, ol =0, =80MPa, o; =—80MPa,
¢ =0.11072, ot =87 MPa, o7 = —77 MPa,
¢ =0410"2, ot =99 MPa, o= = —69 MPa, (2:159)
e =1.410"2, oF =105 MPa, o= = —65 MPa.

They are used for the determination of both kinematic and isotropic
hardenings as the laws R = Roo[l — exp(—bep)] and X = X[1 —
exp(—ep)] for monotonic tension fit the discrete values

ol +o5

X =X(e) = and R = R(ep) =0 —oy — X. (2.160)

s —

A few creep tests at different constant values of stress give the sec-
ondary plastic strain rate:

o =110 MPa, ¢é,=10"%s"1,
o0 =120 MPa, ¢,=210"2s"", (2.161)
o =150 MPa, ¢,=210"*s""1.

They are used to identify the Norton parameters Ky and N (with
the hypothesis in of saturated hardenings) in

N
ép = <(’ % _K]Z"O - X°°> . (2.162)

As the linear regression
Iné, = NIn(o — 0y — Ryo — Xoo) —InKY (2.163)

fits the experimental points in (2.161) in the Iné, vs In(o —oy — Rog —
Xo) diagram.

Furthermore, the thermo-elasticity parameters are known as

— Elasticity modulus E' = 134000 MPa

— Poisson ratio v = 0.3
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— Dilatation coefficient a = 1.3-1075/°C

Finally, the fast identification leads to the following set (A°) of material
parameters:

Thermo-elasticity: £ = 134000M Pa, v = 0.3, a = 1.3-1075/°C
Yield stress: o, = 80 MPa

Isotropic hardening: Ro, = 5 MPa, b = 300

Kinematic hardening: X, = 20 MPa, v = 270

Damage: S =0.113 MPa, s =5, D, = 0.2

Damage threshold: e,p = 0.2, 0, = 187 MPa at ¢ = 1073 s71, of° =
60 MPa, m =4

e Viscosity: Ky = 1450 MPa s'/N, N = 2.4

3. For this didactic example we assume that all the parameters have the
same sensitivity. Each particular case is examined in the following chap-
ters.

4.

The experiments used to improve the set of initial parameters are those

of Fig. 2.6: two low cycle fatigue tests up to rupture, a cyclic hardening
curve, and a relaxation test.

Cyclic loading at A€=2€ ,,,=0.012

Cyclic loading at Ae=2€¢ ,,,,=0.02
MPa g O, =107 MPay Oy £~1073s"
200 200 —
o i
e
150 i - 150 {— M
~ L
\“ \
1 1
100 = ) 100 [— v
5 )]
Y
‘I 1
8 \
S0 | so - i
3 \
! \
o 1 0 " " - " " " G G =g
0 50 100 150 200 250 300 350 400 450 500 550 600 650 0 50 100 150 200 250 300 350 400 450
Number of cycles Number of cycles
MPa, O .«
relaxation ~ MPa Relaxation curve at €=0.138
200
(o}
150 |- -
€
100 -
}
-0.013 015
50 B
0 I I I
0 5000 10000 15000 20000
—e— stabilized cycles €=5-10"s ' time (s)

—e— monotonic tension

=250

Fig. 2.6. Additional experiments for parameters identification of the 2-1/4 CrMo
steel at 580°C (J.-P. Sermage 1998)
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The charts Z," of the state variables needed to apply a numerical opti-
mization procedure are:

One file for each fatigue test omax(N) curve with the following

columns:

Col. 1: The time ¢y corresponding to the maximum of the N-th cy-
cle (T = 2Ae¢/é is the period of the loading). For the practical
application, choose the points N = 100, 200, 300, 400, 500, 550,
and 600 cycles for the curve at strain range Ae = 1.2 1072, and
N = 100, 200, 300, 350, 400, and 425 cycles for Ae =2 1072,

Col. 2: The accumulated plastic strain at ¢ = ty and p = 2N Ae,.
The plastic strain range Aep, is known either from the experiment
or calculated as Aep(tn) = A€ — 20max(N)/E(1 — D(N)).

Col. 3: The damage D(tnx) = D(N) calculated from the decrease of
the maximum stress, D(N) =1 — 0pmax(N)/omax(IN = 100).

The corresponding charts (or arrays of data) are used for a point to

point comparison (application of eq. (2.132)).

One file per strain range for the cyclic stress-strain curves of Fig. 2.6

at constant strain rate ¢ = 1072 s~!. Use enough points as these

files are used for the integral comparison (2.132) over each stabilized
cycle, the observation time for the cycle with strain range Aej where

T, = 2Aey /é. Place in columns:

Col. 1: Time t; corresponding to the point i of the stress-strain sta-
bilized cycle,

Col. 2: Stress o(t;),

Col. 3: Strain €(¢;),

Col. 4: Plastic strain (measured by fictitious unloadings) €, (t;),

Col. 5: Accumulated plastic strain p(t;) = p® + |ey(t;) — €| during
plastic unloading, p(t;) = p? + €, (t;) — ef during plastic loading
with pA ~ 2NAe, and pP =~ (2N + 1)Ae, after a number of
cycles N large enough to reach stabilization,

Col. 6: Isotropic hardening R(t;),

Col. 7: Kinematic hardening X (¢;),

Col. 8: Damage D(t;).

One two-column file o(¢;) for the relaxation test of Fig. 2.6.

The last but not the least practical point concerns the choice of the pon-
deration matrix P which allows us to make some experiments prepon-
derant over some others but also to make some parameters more sensible
than some other. Unfortunately, many choices are possible. As proposed
by P. Pilvin (1988) take the ponderation matrices for each variable as the
inverse of the square of the accuracy times identity, i.e.,

1
For the stresses, P, = 51
(1 MPa)
1
For the strains or the plastic strains, P. = 1

(10-3)°
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e For the accumulated plastic strain (fatigue applications),
1

P, = 1
P (10-4)?

1
e TFor the damage, Pp =

(10-2)”
e For the hardening, Pr = Px = 1
& (2 MPa)®
5. The numerical optimization is finally performed with SIDOLO optimizer
by keeping unchanged the thermo-elasticity parameters E, v, «, and the

damage threshold in pure tension epp. The final set of parameters for the
2-1/4 CrMo steel at 580°C is then:

e Thermo-elasticity: F = 134000 MPa, v = 0.3, a = 1.3 - 107°/°C

e Fatigue limit: of° = 60 MPa

e Yield stress: o, = 85 MPa instead of 80

e Isotropic hardening: R, = 30 MPa instead of 5, b = 2 instead of 300

e Kinematic hardening: X, = 22 MPa instead of 20, v = 250 instead
of 270

e Damage: S = 0.6 MPa instead of 0.113, s = 2 instead of 5, D, = 0.2

e Damage threshold: e,p = 0.2, 0, = 200 MPa (at ¢ = 1073 s71)

instead of 187, o, = 137 MPa at é¢ =~ 0, m = 4,

e Viscosity: Ky = 1220 MPa s'/V instead of 1450, N = 2.5 instead of
24,

e If necessary, the parameters A and wp for the damage threshold are
determined from the knowledge of the plastic strain range Ae, and
the corresponding threshold pp by use of (1.114)—(1.116).

The example has been derived for isotropic damage. If the anisotropic

damage model is considered, apply the same procedure but change the

D-columns to Di-columns. The damage measurement on the maximum

stress for cyclic loading is:

30max(IN = 100

Omax (V) = 2 ( 1) —  Dy(N). (2.164)
1-D, Dy
2

o[V

2.4.4 Cross Identification of Damage Evolution Laws

For each application, different laws may model the damage evolution with
either a phenomenological, thermodynamical, or micromechanical basis. One
can consider:

Damage as a function of the energy density release rate, i.e., D = D(Y')
Damage as a function of the accumulated plastic strain, i.e., D = D(p)
Damage as a function of the damage equivalent stress D = D(o*), in
which the von Mises stress and triaxiality apply
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e Damage as a function of the accumulated plastic strain and the triaxiality

Note that the previous laws D(Y) and D(c*) do not apply to fatigue. The
law D(p) may apply, but with different values of the damage parameters than
for ductile failures!!

The initial difficulty for the numerical analysis of a structure is then the
choice of a damage law and its material parameters. Each set of parameters
is related to the damage law considered and even if the different models are
available in a FE code, it may not be a small task to switch from one to an
other. A solution may then be:

1. To build a new data base by numerical simulation with the law for
which the numerical values of the parameters are known

2. To apply the identification procedures of Sects. 1.4.4 and 2.4 on this new
database in order to find the values of the parameters related to the new
law used.

An example of such a cross identification is given in Sect. 3.4.5 where the
damage parameters epp, S, s, and D, are determined from the Gurson model
parameters by a fastened procedure.

2.4.5 Validation ProcedureCj

Any (good!) model must be able to represent situations other than those used
for the identification of the material parameters. Furthermore, it is essential
to know its domains of validity for safety reasons. This is why it is important
to check the model against special tests designed for the validation. It can
be:

2D or 3D state of stress measurements to check the criteria used
Non-proportional tests to check the validity of the anisotropy representa-
tion

e Complex history of stress to check the representation of the damage ac-
cumulation
Non-isothermal tests to check the temperature dependence
Tests with gradient of stress to check the stress redistribution due to the
coupling between damage and strain behaviors

As an example, the elasto-(visco-)plasticity coupled with the damage model
identified on the 2-1/4 CrMo steel at 580°C in Sect. 2.4.3 has also been
identified at room temperature, 300, 400, and 500°C. From the results, two
series of validation have been performed:

1. One-dimensional non-isothermal cyclic tests are described in Figs. 2.7
and 2.8. The history of strain (or stress) and temperature are given for
both tests. They are introduced as inputs for the calculation of the stress
(or strain) and damage for comparison with the experiments. The graphs
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correspond to the first cycle. The relative difference of about 25% on the
strain, stress or number of cycles to rupture is on the order of magnitude
expected in this kind of prediction.
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fT | \ 200
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| : ; L 100 1
0, 280 520 t(s)
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Fig. 2.7. Thermal stress cyclic test on 2-1/4 Cr steel (J.-P. Sermage 1998). The
solid line represents the calculation and the dots represent experimental results
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Fig. 2.8. Thermomechanical cyclic test on 2-1/4 Cr steel (J.-P. Sermage 1998). The
solid line represents the calculation and the dots represent experimental results
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2. Bidimensional non-isothermal cyclic tests up to crack initiation on Mal-
tese cross-shaped specimens for which the numerical simulation are de-
scribed in detail in Sect. 5.4.3 which is devoted to creep-fatigue damage.
The difference between the number of cycles predicted and obtained by
experiments is on the order of 25% to 100% depending on the method of
calculation used.

The final set of temperature-dependent material parameters is available in
the Table 5.1 in Sect. 5.4.3.

2.4.6 Sensitivity Analysisd)é

The accuracy of a structure failure prediction depends very much on the
accuracy of the material parameters, but not all of the parameters have the
same effect on the model predictions concerning the strain-stress response
and the rupture of a Representative Volume Element.

The sensitivity of the calculated response to slight or main changes in
each variable and material parameter value is of first importance at different
stages of the mechanical analysis:

e At the stage of parameters identification, one has to minimize the
error (L£L(A)) between the numerical response of the model and the ex-
perimental database with respect to the set of material parameters (A).
The sensitivity of the functional £ with respect to the material parame-
ters is in fact the gradient (gft) or its numerical approximation ( ﬁfl). In
general, it is necessary to efficiently apply the minimization procedures
leading to the best set of parameters. The expression for gf‘ is quite
complex and is numerically and automatically derived within the identi-
fication procedure. It is however a mathematical definition which has no
clear mechanical meaning.

It is difficult to properly handle the contribution to the functional £ due
to damage. Following the work of G. Amar and J. Dufailly (1993), it
is thus preferable to define the sensitivity to the material parameters
as the relative sensitivity of the engineering variable considered for each
specific application to the relative changes of each material parameter
A =]A1, As, ... Ap] such as the plastic strain at failure pg, the stress to
failure or, the number of cycles to failure Ny, or more generally the time-
to-failure tr. A dimensionless sensitivity matrix may then be introduced,

such as dpr GPR GPR QPR 5A,
PR Al M A2 n Ay
oo || st sog s || -
SO B -5t SR o [ ST I (2.165)
S SSE SR

Each line of the sensitivity matrix corresponds to a given case: mono-
tonic loading for S%} or S} terms, fatigue loading for Sﬁ/,ﬂ‘ terms, more
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complex loading for S’i{‘k terms. A few other lines may be added for ex-

periments performed at different strain rates or at different temperatures,

for example.

At the early stage of design of mechanical components, the choice

of the materials may not be definitive. A sensitivity analysis made on the

failure properties may help for such a choice. Performed on the FE analysis

of the components with real loading conditions, it will tell if it is better

to

— Choose a material with better plasticity properties through the hard-
ening parameters oy, R, b, Xo, and v

— Choose a material with better creep properties through the viscosity
parameters Ky, N.

At the stage of component manufacturing, the previous sensitivity

matrix may tell if a change of material supplier will have minor or ma-

jor consequences for the component design and if further complementary

studies are necessary to ensure the safety conditions.

Quantitative results of this method of sensitivity analysis are given for specific
applications in the following chapters (see Sects. 3.2.3, 4.2.3, 5.2.3, 6.2.4,

7.2

5).

Note finally that if the expressions of the material parameters are known

as (smooth) functions of the temperature (Ay = Ay (7)) or the microstructure
through a few parameters ui, ps . . ., the knowledge of the sensitivity matrix
allows us to determine the sensitivity of the failure properties with respect
to a change in temperature as

Opr pr PR dA

oT _;SA’CA;@ dr

8CTR _ oR OR d.Ak

oT _ZSMAk dr

ON k Ne dA (2.166)
R _ ZSNR R d AL

oT - Ak Ay dT

Otr . th tr dAg

oT _;SA’CA;@ dr

or with respect to a change in microstructure as

Opr pr dAg
— GPR ,
O Zk: AR Ap dp;
8UR OR dAy
P SUR 5
Opi Xk: AR Ay, dps; .
Opi — AR Ay dpg
Otr _ th tr dAg
Opi AR Ay dp

k
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In anticipation of the sensitivity analyses made in the following chapters
for the accumulated plastic strain, stress, time, or number of cycles to rupture,
we can make the following general conclusions:

e The most important parameter is the loading for which a relative error
on the stress 5; influences the relative error on the results by a factor S;-
of 5 to 10. If the loading is expressed in terms of strain, the factor S.-
may be reduced to 1.

e The material parameters which do not need a high degree of accuracy are
the damage threshold in tension €,p and the critical damage D. because
their sensitivity factor Sé'p'D and Sy, are only of the order of 0.5.

e Due to the nonlinearities, all the sensitivity factors for the other param-
eters are larger than 1 and of the order of 1 to 5.

e Finally, if all the parameters are known with a relative accuracy of a few
percent one may expect or fear (who knows?) an accuracy on the order of:
—  420% on the accumulated plastic strain to rupture in ductile failures
— 0.5 to 2x on the number of cycles to rupture in low cycle fatigue failures
— 0.5 to 2% on the time-to-rupture in creep failures
— 0.2 to 5% on the number of cycles to rupture in creep-fatigue failures
— 0.1 to 10x on the number of cycles to rupture in high cycle fatigue fail-

ures
— 5% on the stress to rupture in brittle failures
Large numbers indeed! This explains why the job of designers or engineers
is still, at least partially, an art!

2.5 Hierarchic Approach and Model Updatingd”d’d’d’

“It is always easy to make things complicated,” tells a chinese proverb! This
is particularly true when modelling materials and structures with computers
which may give a multitude of useless output data.

To understand well what can happen on a structure in service, we strongly
advise beginning predictions with simple models and increasing the accuracy
with more sophisticated models progressively. This is the hierarchic approach
(D. Marquis 1990). It is developed at the end of each applications chapter
but some general conclusions are:

o* = oy is a good rupture criterion to begin with

Isotropic hardening is sufficient for monotonic proportional loading
Kinematic hardening is necessary to represent cyclic loading

Linear kinematic hardening is often sufficient for damage purposes

The energy density release rate Y = constant in the damage law is a good
approximation when the strain hardenings are large

e The damage threshold pp = constant is a good approximation in ductile
failures
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e But it is necessary to take into account the variation of pp with the stress
in low or high cycle fatigue

e An elastic calculation followed by the Neuber correction is a good approx-
imation in small scale yielding

Updating a model consists of changing the model or the value of the material
parameters each time new information is available. It can be

e More information concerning the material as the choices in early designs
progress
More accurate values of the damage parameters as a test program progress
New phenomena which may take place during validation tests on samples
or structures

e New in situ tests results on the structure itself to check if the real structure
is made of exactly the same material as the one used for the laboratory
identification tests
Aging in service
Injuries due to overloading or accident in service which may affect the
state of strain hardening and damage governing the residual strength

In order to be prepared for model updating of a structure in service, two
important points to remember are:

e Keep the initial calculations and the possibilities to change the inputs in
proper archives. Unfortunately, it is not so simple over several decades
with the change of computers and persons every few years!

e The possibility to practice in situ tests: the microhardness test and the
digital image correlation are good candidates!

2.6 Table of Material Damage Parameters

To end this chapter, let us give sets of the numerical values of damage pa-
rameters for some materials. You should take the numbers only as an order
of magnitude because the name of a material does not fully identify all the
properties. Be careful to always check the values using appropriate tests or
information in each particular case. Fortunately, you are clever and you know
that most often you only need qualitative results or relative values to compare
different design solutions for which approximate results are sufficient.
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2.6 Table of Material Damage Parameters
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3

Ductile Failures

With this chapter, we begin our discussion of the applications of damage
mechanics to specific structure failures classified by a phenomenon: here we
are focusing on ductile failures which may occur in structures due to over-
loading and also during metal forming. Ductile damage without any rup-
ture may also be produced by forming or mechanical processes and may
modify the mechanical properties which must be taken into account in the
constitutive equations used to evaluate the further strength of structures in
service.

From the physical point of view, ductile damage is essentially atomic de-
cohesions following dislocations piling in metals or growth and coalescence
of cavities induced by large deformations in the vicinity of inclusions in
both metals and polymers. From the micromechanical point of view, this
is the growth of a spheric or elliptic hole in a plastic medium subjected to
large strains and the problem can be solved analytically (F.A. Mac Clintoch
1968, J.R. Rice and D.M. Tracey 1969) or numerically (V. Tvergaard and
A. Needleman 1982). From the Continuum Damage Mechanics point of view,
this is a reduction of the resisting area in any plane of a Representative Vol-
ume Element that is governed by the elastic energy and the accumulated
plastic strain, as explained in Chap. 1.

All of the following chapters on applications have the same format: some
engineering considerations; description of “fast methods” which can be used
in early design where the hypothesis of proportional loading and small scale
yielding apply, with indications on the sensitivity analysis and possible safety
margin; closed-form solutions of simple problems currently found in en-
gineering such as structures with holes or notches, pressurized cylinders, and
forming limits and post-buckling behavior; specific cases treated by nu-
merical analysis, such as finite strains, porous materials, forming pro-
cesses such as deep drawing and extrusion and frames analysis using
Lumped Damage Mechanics. All applications are considered on materials at
room temperature and low strain rates (the domain of application of plastic-
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ity). A ductile damage model for elastomers which also applies in fatigue
is described in Chap. 4. Creep effects and also “dynamic plasticity” are
relevant to visco-plasticity and are treated in Chap. 5. Problems of elas-
tomers or polymers involving strain rate effects are approached at the end of
Chap. 5.

3.1 Engineering Considerations

Ductile failures are most often related to large deformations, plastic strains
in metals, and irreversible strains in polymers. These conditions can arise
locally in the vicinity of notches or severe bendings. They can also occur
on a large scale during forming processes but they are always associated
with instabilities and the phenomenon of localization of strains and damage.
Fortunately these phenomena occur at the latest stage of failures, allowing
us to only look into their initiation.

The “in service” security of pressure vessels or mechanical members with
holes or notches needs to be checked against ductile failures in case of over-
loads. The case of cyclic loadings is treated in Chap. 4 for low cycle fatigue
and in Chap. 5 for elevated temperatures.

Another area of applications is analyzing the forming processes in order to
choose the proper machine, to optimize the processes for economical energy
consumption, avoid trouble such as necking and cracks, and determine the
modifications of the constitutive equations after forming. Be careful when
reading values of material parameters in a metallurgy catalog because they
characterize materials in the state of the products sold (e.g., sheets) but
not the products after metal forming (e.g., deep drawing). The sequences of
machining like stamping may take advantage of non-proportional loadings to
increase the forming limits.

In post-buckling analysis of crash problems, the energy involved is much
dependent on the damage which reduces the strength and the energy ab-
sorbed. The dynamic case, which needs to take into account the strain rate
effect, is described in Sects. 5.3.1 and 5.4.4.

3.2 Fast Calculation of Structural Failures

Fast calculation means obtaining the desired result using closed-form solu-
tions or mathematical softwares on personal computers which do not need
large finite element computations on big computers. Often, taking time for
a clever qualitative analysis of the problem allows you to consider a simplified
geometry of the structure together with a simplified loading, which then al-
lows for a “fast calculation.” For such cases, we advise using isotropic damage
without the quasi-unilateral condition of microdefects closure.
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3.2.1 Uniaxial Behavior and Validation of the Damage Lawé

The basic uniaxial test is the “simple” tension test which is not so simple
in the range of large deformation where necking occurs. Figure 3.1 is an
example of the same test represented in the engineering stress-strain reference
of small strain theory and in the local “true” stress-“true” strain reference
(ot = 0(14¢€), er = In(1+€)) of large strain theory. The difference in stress
may reach 50% for strains around 0.5.

500 T T T

300 —

Stress (&) (8)
(MPa)

200 —

100 - —

0 L L ! | |
0 02 04 0.6 058 1 12

Strain

Fig. 3.1. Engineering and true stress-strain curves of Cu/Al at room temperature
(J. Dufailly 1995)

Ductile properties of the material must take into consideration this big
difference. The easiest way is to use the simple tension test only up to the
strain corresponding to the ultimate stress (¢ = oy,) and to explore the
damage during a low cycle fatigue test for which no necking appears. The
ultimate stress (o) is the true stress (F,,/S where S is the necking section)
if a large deformation theory is used; it is the engineering stress otherwise
(Fy/So where Sy is the initial section of the specimen). The method of iden-
tification of material parameters advised is the one discussed in Sect. 1.4.4
for a fast identification, improved with a numerical optimization if other tests
are available as described in Sect. 2.4. Due to large deformations which corre-
spond to saturated strain hardening at the ultimate stress o, the plasticity
criterion for monotonic tension is

f

ag

:1_D—Uu:O, (3.1)

the energy density release rate Y is almost constant:

2
o
R,=1 and Y = op ~ const, (3.2)
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and the unified damage law reduces to

. YV . a2\ . .
D= (S’) p= <2ES’> lép] if e, >e€pn. (3.3)

A simple integration gives a relation between the critical value of the
damage D, at mesocrack initiation and the plastic strain at rupture epr:

2 S
o
DC = (255) (epR—epD). (34)
This expression may be used to decrease the number of material parameters

in the damage law, as then

D

€pR — €pD

D= lép] it e > €, (3.5)

or by an obvious integration in monotonic loading;:

D:DC< » cpD > . (3.6)

€pR — €pD

The ductile damage is a linear function of the plastic strain. Checking this
property by experiments is a validation of the damage law to be added to the
procedures of identification of Sects. 1.4.4 and 2.4.

An approximate order of magnitude of the damage is obtained with D, =~

0.5, epp = €pRr/2, yielding
1
D~ < P > (3.7)
€pR 2

(recall that (x) denotes the positive part of x).

3.2.2 Case of Proportional Loadingé

As defined in Sect. 2.1.2, the proportional loading condition for a structure
is when the loading induces principal directions of the stresses which are
constant in time but which are eventually different in each point of the struc-
ture,

01 (M,t) = o (t)2i; (M), (3.8)
with the von Mises norm for easy applications
SsDyD (3.9)
ij&iy L .

2
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Let us recall that the main sufficient condition for a structure to be con-
sidered proportionally loaded is when there is only one applied load or when
all the loads vary proportionally to one parameter.

The simplification which arises is the possible a priori integration of the
damage law and the plastic constitutive equations as all the tensors are col-
inear:

03 = ogE?j = Oeq = |o3]

OH

1
oy = 0x Xy = Tx = =Xy - sgn(az) = 32}% -Sgn(Uz) ~ TX elas -

(3.10)

Oeq

The value of the stress triaxiality in elasto-plasticity is usually close to the
value obtained in a pure elastic calculation.
Using the isotropic damage law together with a monotonic loading, we have

po(, S Vo s 3.11)
“\emsa-pp )P "o |
where
2
R, = 3(1 +v)+3(1 —2v)%% = const and Oeq = Oy . (3.12)

Considering natural initial conditions of no damage (D = 0 at the beginning
of the loading), we have

/OD (1 = Dy*dD = <2];"5>5 / t oF (Op(D)at (3.13)

D—1- [1 _(2s+1) (2%5) /t ; cr%s(t)p(t)dt} o , (3.14)

where tp is the time for which the accumulated plastic strain is equal to the
damage threshold p = pp, i.e., for monotonic loading pp = €,p.

This integration may be performed once the time histories ox(t) and
p(t) are determined, from an elasto-plastic computation or from the ini-
tial post-processing of an elastic computation using the Neuber method (see
Sects. 2.1.4 and 3.2.4, respectively.)

If a saturated hardening is considered it is possible to simply relate the
accumulated plastic strain at mesocrack initiation (pgr) to the uniaxial
plastic strain to rupture (epRr):

: i
D—<2E5>p if p>pp. (3.15)
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Integrating with the natural initial conditions and with pp = €,p in mono-
tonic loading leads to

D, = (;;;) (k. — o) (3.16)

and dividing by the same equation in the uniaxial case gives

— 2
PR €D =R, and R, =

5 (1+v)+3(1—-2v)2F, (3.17)
€pR — €pD 3

with ¥ = Tx (the triaxiality).

3.2.3 Sensitivity Analysis(jd
Following the general method of Sect. 2.4.6, the sensitivity to loading condi-
tions and material parameters is determined here on the predicted plastic

strain to rupture using its closed-form expression in proportional loading
(3.16),

2R, \’ 2R\ °
DC - v - = v DC7 1
<2ES> (prR —€pp) Or PR = €D + (2ES) (3.18)

with R, = 3(1+v) + 3(1 — 2v)T%.

The logarithmic derivative allows us to determine the relative error on all
the variables and parameters in order to build the scheme of the qualitative
importance of each of them:

In(pr —epp) =InDc+s(In2+mmE+InS—2lnoy, —InR,) . (3.19)

With the notation dx = |dz| to ensure upper bounds on the errors (of un-
known signs),

d(pr — €pD) _%%r  pr 3D 6 (3.20)
PR — €pD PR PR — €pD €pD PR — €pD
and . s
SR, _ Sv 615 — v 8Tk 6(1 —2v)T2 (3.21)
RV v Ru TX RV ’ .
Writing = Z ST A " where S " are the coeflicients of the sensitivity

matrix of Sect. 2 4.6, we obtain
PR — €pp 65(1 — 2v)T2
Pr Ru ’

— €
gpn — PR Do
b Pr

PR _
Sty =

)
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3

PR — €pD
S = PP s

Pr
SpR _ PR — 6pD |6T)2( - §|VS
v PR Ru ’
GpD
Sf‘i’ - PR
.22
GPR — Pr — €D (3:22)
s Pr ’
— 2ES
gpr — PR D ‘1 ,
DR oiR,
SpR _ PR — €pD
¢ PR

Finally, the scheme of Fig. 3.2 gives an example of the values of the sensi-
tivity parameters and shows the relative importance of each parameter given
by the height of the frames around each sensitivity coefficient. It has more
or less a general qualitative value for ductile failures as it has been obtained
for mean values of the parameters: Tx = 1, R, = 2.07, o, = 500 MPa,
E = 200000 MPa, v = 0.3, epr/€pp = 2, S = 2 MPa, and s = 5.

5
2.9

6 ST 58 SE | p) SV 5 681) 6D

PR R 2 et o e I S S v

PR X

Fig. 3.2. Relative importance of each parameter in ductile failures

The loading is represented here by the triaxiality ratio Tx and by the
stress through o,. Their influences are larger than those of the material pa-
rameters. The parameters which do not need a large accuracy are e,p and
D.. Nevertheless, if all the parameters were known with an error as small
as 1%, the error on the accumulated plastic strain at failure could be of the
order of 10 to 20%. Fortunately, in practice some errors are positive and some
negative!

3.2.4 Stress Concentration and the Neuber Methoddd

The case of small scale yielding allows us to avoid a whole elasto-plastic
calculation of the structure by setting up a plastic correction of an elastic
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structure analysis. Small scale yielding refers to the cases where plastic strain
is limited in energy and in geometrical space. To give a quantitative criterion,
it is in the domain where ooq > oy is below ~ 1% of the volume of the
structure. This corresponds to the zones of stress concentrations as those
close to holes or notches.

To evaluate the risk of a failure the proposed procedure is as follows:

First, perform an elastic structure calculation
Second, do a Neuber local plastic analysis as a correction of the elastic
analysis. Other local energetic methods may be used. For instance, the
strain energy density (SED) method described in Chap. 4 applies better
at free edge points if the plasticity remains very localized. This is the
case for cyclic loadings. For monotonic loadings, the Neuber method is
generally preferred.

e Third, calculate the damage based on the results of the elastic and plastic
analysis. The time integration of the damage evolution law is performed
by using (3.6) or (3.14).

The Neuber method looks like an energy equivalence between the elastic and
the elasto-plastic calculations of the same geometry submitted to the same
loading but it is a heuristic.

For unidimensional states of stress, the product (stress x strain)
calculated in elasticity is assumed to be locally identical to the same product
calculated by means of an elasto-plastic analysis,

oe = (0€),,, at the stress concentration point, (3.23)
where (.)elas means “value determined from a strictly elastic computation,”
even if the stress is above the yield limit. The plastic state is then deter-
mined as the matching of the constitutive equation ¢ = o/E + g¢(o) with
the equation of the hyperbole (stress x strain = the constant determined
by the elastic calculation), where for monotonic loading isotropic harden-
ing R(ep) alone has to be considered (Fig. 3.3). The function g(o) = p is

M
g(o) = (”;{gy) " for the hardening power law.

One may introduce the stress concentration coefficient in elasticity,

KT _ Oelas _ €elas : (324)

On €n

whose value may be found in handbooks (see bibliography) for common engi-
neering geometries. The nominal stress oy, is the nominal uniform stress field
calculated from the external loading by the simple consideration of loads at
equilibrium (see Fig. 3.4), €elas = Oelas/E, and €, = 0,/ E. This allows us to
write the Neuber heuristic as

(3.25)

oe = K%Unen = o=,
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(O Elastic
- behavior

Oclas | o Elasto-plastic

behavior
.
ONeuber
Hyperbola
A - oe=const
Z NS
N
o
o
AN ENeuber \8

Eelas
Fig. 3.3. The Neuber method

F
G =7
y =
<«—— cross section S.,
\
Oelas
G. = i < Gelas(A) =K 10,
n Sn
FAAA A
B
o A <—— cross section Sy

Fig. 3.4. Nominal stress (o) and elastic stress concentration coefficient (Kt) for
an applied load (F)
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The result of the post-processing is the stress ¢ and the plastic strain e,
determined graphically (Fig. 3.3) or analytically: use, for instance, (3.36) for
linear hardening and solve (3.38) with R, = 1 for nonlinear hardening. This
defines the ratio

kNeuber - 7 (326)

Oelas

and the stress concentration coefficient in plasticity as

T kneuber KT . (3.27)

On

For three-dimensional states of stress, Neuber fundamental hypo-
thesis may be written as

Tij€ij = (0ij€ij)glas for monotonic loading, (3.28)

where the quantity (o;j€;;)
elas

olas May also be written in terms of von Mises

stress ogq and stress triaxiality Txelas coming from the elastic reference
computation,
O.elas 2Relas ) 92
(Uijeij)elas = ( o .)E Y and Rilas = 3(1+V)+3(1_2V)T)2(e1as' (329)

The plastic behavior is described by an integrated Hencky—Mises law for
monotonic loading,

D
o
0ij = Eijriere —3G “p and p= R '(0eq —0y), (3.30)
eq
where G is the shear modulus and R(p) is the isotropic hardening law. For
the power law, we have

Oeq — O My
= ed v . 31
r=("") 331

Again, the values of the stress triaxiality Tx and the triaxiality function
R, = 2(14+v) + 3(1—2v)T% are needed in order to properly apply the
Neuber method. Use the proportional loading assumption Tx ~ Tx elas for
general 3D cases. Use Tx = 1/3 and R, = 1 for stress concentration points
located on free edges in plane stress. Use Tx = 0.58 and R, ~ 1.27 for stress
concentration points located on free edges in plane strain (see Sect. 2.1.4).

3.2.4.1 Neuber Method with Linear Hardening, R = C’prj

Assume that an elastic computation gives the product (oij€;),,, as well as

the von Mises stress ag};s at a stress concentration point. The application of

the Neuber method (3.28) leads to
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2
Oeqfty | Oeq (0eq — oy)
O0ij€ij5 = + = (O'ijeij) 1 (332)
E Cy elas
and then the evaluation of the von Mises stress in plasticity oeq if R, is

known. The relationship oeq(082%) is explicit:

€q
E E \’ E
oy + < O'y) +4F <Rl, + > (Uijeij)elas
Cy Cy Cy
Oeq = B , (3.33)
) (R,, + )
Cy
where we define
ENeuber = C:jgs from the Neuber method (3.34)
opes
and the accumulated plastic strain is
Oeq — Oy
3.35
P c, (3.35)

This method has the main advantage of being fully explicit and giving
closed-form expressions for oeq and p. The hardening parameters oy and C\
need to be identified from the tensile stress-strain curve within a range in
accordance with the value of the plastic strain finally estimated.

For the 1D case,
c, C2\ o2
1 1 4 y y elas
(G )

y

= nK euber — nK s .
0 = onKTkNeub on K7 <Cy ) _— (3.36)
2 +1
E Oy
with oelas = KT0p.
3.2.4.2 Neuber Method with Nonlinear Hardening,
R = RY, (1 — exp (—byp))??
The accumulated plastic strain is
1 R +o0y — 0o
P(0eq) = G(0eq) = b In ( Ryy q) (3.37)
y o0
and the Neuber method now reads (R, known):
crg R,
oijij = g+ 0eaP(0cq) = (9i€is)otas (3.38)

an equation which has to be solved numerically to estimate the von Mises
stress in plasticity oeq, and then the accumulated plastic strain p and the

auxiliary function kneuber = Teq/ oee,lqas.
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Considering a nonlinear hardening gives better results but a mathematical
software is needed to solve the nonlinear equation (3.38).

3.2.4.3 Neuber Method Coupled with Damage

When damage occurs, the Neuber method can still be used but with the
stress replaced by the effective stress, deq = 0eq/(1 — D).
Equation (3.33) for linear hardening becomes

E E 2 E
c oy + \/(O Uy) +4F <RV C > (Uijeij)elas
- y y Y
- (3.39)

E
2| Ry
(=+3)

and equation (3.38) for nonlinear hardening becomes

=2
ToqBv

E + &eqp(ﬁeq) = (Uijeij)elas ) (3.40)

with the accumulated plastic strain

p= o) = R -0 =g (P o) ()

The damage is equal to D, at crack initiation.

3.2.5 Safety Margin and Crack Arrest(j

The main parameter which allows us to evaluate how far or close a loaded
structure is to a ductile mesocrack initiation is the maximum accumulated
plastic strain p resulting from a structure analysis.

The plastic strain corresponding to a mesocrack initiation is given by the
damage analysis:

2
osRy

9FS ) =pp + (epr — D) R, 7. (3.42)

PR =DD + D, (
If the number Saf > 1 is the safety factor to take into consideration in
engineering, the safety margin is defined by

Pr
5 3.43
Saf ( )
with Saf=5, 2, or 1.1 depending on the compromise adopted between secu-
rity and weight design.



3.2 Fast Calculation of Structural Failures 153

Once the mesocrack is initiated, it is often important to check its rate of
growth. As a finite crack exists, the simple Continuum Damage Mechanics is
not appropriate any more and the concepts of Fracture Mechanics by cracking
can be applied. The behavior of a ductile crack is approximately governed
by a resistant curve (or R-curve) that depends on each material: an energy
which depends on the area of the crack A,

Re = Re(A— Ayp), (3.44)

where the function R.(A — Ap) is known from experiments (Fig. 3.5) and
where Ay is the area of the mesocrack initiated by damage (see Sect. 1.6.3),

2
Ay = Ge . (3.45)

o2 2
<2£’DC + UuepR>

The energy available for the crack growth is determined by the structure
strain energy release rate (G) that depends on the geometry of the structure
and the far field loading (o),

G=G(Ao0s). (3.46)

It can be calculated from the Fracture Mechanics concepts and has the general

form of
o2 mA/?

E )
with k a dimensionless shape parameter.

G=r (3.47)

Fig. 3.5. Ductile crack growth governed by the R-curve
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The strain energy release rate G is compared to the resistant curve
(Fig. 3.5) as the fracture behavior is determined by

G(A,000) = Ro(A — Ay). (3.48)

e If this equality is satisfied, the intersection I of the two curves exists,
there will be a crack arrest for the value of o4, considered and a stable
growth of the crack if o, increases.

e If this equality is not satisfied, which means G > R, there will be a fast
crack propagation by instability as soon as the tangent point I is reached:

oG OR.

oA = oA Al (3.49)

If the R-curve for the considered material is not available, there is always the
possibility to compare the strain energy release rate for the value Ag of the
crack area with the toughness G.: does mogowA(lJ/ ? /E remain much smaller
than G.7 If yes, be happy!

3.3 Basic Engineering Examples

Some basic geometries and loadings are very common in engineering. For
plates with holes or notches, for cylinders or for some plane stress prob-
lems there are approximate solutions which allow for fast calculations of the
mesocrack initiation conditions. Furthermore, some results can be expressed
in non dimensional form for use in large problem sets.

Here again, the damage is considered isotropic without the quasi-unilateral
condition of microdefects closure.

3.3.1 Plates or Members with Holes or Notchesd

These are all cases where the critical RVE is submitted to a stress concen-
tration, inducing a small scale local plasticity. Assume that the local elastic
stress, ignoring the plasticity, is known for a monotonic loading either from
a structure calculation or through the stress concentration coefficient (Kr)
which may be found in handbooks (see bibliography):

ol — Kroy, . (3.50)

eq

with o, the nominal stress. When the load (o) increases, small scale local
plasticity develops which decreases the stress concentration determined now
from the 1D Neuber correction (as the stress concentration lies on a free
surface, see Sect. 3.2.4). Then

elas
Ooy = (0P8 = Kto, . )
eq k NeuberCeq kNeuber TOn (3 1)
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This stress is used to calculate the accumulated plastic strain p which ensures
the mesocrack initiation when it reaches epr or ejg given by the critical
damage condition of Sect. 3.2.1,

(3.52)

2R, \ 2ES Y’
DC:(2ES>(epR—epD) or epR:epD+DC< >

o2R,

with R, = 1 for thin plates with the hypothesis of plane stresses and
R, = 1.27 for thick plates with the hypothesis of plane strains (stress tri-
axiality Tx = 0.58 from Sect. 2.1.4).

3.3.1.1 Linear Hardening

E E _\° E
Oy + \/( Uy) +4F <Rl/ + ) (Uijeij)elas
G Cy Cy (3.53)

k euber — ;
Neub E elas
2 R, + c, (b

with Cy the plastic modulus such that

Oeq

p:<1—g_0y>. (3.54)

Writing the rupture condition as

Oeq

— .
1—- D, v 2ES
€pR = < o > = epp + De (U2R > , (3.55)
y utlv
from which
2ES
Oeq = (1 = D) [oy +Cy (epD + D, (02R ) )] (3.56)

and the failure condition is

Oeq - Oeq
n — ) eq — . 3.57
7 kNeuberKT Teq 1- Dc ( )

3.3.1.2 Exponential Hardening, R = RY_ (1 — exp (—byp))

kNeuber = Feq/ o¢l2s is determined by the Neuber method (3.38), with

eq

1. (RY, +0,—6e.

p=-, m( ey q). (3.58)
y (o]
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Writing the rupture condition

Oe
Ry + O'y — a s
> 1—- D, 2ES
p= _by In RY. = €pp + Dq <012]Ru) , (3.59)
from which
2ES Y
Ueq = (1 _DC) {oy +Rgo |:]' — €xp <_by <6PD +DC (UgRy) >):|} )
(3.60)
the failure condition is
5eq ~ Oeq
n — ) eq — . .61
7 kNeuberKT Tea 1-— DC (3 6 )

3.3.2 Pressurized Shallow Cylindersé

A pressurized cylinder may explode if a crack is initiated through the phe-
nomenon of ductility. It may happen in pipes or during the process of hy-
droforming. If the cylinder is considered long enough, with a thin thickness
(tey1) compared to the mean radius (Rey1, Fig. 3.6), the state of stress derives
simply from overall equilibrium equations.

Fig. 3.6. Pressurized circular cylinder

In cylindrical coordinates (r, 6, z) with P as the internal pressure, we have

~0 O 0
PRC 1
0 Y 0
o= teyl ) (3.62)
0 o Dhen
2ty

from which it is easy to determine
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3 PR,
e The von Mises equivalent stress oeq = \é . !
cyl
PR,
e The hydrostatic stress o = Fen
2tcyl
1
o The triaxiality ratio Tx = 1 =
Oeq V3
e The triaxiality function
2 5—4
R, = (140 +31-2)TF="", . (3.63)

or R, =1.27 for v = 0.3

A rough approximation consists of writing the condition of brittle fracture
of Chap. 7 through the damage equivalent stress ¢* derived in Sect. 1.2.2
(1.34), using

0 =0, or o RY*=0y, (3.64)
where o0, is the ultimate stress in tension. The term P, is the critical pressure
at mesocrack initiation, where

P.R. —4
V3 PRy \/5 v _ o (3.65)
2 eyl 3
gives
2 teyl
P. = Ou . 3.66
V5 — 4v Ry ( )

The critical pressure is linear with the ultimate stress and the thickness-radius
ratio.

A Dbetter analysis consists of the resolution of the unified damage law
together with the plastic constitutive equations for which the hypothesis of
linear hardening is sufficient:

Oeq

p:<1—g_oy>. (3.67)

Since the loading is proportional and monotonic, considering the saturated
strain hardening allows us to use the result of Sect. 3.2.5 (3.42):

2
osRy

9ES ) = €pD + (épR — épD)R;S . (368)

pR:pD+DC<

There will be a mesocrack initiation for the pressure corresponding to the
accumulated plastic strain value equal to pr, such that

\/’?)PC-RCyl O'y 5 _ 4]/ —S
e(l— D)Cy  Cy PP + ( 3 ) (epr — €pD) (3.69)
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or

2 tcyl

c = 1_Dc
\/3Rcyl( )

oy +Cy <€pD + (5 _341/)_5 (€pr — 6pD)>] .

(3.70)
The critical pressure is still linear with the ratio tcy1/Rcy1 but depends on the
damage properties.

Example of a Pipe

For a pipe made of ferritic steel at room temperature:
E = 200000 MPa, v = 0.3, oy = 375 MPa, o, = 474 MPa, €, = 0.15,
Cy~ 7" %Y 2660 MPa, epp = 0.15, €pr = 0.32, Do = 0.3, 5 = 2.4.

€pu
Equation (3.70) gives P, = 435 ;{:‘l (MPa). The condition of brittle frac-

ture (3.66) leads to P, = 486 ;{:‘l (MPa) which overestimates the pressure by
a factor of 12%.

3.3.3 Post-Buckling in Bendingd

A situation which often occurs in accident evaluation is a post-buckling de-
formation following an instability due to buckling. The purpose here is to
evaluate the energy absorbed by plastic deformation, taking into account the
damage up to a mesocrack initiation for an elementary volume loaded in pure
bending at slow strain rate.

The problem reduces to the analysis of a beam element of length [, height
h and width b, loaded in circular bending of radius of curvature p up to
a maximum plastic strain e,r or €5g (Fig. 3.7).

The elementary beam theory is used together with the Bernoulli hypothe-
sis applied on the plastic strain as the elastic strain can be neglected, yielding

2
€ = EpM ;LJ , (3.71)

where €M is the maximum uniaxial plastic strain reached in the cross sec-
tion and epnm = €pr at mesocrack initiation. The density of energy to create
a tension defined by a plastic strain €, is

P

w 2/ odeP . (3.72)
0

For a material subjected to a power law hardening (with the yield stress
taken as oy = 0) and the unified damage law (3.6) of Sect. 3.2.1 (with the
damage threshold taken equal to e,p = 0), we have
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Fig. 3.7. Elementary bending of a rectangular beam

and D=D, P . (3.73)
Then,

€p
w= / <1 — D, ® > ngé/Modep
0 €pR

0
My Mo +1 DcKp My Mo +1

Mo

eor 2Mo+ 17

(3.74)

At this stage it is interesting to compare the energy involved without any
damage at crack initiation (ep, = €pr, W = WR):

woz/ep K2 /Mode = Mo Koe%&:’rl (3.75)
o PP P My+17PP
and

WR = Wo <1 — D, 2]\]\4/[00111> . (3.76)

This shows that a calculation made without consideration of damage leads
to an overestimation of about wyD./2, a relative error of 10 to 25%.

Back to the bending problem, w has to be integrated in the whole volume
with the linear variation of €, in height e, = epm 2,?:
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h/2 €p(y) €
W = 2bl / / <1 -D. °® ) KJel/Mode,dy (3.77)
0 0 €pR
or
MO Mot+1 M() MO €EpM
W = bhiK) Mo — D, PR 3.78
PoNMy+ 1P My +1 3Mo+ 1 e (378)
If the damage is not taken into consideration, then
M2 Mo+1
Wy = bhlK? 0 Mo 7
0 P(2My + 1) (Mo + 1) P (3.79)
and for the mesocrack initiation condition (e, = epr, W = Wr),
My+1
Wr =Wy (1- D, . 3.80
—_— ( 3M0+ 1) (3.80)

When damage is not taken into account, the result is again an overestimation
of the energy. The relative difference is slightly smaller and of about D./3,
that is 7 to 17%.

For the practical applications of bar structures collapsing with ny, identical
plastic hinges, we estimate the bending length as a full bending: | = wh/2
(see Fig. 3.7) and take the following as a rough estimation of the energy
absorbed:

h? 0

T M?2 Mo-+1 My +1
W = nyb 0 R (1-D
R(w) =mb "y Kooy 1) (M + 1) PR

c 3.81
3My + 1) ( )

My My
. OR u

or with e g = {(1 D )KO} ~ {KO] ,
c/5p P

wh? Mg My+1

= u 1_Dc 9 . 2
W) =mb- (2Mo + 1)(Mo +1)° epR( 3Mo+1> (8.82)

which only needs the knowledge of the geometry b, h, and the material pa-
rameters oy, €pr, Mo, and De.

3.3.4 Damage Criteria in Proportional Loading(j

The case of proportional loading allows us to derive the mesocrack initiation
condition as a function of the state of stresses or strains with the need of only
a few material parameters. Equation (3.17) derived in Sect. 3.2.2 for saturated
hardening is used here but its application is limited to positive stresses as the
damage is considered isotropic, without any effect of microdefects closure in
compression:

PR — €pD

€pR — €pD

= R;*®. (3.83)
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3.3.4.1 Three-Dimensional Loading

The large effect of the triaxiality ratio Tx = ou/0eq on the accumulated
plastic strain at mesocrack initiation pg is shown in Fig. 3.8. The value of pg
may be deduced from the graphs if the values of the damage threshold €,p,
the damage exponent s, the plastic strain to rupture in pure tension €,r, and
the triaxiality ratio from a structure calculation are known.

PR —€pD

3
>

€pR —EpD

1.5 4

0.5 -

1
I
I
I
I
1
1
1
I
1
L
3

0

Fig. 3.8. Triaxiality makes materials more brittle!

3.3.4.2 Case of Plane Strains

The case of plain strains applies to thick sheets for which the strain within the
thickness €3 is considered negligible in comparison to the in-plane principal
strains ¢; and es:

€1 00 cp 0 0
e=10e0 and o= {0020 | . (3.84)
000 0 0 o3

Neglecting the elastic strains, the condition of plastic incompressibility gives
€p = —€71. (385)

The plastic constitutive equations integrated in case of proportional loading
gives back the Hencky—Mises law with p = g(0eq, D):
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3 ol
€3 = ,9(0eq, D) . (3.86)
Oeq
from which o} =0,
3 ol
€1 = 2g(UEan) 0_11 )
o (3.87)
€ = 3 (Ceq, D) 722
2 — 29 eq> Oeq .
As €3 = —¢1, 0y = —ob), it follows that
1
03 = 2(01+02) )
1
oH = 9 (01 +02) , (3.88)
Oeq = \/3|a — 09|
eq — 2 1 2] -
The accumulated plastic strain is
2 2
p=y2@+d= 2 ol 559
and the crack initiation criterion becomes
? Jal
€1| — €pD
V3 — R (3.90)
GpR — GpD
or
le1] = |ez

V3
) €pD + (€pR — €pD)

01— 02

§(1+I/)+(1—2u) (”1“’2)2]_

(3.91)
The case 01 = 02 corresponds to a pure hydrostatic state of stress o1 = 09 =
o3 for which there is no plastic strain and no damage since it would need
infinite strains.

3.3.4.3 Case of Plane Stresses

The case of plane stresses applies to thin sheets for which the stress within
the thickness o3 is considered as negligible in comparison to the in-plane
principal stresses o1 and os.
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With the condition of incompressibility €x, = 0, and neglecting the elastic
strains,

o1 00 €1 0 0
oc=1]0020], e=|0 e 0 (3.92)
000 0 0 —(e1 +e2)
To use the condition of mesocrack initiation (3.17)
PR= D _ ps (3.93)
€pR — €pD

one needs the accumulated plastic strain and the triaxiality function ex-
pressed either as functions of the strains or of the stresses.

3.8.4.3.1 Plane Stress Criterion as a Function of the Strains

2 2
p= \/36363 = /3 \/e% + €3 + €162 (3.94)

The triaxiality ratio ou/ceq may be derived from the plastic constitutive
equations (3.87). Both o and oeq may be expressed as a function of oy and
€a/€1. First of all

D
€2 (o2
o= =, (3.95)
1 o1
with
D 1 D 1
ol =01 — 3(01 +o02) and oy =02 — 3(01 + 02). (3.96)
It follows that .
2% 41
€1
09 = 01 . (397)
94
€1
Then,
. o 2?11
_ _ €1
UH—3(01+02)— 3 1+ 2+€2 , (3.98)
€1
€2 2 €2
1 26 +1 26 +1
Teq = \/(01—02)2+0’f+0§=0’1 Pl |l e | T
V2 24 2 24 2
+ o + o
(3.99)
and ‘
o s
Tx =" = € . (3.100)

Teq e\’ e
V3 + 741
€1 €1



164 3 Ductile Failures

Finally at rupture, we have

—S

2\/ 62"'1 2
€2+62+61€2—6D 2
vavho e P 1+v)+(1-2v) ‘1

€pR — €pD 3

(3.101)
A resolution by any mathematics software with e;p = 0 gives the graphs

of Fig. 3.9 where the proportional loading is always a straight line in the plot
of e2/€pr Vs €1/€epr. The admissible domain for the couple of strains ¢; and
€5 is smaller and smaller as the damage exponent s increases.

€2

=05+

Fig. 3.9. Strain limit curves in plane stresses (ep,p = 0)

3.8.4.3.2 Plane Stress Criterion as a Function of Stresses

1
on = 3(01 + 02)

1
Oeq = \/2\/(‘71 —02)? + (02 —03)? 4 (03 —01)? = \/‘7% + 03 — 0102

(3.102)

The plastic strain needs to be expressed as a function of the stresses. Using
again the integrated plastic constitutive equations again, but with a zero yield
stress, allows us to obtain a simple expression for the ratio pr/epr.



3.3 Basic Engineering Examples 165

The hardening law reads:

(3.103)

p=sowD) = [ " Kg}% |

Close to crack initiation the hardening is close to saturation, leading to

MQ MD MD
= Teq and eyR = R ~ | "
PR=1(1 - Dok PR (1 = DK K9]
(3.104)
Then M
0
PR Oeq
= 3.105
€pR {Uu(l _DC)} 7 ( )
where ' = R, gives
€pR
2 2 2 Y
\/cr1 + 05 — 0109 2 1 (o1 + 02) 0
= 1 1-2 .
(1= D¢)oy {3( )+ 3( V)J%-i-ag — 0109
(3.106)
02 von Mises criterion
(I_Dc)cu o /ch =(1-Dyo, =og
1 = ~
G*\criterion
/ c*:cequ/zch
08 + \
\
\
0.6 T i
i 1
MO /’
|
04 + ,
/
!
02 + /
/ O1
(1 _Dc)cu

0 0.2 0.4 0.6 0.8 1

Fig. 3.10. Stress limit curves in plane stresses (ep,p = 0)
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If the damage threshold is considered as e;p = 0, the stress condition
of mesocrack initiation depends only on the ultimate stress oy, the critical
damage D., and the ratio of the damage and plastic exponents s/My, as
shown in Fig. 3.10.

In the same figure, the von Mises criterion is plotted to show which mis-
take may be made in using it as a rupture criterion when the triaxiality ratio
differs from =~ 1/3. The damage equivalent stress criterion c* = aequl,/ 2= OR
corresponds to the curve s/My = 0.5.

3.4 Numerical Failure Analysis

For complex geometries and loadings, closed-form solutions for the stress,
strain, and damage fields usually do not exist and the loading is often non-
proportional at most Gauss points of finite element analyses. No simplifying
assumptions can be made, except the earlier hypothesis of localized plasticity
(small scale yielding) which gives the possibility to efficiently use the Neuber
method as described in Sect. 3.2.4. When plasticity takes place in a non-
negligible domain of the structure (one speaks then of large scale yielding),
stress redistribution occurs. It may have an accelerating effect on the failure
conditions as it enhances the phenomenon of strain and damage localiza-
tion.

We then use computer codes and perform FE analyses with the fully-
coupled damage constitutive equations of Chap. 1. For ductile failures we
use the damage initiation criterion written in terms of plastic strain where
pp = €pp (see Sect. 1.4.1). For monotonic loading, we use the single isotropic
hardening R with either the exponential law R = RY_ (1 — exp (—byr)), the
power law R = K} /My or the linear law R = Cyr. When a numerical analy-
sis is performed, there is no more reason to consider the unified damage law
reduced to isotropy. We strongly advise using the anisotropic law to obtain
a better accuracy. It requires only one additional material parameter which
in practice may be taken as n = 3. The consideration of the quasi-unilateral
conditions of microdefects closure is not necessary as far as monotonic loading
is applied.

For more details see for instance Sect. 2.2.6 for the use of the fully-coupled
scheme and more generally Sect. 2.2 for its numerical implementation, as well
as Sects. 1.4.4 and 2.4 for the material parameters identification.

Other models concern ductile failures: an anisotropic plasticity model with
the Hill yield surface that is compatible with the effective stress concept is
described at the end of this chapter; the model extension to finite strains
is briefly exposed in next section; and the Gurson model specific to ductile
failure of porous materials is summarized in Sect. 3.4.5 and used for the
cross identification of the unified damage law. Frames may be analyzed by
limit analysis incorporing damage through Lumped Damage Mechanics of
Sect. 3.4.6.



3.4 Numerical Failure Analysis 167

3.4.1 Finite Strainsééé
When ductile failure occurs, the strains often become too large for the small
strain perturbation hypothesis to remain valid: for metals the plastic strain
at rupture is usually larger than 0.1 (and most of the time smaller than 1); for
polymers it may reach much larger values corresponding sometimes to a few
hundred percent. The large deformations framework has to be used and this
can be done only with the help of computer codes.

Different solutions exist to extend nonlinear small strain constitutive
equations to finite strains, mainly related to the material behavior description
in either the reference initial configuration Cy or in the deformed or actual
configuration C(t) at time t. The link between Cy and C(t) is the gradient of
the transformation F' and F7 is its transpose.

One may consider different strain tensors, such as the Green—Lagrange
tensor (E) in the reference configuration, the Euler—Almansi tensor (A)

in C(t),
E= ; (FTF - 1) and A= ; (1 - F’TF’l) , (3.107)

and even different strain rate tensors such as the velocity gradient L or its
symmetric part: the strain rate tensor A,

L=FF"' and A= ; (L+LT) . (3.108)

But considering one definition instead of another does not provide an equiv-
alent description and leads to different theories. Their use is also related to
stress tensors definitions:

e The second Piola—Kirchhoff tensor S associated with E (defined in the
reference configuration Cy),
The Cauchy stress tensor o associated with A (defined in C(t)), and
The first Piola-Kirchhoff stress tensor T associated with F'. The tensors
F and 7 are not symmetric.

The following relations stand:

(det F) o = 7FT = FSFT, (3.109)
and one has the energetic equivalence
1 1 . 1 .
c: A= T1:F= S:E, (3.110)
P £0 Po

with po as the initial density in Cy and p = po/ det F' as the actual density
in C(t).

There are also theoretical difficulties concerning the objectivity and frame-
work independency of the time derivative of the stress tensor, the main ques-
tion being, “In which framework or configuration do we take the derivatives?”
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Different answers to this question lead to different definitions of the derivative
(called objective), the most “popular” being the Jaumann derivative,
dy
dt

The Truesdell derivative is also considered; it corresponds to the reactu-
alized Lagrangian formulation,

1
a:d—ww+Umemth:2(L—Lﬂ. (3.111)

dy
dt
but other good (better?) definitions exist. We briefly present here three pos-
sible formulations and further details about objectivity or about plasticity
and thermodynamics within the large deformation framework given in the
books by G. Maugin (1992) and P. Ladeveze (1996). The thermodynamics
framework of Chap. 1 then applies strictly if the constitutive equations are
written in a “rotated” configuration.
In order to keep the presentation simple, only isotropic hardening (vari-
ables R, r) and isotropic damage (variables Y, D) are considered here.

o=6—Lo—oL" +tr(L)o, (3.112)

3.4.1.1 Additive Split of the Strain Rate Tensor

The strain rates €, €°, and é€° of small deformation formulation are replaced
by A, A° AP and the stress rate by Jaumann objective derivative (3.111).
The strain rate partition reads

A=A+ AP. (3.113)
The elasticity law is written in the rate form

d;

dt

with a an objective elasticity tensor.
The yield criterion is written in terms of the von Mises invariant of the
Cauchy stress,

oc=a:A°, (3.114)

lef%—R—% with R = R(r) (3.115)

and the normality rule

. A=i=p(1-D),
ar =39 i {7 Qp( ) (3.116)
oo p=/2A7: A

which ensures the plastic incompressibility.
The damage evolution remains the same as for the small strain formulation
of Chap. 1:

. Y\’
D = (S) P if p>epp. (3.117)



3.4 Numerical Failure Analysis 169
3.4.1.2 Multiplicative Decomposition of F
The multiplicative decomposition
F = F°F?® (3.118)

defines an intermediate relaxed configuration which in small strain plasticity
corresponds to the linearly-unloaded state. It defines an elastic strain tensor,

E° = ; (FeTFe - 1) , (3.119)

associated with the stress tensor S° in order to derive the elasticity law as

e Pi 1e-1 e—1T aw
S¢="F"coF = p; , 3.120
with p; the density for the relaxed configuration.
The yield criterion is written as
Eeq : 1 eT e Qe
le_D—R(r)—Uy with E:piF F°S (3.121)
and the normality rule of standard generalized materials gives
. ‘ A=7=p(1-D)
et =39 i o N
0% p= /2 (FrFet) s (Free),
(3.122)
. YV
D:<S)p if P > €pD -

3.4.1.3 Reactualized Lagrangian Formulation

This formulation extends the rate formulation & = L : € of small strain
problems to large deformations

e By considering C(¢) permanently as the reference configuration: take
F(t) =1 at any time ¢ (but F # 0) and

e By still considering the rate formulation, but on the deformed structure.
It is then equivalent to § = L : E, with S and E defined with respect to
C(t).

From (3.109) and (3.110), one can see that S and E are in fact replaced by
o and A and after some calculations that S is replaced by the Truesdell
derivative of the Cauchy stress tensor dd“;‘ o.

For numerical finite element analysis, the extension to finite strains is in-
cremental and for the computation of the solution at time t,,1, the deformed

mesh C(t) = C(t,) is used.
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3.4.2 Deep Drawing Limitséé

During deep drawing or forming processes to induce large plastic deforma-
tion of thin sheets, there are limitations in strains due to instabilities at
small scale, instability of the phenomenon of strain localization, and crack
initiation.

The first limitation governs the appearance of the surfaces. The second
governs the local reduction of thickness; it appears sooner in the process of
hydro-forming than in classical deep drawing. The third limitation is the lo-
cal rupture of the sheet.

3.4.2.1 Forming Limits by Strain Localization

Knowing the loading path, the limit may be predicted by the strain damage
localization criterion of Sect. 1.6.2:

det(RLA) = 0, (3.123)

where L is the fourth order tangent operator derived from the elasto-plastic
constitutive equations that may or may not be coupled with damage and 7
is the normal to the plane of localization.

Considering the problem of plane stress in proportional loading of
Sect. 3.3.4, but without any simplified hypothesis here, it is possible to find
at each increment the minimum of the criterion det(77L7) with respect to
any normal 7 and to check when det(77 L) = 0 is satisfied.

Working with uniform fields of stresses and strains, we have

o1 00 €1 0 0
o=|0020], e= |0 e 0 . (3.124)
00O 0 0 —(e1 +e€2)

and Fig. 3.11 gives an example for steel with the following parameters: £ =
200000 MPa, v = 0.3, o, = 200 MPa, KJ = 10000 MPa, My = 1.66, ¢,p = 0,
s = 1, and S = 0.5 MPa. Numerical simulations show that the shape of
the curve is very sensitive to the value of the plastic exponent M, of the
hardening law R = Kgrl/MY.

3.4.2.2 Forming Limits by Mesocrack Initiation

The problem of plane stress has already been solved in Sect. 3.3.4 but with
a set of simplifications to yield a closed-form solution: proportional load-
ing, elastic strain neglected, hardening saturated, and damage considered as
isotropic.

With numerical simulations it is possible to be closer to reality where
the forming processes are executed in several steps eventually on different
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Fig. 3.11. Strain localization limit curves of deep drawing (I. Doghri 1989)

machines which correspond to non-proportional loadings, inducing effects of
anisotropy. Furthermore, it can be interesting to beneficiate from particu-
lar loading paths to minimize the damage in order to increase the limit of
forming.

Let us consider again the case of a plane stress problem and look for
the strain forming limits in the plane (€1, €2). The limits are defined by the
anisotropic critical damage criterion

max D; = D, (3.125)

for different proportional and non-proportional loading paths represented in
Fig. 3.12 as thin lines finishing by the point of mesocrack initiation.

The material is ARCELOR steel SOLDUR 355. The constitutive equa-
tions are those of elasto-plasticity coupled with anisotropic damage and
microdefects closure effect of Table 1.6 (Sect. 1.5). A single isotropic harden-
ing is considered with an exponential law R = RY_ (1 — exp (—byr)). Tensile
tests performed on small specimens cut inside large plates damaged either
in uniaxial tension or in plane tension, giving both the n-parameter and the
anisotropic damage evolution for different stress triaxialities (see Sect. 1.3.3).
The set of material parameters is: £ = 230000 MPa, v = 0.3, o, = 375
MPa, RY, = 120 MPa, b, = 25, e;p = 2.5- 1072, h, = 0, S = 0.43 MPa,
s =4, n = 28, and D, = 0.5. Note that this corresponds to the same
stress-strain response in tension as with h, = 1 and S = 0.57 MPa for
the model without microdefects closure effect. The computations are per-
formed with the ZeBulon FE code using the numerical implicit scheme of
Sect. 2.2.5.

The numerical results for many monotonic proportional loading paths
allow us to build the crack initiation limit curve of deep drawing (solid curve
of Fig. 3.12) in which are also reported the results for some non-proportional
paths (points e).
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Fig. 3.12. Computed crack initiation limit curve and points of deep drawing of
SOLDUR 355 (R. Desmorat and J. Besson 2004)

e It is seen that very large strains may be obtained for loadings close to pure
shear e = —e;. This is the case of hydroforming of tube-like structures
with axial compression added to pressure.

e The reality taking into account both localization and damage is a curve
below the crack initiation curve of Fig. 3.12, with a flatter part for ¢; > 0
due to easier strain localization conditions.

e Some computed non-proportional loading paths exhibit a crack initiation
below the proportional limit curve. Some specific non-proportional load-
ings increase the limit of forming as shown by F. Moussy and J.P. Corde-
bois (1990). This is mainly the case for the path ez = 2¢; up to e; = 0.1,
followed by é2 = —é1/2 (parallel to the tensile path) up to eo = 0.29 which
is found to be very beneficial.

This kind of calculations offers the possibility to optimize loading paths to
reach a state of strain with a minimum value of the damage.

o[@)

3.4.3 Damage in Cold Extrusion Process
(K. Saanouni 2002)

Another important difficulty concerning the forming processes is the exis-
tence and then the determination of possible local instabilities. The global
instabilities are well predicted from elasto-plastic structure computations.
The local instabilities leading to damage initiation and to microcrack growth
can only be studied by use of the damage mechanics constitutive equations.
They correspond to the reach of the critical damage D, for the local damage
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as in the following example or to the strain damage localization det(7iL#) = 0
as in the example of Sect. 3.4.4.

The forward cold extrusion process consists of obtaining a bar or a wire of
diameter d from a bigger bar of diameter dy by pushing the material through
a die. The quality of the result depends on several parameters: the ratio of
the diameter d/dg, the angle of the die «, the lubrication, and of course the
ductility of the material. The optimization of the process consists of choosing
these parameters in order to obtain bars with adequate properties and to
avoid large damage leading to chevrons as in Fig. 3.13.

Fig. 3.13. Picture (M. Grange) and numerical simulations of damage and inside
chevrons cracking during forward cold extrusion

It is possible to catch this periodic phenomenon using the finite strains
framework and the constitutive equations of elasto-plasticity coupled with
damage of Sect. 1.5.2, Table 1.3, or something similar. The corresponding
finite element analysis does not ensure the convergence regarding the mesh
size but in the following example, the smallest mesh size was adjusted to
correctly fit a simple tensile test calculated by an axisymmetric FEA in the
softening range up to failure. For the extrusion of the circular bar of diam-
eter dyp = 35 mm reduced to a diameter d = 31 mm, the meshing consists
of 1312 triangular linear elements. The material is a ductile steel of yield
stress oy = 300 MPa, ultimate stress o, = 390 MPa, and rupture strain
er = 0.7. Tt is represented by the damage law D = (Y/S)™ p/(1 — D)®,
with § = 500 MPa, s; = 2.5, and so = 7.5. The axisymmetric calcula-
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tion of the extrusion process corresponding to the picture of Fig. 3.13 was
performed with FORGE 2 code using the reactualized Lagrangian formula-
tion, the elements being removed when the damage reaches its critical value.
The result is given in Fig. 3.13, with a close similitude with the experi-
ment. The discrete appearance of the chevrons is due to the redistribution
of stresses, a consequence of the coupling of damage with elasticity — if this
coupling is neglected, the damaged zone is continuous all along the axis of
the specimen.

As far as the specimen goes in the die, there is a large gradient of damage
mainly governed by the stress triaxiality with a loss of rigidity. As the material
moves on, a chevron crack forms at an angle determined by the angle of the
die. At the same time the relaxation of stresses in the ligament behind the
chevron does not produce any more damage until the material has moved on
a certain distance to recover a damaging stress level. A new chevron crack
then initiates ... and so on ...

From this kind of analysis performed on many cases, the following quali-
tative observations can help to decrease the risk of such damage and obtain
a small damage state without any chevron:

A small diameter reduction (e.g., 16%) needs a small die angle (= 4°)

A large diameter reduction (e.g., 30%) may be obtained in good conditions
with a large die angle (&~ 15°) which decreases the contact surface

A large ductility of the material is better, of course

A large friction (e.g., a friction coefficient of 0.2) can prevent the formation
of chevrons but it increases the load to perform the process and damage
may occur at the surface of the material due to the heavy contact with
the die.

Nevertheless, these results may be helpful in the preparation of a precise
numerical procedure of optimization of any extrusion process.

o

3.4.4 Crack Initiation Direction
(R. Billardon and I. Doghri 1989)

The question of the direction in which a mesocrack initiates is of first im-
portance if a Fracture Mechanics analysis must be performed afterwards to
determine the conditions of crack growth (see Sect. 3.2.5). An example is
given below using the localization criterion of Sect. 1.6.2 for which the math-
ematical problem consists of determining the normal 7 (and the tangent
operator L) which makes

det(iLii) = 0. (3.126)

Consider the notched specimen of Fig. 3.14 with an out-of-axis hole of di-
ameter ¢ = lmm, inducing a stress concentration area which may model an
initial macroscopic defect of non-negligible size at the scale of the structure.
The material is an aluminum alloy 2024 at room temperature.
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41.25 mm

Fig. 3.14. Notched plate with a hole and iso-damage curves with the strain local-
ization directions (R. Billardon and I. Doghri 1989)

A monotonic displacement u(t) is applied. Before any crack initiates, the
small hole ovalizes strongly and the specimen bends (without any buckling).
The first crack initiates on the hole edge and propagates quickly toward
the notched edge. A second crack initiates also on the hole and propagates
through the whole specimen up to complete failure. The direction of the first
crack is not easily guessed as it does not coincide with the shortest distance
between the hole and the notch. Furthermore, the two possible directions for
the crack initiated are observed on each side of the specimen, with the crack
finally taking an intermediate direction.

The numerical simulation of this experiment has been performed in elasto-
plasticity coupled with isotropic damage with ABAQUS code. The mesh is
made of 8-node isoparametric elements with reduced integration. Plane stress
conditions apply. The material parameters of the 2024 aluminum alloy con-
sidered are:

E = 72000 MPa, v = 0.33 for elasticity
oy = 273.5 MPa for the yield stress

R = 275 MPa, b = 1.86 for the exponential isotropic hardening law
C = 4950 MPa, v = 37.2 for the nonlinear kinematic hardening law

pp = €pp =0, S = 1.3 MPa, s = 1 for damage evolution

Figure (3.14) also gives the iso-damage curves around the hole at strain-
damage localization where det(77 L) = 0. In agreement with the experiments,
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two normals of localization (i1 and 7i2) are obtained showing the ability of
the criterion to predict the direction of the cracks initiated drawn in solid
lines on the figure.

3.4.5 Porous Materials — the Gurson Modeléé
(A.L. Gurson 1977, V. Tvergaard and A. Needleman 1984)

Porous materials submitted to heavy loadings are subjected to volume or
density change. Furthermore, the cavities can grow due to a ductile damage
process. This is the case for geomaterials, powders, and also for certain steels
where cavities may nucleate at the neighborhood of defects, grow by plastic
deformation, and finally give a mesocrack by coalescence. The early Gurson
model mathematically describes mainly the second mechanism. The Gurson—
Tvergaard-Needleman (GTN) model describes the three mechanisms. This
model may be used in numerical structure simulations to predict flow local-
ization or final failure. It is restricted to proportional loading and applies
badly when the loading induces mainly shear.

The basic micromechanics cell of Gurson analysis contains a hollow sphere
and the damage variable is the volume fraction of cavities or the porosity f5 .
At microlevel the material surrounding the cavities is considered elasto-plastic
with isotropic hardening R and a yield stress oy = oy + R. At mesolevel the
homogenized behavior is plasticity with volume change (i.e., €}, # 0).

The plastic potential Fgyurson i obtained for proportional loading by con-
sidering an appropriate velocity field in the matrix,

o2 3 o
Faurson = 0; + 2q1 f; cosh <2q2 UH) -1- (th:)Q ) (3.127)

S S

with ¢; and g2 as the two material parameters added by V. Tvergaard and
A. Needleman to avoid an overestimation of the rupture strain which occurs
for fy = fr < 1. Introduced by the same authors, the effective porosity fr
models the fast coalescence of voids once a threshold f. is reached:

P {fv, it fo < fo,

v fc+5GTN'(fv_fc) 1f vafc, (3128)

Q1_1_fc
R — Jc

When f? = f, = 0, the plastic potential (3.127) reduces to the von Mises
criterion geq — (0y + R) = 0.

where dgTn = is also a material parameter.

Remark — The Rousselier model (1981) uses the plastic potential coupled with
porosity damage f:

Oeq
p

FRousselier = - R(p) — Oy + deval exp (pa-: ) =y, (3129)
1
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with p = 11:ffo as the relative density and fo as the initial porosity, and where dgr

and o1 are material parameters.

The normality rule applied on Fgurson gives the plastic strain rate as

30?— * 3
by aele g <2q2 ‘;H) 51-]«] : (3.130)

og Og s

where the plastic multiplier \ is determined from the consistency condition
Fourson = 0 and Fgurson = 0. The hardening law in the yield criterion is
a power or exponential law function R(p) of the equivalent plastic strain p
defined by the energetic equivalence

o3& = (1~ fo)oup (3.131)

‘D :p
eijeijdt.

2
and p differs from the von Mises accumulated plastic strain /\/ 3

Next, the porosity evolution law

fo=01— £ + fa (3.132)

states that the porosity rate is the sum of the void growth rate (1 — fy)éb,
determined by the plastic incompressibility of the material surrounding the
cavities and the voids nucleation rate fn. Phenomenological evolution laws
are used to model the nucleation phenomenon assumed either controlled

e Dby the stress,

fn = AGdS +BG

2 Okk

e or by the plastic strain,

Jo=Aup, (3.134)

with Ay, B, and A, as material constants to be identified or, better,
functions of the strains and of the stress triaxiality.

The second law ( fn = A,p) is often used with the statistically-based expres-

sion
IN 1 <P — €N > ?
A, = exp | — 3.135
SN \/271’ P 2 SN ( )
proposed by C.C. Chu and V. Tvergaard in 1980. Three additional material
parameters are introduced:

e fx is the volume fraction of voids which may nucleate,
PR

= /_OO An(p)dp ~ ; An(p)dp < 1 (3.136)
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e ¢y is the mean strain at nucleation
e Sy is the standard deviation of the rupture strain

Finally, the conditions of ductile failure are obtained through a numerical
analysis of elasto-plasticity coupled with porosity. It gives the condition of
localization of plastic strain together with the final rupture by coalescence
of cavities and initiation of a mesocrack for f¥ = 1/¢; that is for a poros-
ity:
1 1
fr=fc+ ( fc> : (3.137)

Sarn \ @1

3.4.5.1 Material Parameter Identification of the GTN Model

Each application with a specific material needs:

The elasticity parameters E and v.

The yield stress oy and either the power hardening parameters K3 and
My, or the exponential hardening parameters RY, and by (see Sect. 1.5.1)
determined on specimens without any damage.

e The parameters ¢; and g¢o governing the voids’ growth are determined
from numerical micromechanics analysis. In most cases good results for
metals are obtained with ¢; =~ 1.5 and ¢2 ~ 1.

e It is the same for the coalescence parameters fg and f. where estimations
from numerical simulations and experiments on metals are fg = 0.25 and
fe=0.09 (dgTn = 3.6).

e The initial void volume fraction and the nucleation parameters fx, ex, and
SN can be estimated only from micrographs analysis at different states of
deformation. ey = 0.3 and Sy = 0.1 are reasonable values for metals.

3.4.5.2 Cross Identification of the Unified Damage Law D(Y, D)

It is the purpose here to determine the material parameters of the damage
law (D = (Y/S)*p) from the knowledge of the GTN parameters following the
method described in Sect. 2.4.4. It is also the purpose to estimate the damage
threshold in monotonic tension (epp). Recall that for Continuum Damage
Mechanics, the isotropic damage (D) may either be evaluated on unloading
through the elasticity change or on the stress softening part of the stress-
strain curve. As for porosity damage, the GTN model neglects the coupling
of elasticity with damage, allowing us to use the stress softening effect to
make a link between both theories up to a fast identification procedure based
on the expressions of the yield surfaces of the damaged material.
For the GTN model, the plastic potential is rewritten as

2

F urson — d
N (oy + R)

3
 + 24, f* cosh (2q2TX) - (@f)P =0, (3.138)
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lo
with Tx as the stress triaxiality wk

T
For the damage model of Chap. 1, the yield criterion is (isotropic damage)

Oe
f=," ~R-0,=0 (3.139)
so that for saturated hardening oy + R = o, (the ultimate stress), the damage

D measured in tension is directly related to the void volume fraction f, by
simple substitution of (3.139) in (3.138),

D=1- \/1 + (q1.f2)? — 2q1.f cosh <zq2Tx) . (3.140)

Next, we plot the damage D versus the accumulated plastic strain p calculated
from the GTN2m0clel.

As D = Uz‘}stu ) (p — €pp) for a monotonic tensile loading, a curve fitting

gives, for a given s, both the damage threshold €,p and the ratio o2/2ES.
If no other information is available, take s = 1. If results for different stress
triaxiality are available, plot ‘(11? vsIn R, (with R, = 3(1+v)+3(1—2v)T%3).
As ) s
dD o,

1 =1 by InR,, 3.141

n dp n < o S) +sln ( )
s is the slope of the curve obtained.

To illustrate the procedure, consider here that f = f, (acceleration factor
darn = 1) and the porosity remains small. With the additional assumption
of a constant stress triaxiality Tx (equal to 1/3 in tension), a closed-form
expression may be derived from the GTN model for D vs p. The porosity
evolution law becomes then

: 3 . 3 .

v = 2(11Q2fv sinh | ) ¢2Tx | + An(p)| D, (3.142)
where p is nearly the von Mises accumulated plastic strain rate. The solution
for f, is

3 . 3 P 3 . 3
fv =exp [2(11(12 sinh (2Q2Tx> p} -/An(p) exp [—2q1q2 sinh (2(]2Tx) p} dp
0
(3.143)

and the damage D is calculated by use of (3.140). The D(p) curves obtained
for the nucleation law Ay (p) (3.135) are plotted in Fig. 3.15 for different values
of the parameter fy. Note that these curves could be plotted with a better
accuracy (and also for larger values of the acceleration factor dgrn) from
computations using Gurson or GTN model implemented in a finite element
code.
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Linear regressions of the D(p) curves correspond to the integrated unified
damage law

2R, \
D = u — . 144
(Ts ) =) (3,144
With R, = 1 in tension, they give for each fy the damage threshold €,p

Py S
and the slope (2“55”) . The damage exponent is determined from the stress

triaxiality effect on damage growth ((3.141) with D given by (3.140)): the
derivative %113 is performed numerically and linear regression on In %113 | p=pgiven
vs In R, gives s as the slope of the curve (a given accumulated plastic strain
D = Dgiven is considered: pgiven = 0.25 for fx = 0.01, 0.05, 0.1, and 0.2).

The results are summarized in Table 3.1. An interesting point, a damage
threshold of 0.15 is found for metals: physical existence of porosity at very
small strains does not correspond to mechanical damage occurrence.

Knowing the ultimate stress and the Young’s modulus finally gives S.
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fy = 0.01 fy = 0.05
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Fig. 3.15. Cross identification of the unified damage law (en = 0.3, Sx = 0.1).
Damage D in thick line, porosity fv in thin line, damage law in dotted line
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Table 3.1. Results of cross identification for g1 = 1.5, g2 = 1, darn = 1, en = 0.3,
and Sy = 0.1

f~ 001 005 0.1 0.2

epp 0.15 0.15 0.15 0.15

s 2 25 25 25
o

o 0.25 0.62 0.83 1.13

Last, consider that the reach of the critical damage D. in tension corre-
sponds to the rupture porosity fr = fr. With Tx =~ 1/3, the critical damage
is then

D.=1- \/1 + (qlfR)2 — 2q1 fr cosh q22 (3.145)

and ranges between 0.1 and 0.5 (nothing new!) as fg = 0.1 gives D, = 0.17,
fr = 0.2 gives D, = 0.36, and fr = 0.25 gives D. = 0.46.

Ezample: for the values of the GTN parameters of Table 3.1 for fy = 0.1 and
fr = 0.2, the unified damage law reads:

D=(083-R,)*° if pp>0.15,

s (3.146)
D. = 0.36 — mesocrack initiation.

Now we have a law which can be adopted to obtain results for steel when
material data are ignored!

3.4.6 Frame Analysis by Lumped Damage Mechanics
(J. Flérez-Lépez 1998)

The analysis of inelastic frames is an important subject in civil engineering
for metallic as well as concrete reinforced structures. The plastic hinge con-
cept and limit analysis are efficient tools to design metallic frames and the
conventional theory is based on perfect-plasticity. The extension to damage
is possible by concentrating the damage in the hinges and is called Lumped
Damage Mechanics. It applies to ductile monotonic failures as well as to cyclic
and dynamic (seismic) loadings.

The model of a frame member between nodes ¢ and j is made of two in-
elastic hinges ¢ and j and an elastic column whose shape and size depend on
the structure studied (but of elastic behavior Fig. 3.16). Generalized stresses
{M} = (M;, M;,N)T and deformations {®} = (¢, ¢j,6)T are used to write
the frame behavior instead of stress and strain tensors in continuum mechan-
ics. For instance, elasticity reads

{P} =[S{M} where [S]is the symmetric compliance matrix. (3.147)
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Fig. 3.16. Frame and lumped dissipation model of a frame member

We define the complementary energy for a damaged frame member as

S
1—11di Sz 0
1 TG > S22
W = 2{M} [SH{M} and [S]=| Sa 1—d 0 (3.148)
— 4
S33
0 0 1 d,

where the components of {d} = {d;,d;,d,,}T are the lumped damage vari-
ables. Note that the form for W* is fully similar to the form for the complen-
tary strain energy for anisotropic composite layers (see Sect. 7.4.1).

Inelastic frame deformation {@P} occurs due to plasticity and damage
in the hinges so that the generalized state laws for elasticity coupled with
damage are

fory = -y = O
oM} (3.149)
) = ow™ )
P ot
or
M;
¢?=¢i—¢f=»§111_d} + S12Mj,
e P M;
;=0 —¢; = 5221 ot So1 M, (3.150)
j
N
C—§— 3P =
0°=6—-9 5331 4,

For the generalized strain energy release rates, the state laws are



3.4 Numerical Failure Analysis 183

_ SuMp
V= o0 gy
EY:
_ 3.151
y] 2(1 _ dj)Q ) ( )
Sy
T o —dy)?

To complete the model and write the generalized evolution laws, we will
neglect the inelastic axial effect (§ ~ 0°, d,, = 0). The yield function for the
damaged plastic hinge 4 is then simply written as

M;
fi:‘ — T

- —my <0, (3.152)

where my, is the yield momentum and z; stands for linear kinematic hardening
(parameter c): )
&; = c(1—d;)¢? (no summation). (3.153)

Finally, the generalized damage evolution law is

diz(f’sf)sm if >, (3.154)

where ™ = fot |¢p|dt is the generalized accumulated plastic deformation and
D, S, and s are the frame member damage parameters.

Remark — For reinforced concrete frames, use the damage framework of Sect. 7.4.1,
and consider the following as damage law:

di = K (i max)  and  Yi max = sup yi(7) (3.155)
T€[0,t]
instead of (3.154). J. Fldorez-Ldpez proposes modelling the crack-resistance-like phe-
nomenon by using

In(1 —d)

k(di) = Yimax and k(d)=A+ B 1—d

(3.156)

with A and B as frame member damage parameters.

The frame analysis is then performed by assembling the frame members (use
beam boundary conditions) and by computing the structure response to ap-
plied nodal loads or displacements in case of ductile failures or to inertia
forces in case of dynamic failures. There are not many nodal quantities for
a real structure and the method is usually of low cost (cheaper than the mul-
tifiber beam modelling of Sect. 7.4.3). Some difficulty may be encountered in
the identification of the frame members parameters: Si1, S12 = S21, Sos, and
Sss for elasticity; my and c for plasticity; mp, S, and s for damage (or A and
B for quasi-brittle damage). These parameters depend on the cross section
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of the member, which can have any shape, size, or reinforcement. The good
thing is that damage is localized at the ends of the member frames and no in-
stabilities are encountered, such as strain-damage localization in Continuum
Damage Mechanics.

As an illustration, Fig. 3.17 shows the kind of results expected on a frame
subjected to seismic loadings. The location and size of the dots represent
the damage field. A design criterion such as D < D, or D < Dgiyen tells us
when and where to repair the structure. Following conventional engineering
criteria, the damages encountered in frame (b) have very high values and the
frame should not be repaired.

0.08 0.08 0.29 0.24
0.13 % ¢ 0.15 0.34 e % 0.37

0.08 | 0.10 0.09 | 0.08 0.25 0.32 028 @ 0.29
0.13 0.13

0.68 0.65

0.71

. 071
0.26 0.26
‘s o @ ®

(a) (b)

Fig. 3.17. Damage distribution in a frame (M.E. Marante and J. Flérez-Lépez
1998) (a) after a low intensity shake and (b) after a severe shake

3.4.7 Predeformed and Predamaged Initial Conditionséé

(R. Billardon 1988)

The initial state of a material is a question with several answers! Most of the
time, it is the state in which the material is received, but it can be before
a forming process in order to calculate the process or after the process to
determine the component’s strength in service. It can be also the state of
the material after an accident in service in order to determine the residual
strength.

In all cases of structure calculation, the initial state is the state corre-
sponding to the specimens used for the identification of the material pa-
rameters. A question arises immediately: how do we modify the constitutive
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equations to take into account a change without performing a completely new
identification procedure?

This is the power of the thermodynamics approach to work with differ-
ential evolution laws of state variables which may have initial values. If an
identification of a set of an elasto-(visco-)plastic coupled with damage consti-
tutive equations has been performed on a material in its origin state (plane
sheet for example), the initial conditions to use in a structure calculation after
a forming process (a deep drawing for example), or any rheological modifica-
tion, are the values of the internal variables at the end of the process:

The accumulated plastic strain pg

The corresponding isotropic hardening Ry
The corresponding kinematic hardening X7;
The eventual damage Dy or, better, D?j

Introducing these initial values in a numerical analysis consists of adding to
the set of constitutive equations of Sect. 1.5 the fields of initial conditions:

:O,M):RO(M)a

)= X2%(M),

, M) =po(M) in accordance with Ry and X?j,
)=Do(M) or Dy(t=0,M)=DY(M).

(3.157)

In a finite element analysis they must be considered at each Gauss point,
which is not a major problem. The main difficulty is to know that their values
are often perturbed by an other initial condition coming from a structural
effect: a field of residual self-equilibrated stresses, described by

0ij(t =0,M) = op;(M). (3.158)

The only way to properly determine these fields of initial conditions is
to numerically simulate the process of their creation. Some experiments like
the in situ microhardness or an X-ray analysis or a digital image correlation
qmay give some indications but never enough information.

Concerning the ductile failure, the influence of non-zero initial conditions
in proportional loading are:

e A modification of the yield stress (an increase if the original damage was
zero or small),

. 3
o) = (oy + Ro+ X0,)(1 — Do) with X0 = \/2X3X§j (3.159)

e A decrease of the plastic strain to rupture pg:
Back to the unified damage law of

a UERV ° . .
D_<2E8>p it e, >pp, (3.160)
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the integration with zero initial conditions gives

oﬁRV °
D, = <2ES> (pr — PD) - (3.161)

The integration with initial conditions Dy and py > pp gives

o2R

D, — Dg = < 21;55) (pr — Do) (3.162)

from which the remaining plastic strain to rupture is

D. — Dy

b, (3.163)

PR —Po = (PR — PD)

e Therefore some anisotropy can also be observed.

As an example, we will describe here the method used for the determination
of the remaining strength of a pressurized gas pipe that has been damaged
by a shock from a digging machine (Fig. 3.18):

Fig. 3.18. Injured gas pipe and “equivalent” flat specimen

1. Careful measurement of the local geometry of the indented pipe in order
to make a flat specimen ready for microhardness tests (Fig. 3.18) from the
same material. Its notch is made as identical as possible to the accident
notch by an indentation process.
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2. Careful measurement of the microhardness all around the notch in order
to determine the damage field and the extra hardening field induced by
the indentation ((1.85) and (1.81) of Sect. 1.3.4):

o,
H oy,

s

Do =1 _
0 1— Dy

and Ry = oy . (3.164)

The accumulated plastic strain field is deduced from the plastic consti-

tutive equation:
Ro\™
= . 3.165

3. These fields are given in Fig. 3.19 for the following notch geometry and
material parameters corresponding to a low carbon laminated steel:
e A notch with a depth of 2 mm made by an indenter with an angle
of 60°
e Parameters of the low carbon laminated steel determined from the
initial virgin material: oy, = 575 MPa, K} = 552 MPa, and M, = 2.04

0.10.203 0.30.20.1

12

42 mm

Fig. 3.19. Fields of accumulated plastic strain and damage in the neighboring of
the notch (R. Billardon 1988)

4. Assuming these fields are representative of what happened in the gas pipe,
they are introduced as initial conditions by interpolation at each Gauss
point in a finite element analysis performed with the code ABAQUS
in elasto-plasticity coupled with damage. The analysis corresponds to
the in-service pressure increased up to crack initiation at the notch. In
comparison to the strength of the undamaged gas pipe, the result is
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a reduction of the pressure at crack initiation by an amount of about 50%.
Regarding the fatigue strength due to a cyclic variation of the pressure
the reduction is a factor of about 100 on the number of cycles to crack
initiation.

&,383

From the simplest analysis that require a low level of calculation and a small
number of material parameters to advanced numerical methods with the
highest degree of accuracy involving a large set of experimental data, the
possibility to prevent ductile failures are as follows:

Knowing only the sate of stress, use the damage equivalent stress criterion
oF < oy. (3.166)

Knowing the state of the accumulated plastic strain, use the result ob-
tained in Sect. 3.2.2 in proportional loading with the triaxiality deduced
from an elastic calculation,

p<pr with pr=e€pp + (epr — €pp)R, 5. (3.167)

For plane strain or plane stress problems use the damage criteria of
Sect. 3.3.4.

For small scale yielding, use Neuber plastic correction of an elastic anal-
ysis in order to obtain the local stress and plastic strain. Then make an
integration of the unified damage law which can be either its simplest
form deduced from the Gurson model in Sect. 3.4.5,

D=(083-R,)?>° if p>0.15 D.=0.36, (3.168)

its expression with saturated hardening,

: iR, ..
D:<2E5>p it p>epp, (3.169)

or the original unified law,

D= LAY if (3.170)
= 2ES(1—D)2 D I p>eé€pD- .

For large scale yielding, we advise using an elasto-plastic coupled with
damage numerical analysis with the anisotropic unified damage law of
Sect. 1.4.3,

. v\’
Dij = (S) |€’l;;  if p>ep, (3.171)
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— without or with the effects of microdefects closure of Sect. 1.4.3,

— without or with initial conditions of plasticity and damage as discussed
in Sect. 3.4.7.

Finally, the more advanced ductile analysis within the scope of Chaps. 1

and 2 is an elasto-plastic coupled with damage analysis, including aniso-

tropic damage, microdefects closure effects, non-natural initial conditions,

and plastic anisotropy by use of the Hill criterion whose coupling with

damage may be obtained as follows.

Damage anisotropy is modelled through the use of the second order dam-

age variable D, the associated tensor H = (1 — D)~'/2, and the effective

stress

- D 0H
6=(Ho H) + 1_77DH1. (3.172)

For ductile failures, modelling the elastic anisotropy is not of main im-
portance as elasticity may often be neglected, but modelling the plastic
anisotropy can be necessary as in the case of rolling sheets, for example.
A possible approach simply consists of generalizing the use of the effective
stress concept:

—  Keep the elasticity law unchanged:

o 14w v

g 9~ Etr&l (3.173)

€

— Use the Hill anisotropic yield criterion:
f=Vé:h:6-R-o0, (3.174)

where h is the Hill fourth order tensor with minor and major symme-
tries, hijik = Nijit = Rjikt = kg, and where the hardening R follows
the same anisotropy

—  Keep the damage evolution law:

. v\’
D= <S> |€P] if p>epp (3.175)

The only changes concerning the plasticity evolution laws are

. Of 0f 06
P = = : 1
P (3.176)
which for incompressible plasticity (h suchash:o =h:oP = (h:o)P)
gives
[H (h:6) HP

=3 ihie (3.177)

with the plastic multiplier A calculated by means of the consistency con-
dition f =0, f = 0 and where R = R(r) and r = fot rdt = fg Adt.
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In non-proportional loading, plastic anisotropy may also result from the
distorsion of the yield surface which features a smooth corner with an opposite
flat end in the stresses space (Fig. 3.20). Such an “egg” effect may have an
influence in metal forming, as in spring back prediction in deep drawing.
Adequate (complex!) 3D models can be found in the literature (T. Kurtyka
and M. Zyczkowski 1985, N.K. Gupta and A. Meyers 1994, M. Francois 2000,
L. Vincent, S. Calloch and D. Marquis 2003 . .. ). To add the damage coupling,
simply replace in the expressions for f the stress by the effective stress; the
evolution law of the plastic strain coupled with damage is obtained by use
of (3.176).

4 V3 (MPa)

yield locus after loading 2

initial yield locus

0 loading 1 o (MPa)

yield locus after loading 3

Fig. 3.20. Yield surface of a 2024-T4 aluminum alloy for non-proportional loadings
(Lines: model after M. Francois (2000); small circles: experiments with an offset of
d¢p = 107° (M. Rousset 1985))
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Low Cycle Fatigue

This second chapter on applications concerns the phenomenon of fatigue dam-
age which occurs when materials are subjected to cyclic loadings. The clas-
sical way to describe fatigue consists of splitting the domain of the numbers
of cycles to rupture into three parts corresponding to different strain behav-
iors and also different fields of applications: elasticity corresponds to relatively
small stress amplitudes which induce large numbers of cycles to failure (larger
than 10%), this is “high cycle fatigue” treated in Chap. 6; elasto-plasticity
corresponds to stresses above the yield stress which induce lower numbers
of cycles to failure (smaller than 10%), this is “low cycle fatigue;” elasto-
visco-plasticity also corresponds to small number of cycles to failure (smaller
than 10%), but with time effects induced by creep, it is generally called “creep
fatigue interaction” and is treated in Chap. 5.

From a physical point of view, the repeated variations of stress induce
in metals alternate plastic strains which produce internal microstresses re-
sponsible of microdecohesions by slip band arrests. The microcracks initiated
grow either inside the crystals or along the grains boundaries, depending
on the materials and the loadings, up to coalescence corresponding to ini-
tiation of a mesocrack. Plastic strain and stress both participate in this
phenomenon. This is the reason the unified damage law is able to model the
low cycle fatigue and in 3D directly through the concepts of accumulated
plastic strain and elastic energy.

Nevertheless, the main variable is the plastic strain range as it was pointed
out independently in 1954 by S.S. Manson and L.F. Coffin in a famous empir-
ical law called now the Manson—Coffin law. Many improvements followed
(J.D. Morrow 1964, G.R. Halford 1975, A. Pineau 1980, D. Socie 1991) up
to Continuum Damage Mechanics for which the difficulty to define a cycle is
solved by a time integration of the damage law on the full time history of
the loading.

The specific items of this chapter are the cyclic elasto-plastic stress con-
centration analysis, the effects of loading history, and the application to
multiaxial fatigue and elastomers.
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4.1 Engineering Considerations

Low cycle fatigue failures may occur when structures are subjected to heavy
cyclic loadings which induce irreversible strains on small or large scale,
giving rise to damage up to crack initiation and propagation. To avoid this
phenomenon, a careful assessment of information on the development of dam-
age is needed in order to quantify a safety margin. What is called here a cycle
is most often the service time between the start and the stop of a plant
operation or the repetition of a heavy loading. The number of cycles to rup-
ture (Ngr), corresponding to states of stress which induces plastic strains, is
relatively small or “low”:

e It can be on the order of 10 to 100 for aerospace rockets where some tests
are necessary before launching or for metal forming by forging. The state
of stress lies between the ultimate stress and the yield stress, o, > 0 > oy.

e It can be on the order of 100 to 1000 for nuclear or thermal power plants,
chemical plants, and many domestic apparatus as the butt hinges of poly-
meric boxes! The state of stress is somewhat higher than the yield stress,
Oy.

e It can be on the order of 1000 to 10000 for aircraft engines or car engines
where, on some parts, the state of stress induces plastic strain on the
order of the elastic strain, €, ~ oy /E.

e Ng > 10° corresponds to high-cycle fatigue where the mesoscopic strains
may be considered elastic, but not the microscopic ones. It is described
in Chap. 6.

e For 10* < Nr < 10°, low- or high-cycle fatigue may be considered de-
pending on the case and, moreover, on the degree of accuracy needed.

Low cycle fatigue is mainly governed by the dissipative strain at mesolevel
and it is essentially encountered in metals, polymers, and elastomers.

4.2 Fast Calculation of Structural Failures

In low cycle fatigue, if the steady state of plastic strain is known at the
critical point of a structure that is loaded periodically, there is no need to
perform a complicated calculation to determine an approximative value of
the number of cycles leading to a mesocrack initiation. Furthermore, if the
plasticity is localized, there is a possibility to obtain the plastic strain range
from a purely elastic calculation and a correction which is an extension of the
Neuber method of Sect. 3.2.4. “Fast” also means “simple” here and the dam-
age is considered isotropic and equally produced in tension and compression.

4.2.1 Uniaxial Behavior and Validation of the Damage Lawd

The basic low cycle fatigue characteristic of a material is its Manson—Coffin
curve which gives the number of cycles to rupture of uniaxial specimens
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periodically loaded in tension-compression, at constant range of total strain
Ae, and as a function of the range of plastic strain. An example is given in
Fig. 4.1.

A Ag(%)
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10 102 10° 10*

Fig. 4.1. Manson—Coffin curve of UDIMET 700 alloy at room temperature
(J. Lemaitre and J.L. Chaboche 1985)

As in a log-log graph, the curve is close to a straight line. It can be
represented by the empirical law of Manson—Coffin,

B CMC T™MC
M= () @)

where Cyic and yyc are material parameters: Cyc depends on the temper-
ature but yyc is close to 2 regardless of the material and the temperature.

Furthermore, an extrapolation of the curve to Ng = 1 corresponds to
a test for which the range of plastic strain is close to two times the rupture
plastic strain ey in a monotonic tension test. Then

CMC ~ 2€pR- (42)

When no fatigue tests are available for a given material, a rough estimation
for an early design purpose is

2¢ R 2
_ P
Ng = <A€p> : (4.3)

Let us recall that this Manson—Coffin curve, also called the “Wohler curve
in the range of low cycle fatigue” in Sect. 1.4.4, is one of the main data source
for the identification of the unified damage law



194 4 Low Cycle Fatigue

. YV
D:<S>]§ if p>pp. (4.4)

In the following, we assume that the damage parameters S, s, e;p, m,
and D, defined in Sect. 1.4 are known for each application. Nevertheless,
we strongly advise checking each time it is possible with new tests results or
informations that their values give good low cycle fatigue results (particularly
for s and m). For more details, you should read Sects. 1.4.4 and 2.4 again.
Both sections are devoted to the difficult problem of material parameters
identification.

4.2.1.1 Case of Periodic Loading

Consider an uniaxial periodic loading of strain range Ae at zero mean stress
(Fig. 4.2) for the applied stress toy;.

AE A%
2 | ‘
O N
| . Ag, | |
v | |
| \
¢ AE >

Fig. 4.2. Schematic low cycle fatigue

Beyond the damage threshold, the increment of damage per cycle (ngV)

comes from a first integration of the uniaxial damage law, in which, for sim-

plicity, the damaged material is considered as perfectly plastic at |7, =~
oM = const:
. 0'2 .
D= : if >
<2E5(1_D)2> |6P| 1 p PD
5D 52\ (4.5)
ON lcycle ( 2ES> °

A second integration gives the number of cycles to rupture (Ng) correspond-
ing to the critical value of the damage D. for the initial condition:

PD

N = N =
b 2A¢,

— D=0, (4.6)
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with (see Sect. 1.4.1):

Oy — Oy ou—oy \"
_ — . 4.7
PD €pD Oeq max+Ueq min - “pD <O’M—0'y) ( )
9 y
Then,
D, (2ESY
R D 2A¢, ( o3 > “8)

The number of cycles to rupture is a power function of the stress range
and is a linear function of the plastic strain range. Just to compare with the
Manson-Coffin law, consider on as a power function of Ae, given by the
cyclic tension-compression curve

Ao =20y = KCAG;/MC . (4.9)
Then,
25 1
t
Ng =~ const + <con8 ) Me , (4.10)
Aep

which shows that the value of the exponent s is on the order of M./2, at least
for steels, to make ?* + 1 2 as in the Manson-Coffin law.

Before using any of the unified damage law identified as explained in
Sects. 1.4.4 and 2.4, we advise checking if the values of the materials in the
formula (4.8) give the proper number of cycles to rupture in comparison
with some available test data and eventually adjusting the most sensitive
parameters (see Sect. 4.2.3).

4.2.1.2 Case of Non-Periodic Loading

When the range of stress varies as a function of the number of cycles, the
problem of accumulation of damage arises. The Palmgreen—Miner rule
(1924, 1945) consists of the simple summation of damages supposed to be
proportional to the number of cycles for a given constant range. If n; is the
number of cycles of an applied strain range Ae; and Ng; is the number of cy-
cles to rupture corresponding to this range constant all along the process, the
corresponding damage is supposed to be n;D./Nr;. Then for many loadings,
the linear rule of summation is simply

Z NRz - C - ZNRZ (411)

and »_ n; = Ng is the number of cycles to rupture corresponding to the entire
sequence of Ag;.
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In fact, this rule is a property of any differential equation, linear or non-
linear, representing the damage evolution. But unfortunately, materials do
not wish to obey mathematics! The accumulation of damage is most often
nonlinear. Let us show it with the continuous damage law applied to two-level
fatigue loadings.

=

v

Fig. 4.3. Two level fatigue loading

Consider the loading represented in Fig. 4.3 and assume that the dam-
age initiates (at Np; cycles) during the first level (n; > Npp). Using (4.5)
together with oy = Azgl and Ae; = const, the damage D(n1) at the end of
the first level is

o2\
D(ny) = (n1 — Np1) (25;,) 2Aép1 (4.12)
or together with eq. (4.8),
n1 — Npi
D(ny) = D . 4.13
(na) Ngr1 — Np1 (4.13)

The damage at the end of the second level ny is equal to the mesocrack
initiation condition D.. With ny; + no = Ng,

02\
D.(NRr) = D(n1) + na (25;) 2Aépa (4.14)
or
n1 — Np1 n2
D.(Ngr) = D. + D, , 4.15
(Ve) Nr1 — Np1 Ngra — Npa (4.15)
or
1 Np1
ni 2 Nr1
=1. 4.16
NRr1 +NR21_ Np2 ( )
N2

This shows that
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ni n2 . . . , Np1 Npa2
° Nit + Nio < 1 if the high level is first (Nm > N
ni n2 . . Np1 Npa2
° Ny + Ny > 1 if the low level is first ( Ner < Npa
n n
e The Miner rule Nl + N2 = 1 of linear accumulation is generally not
R1 R2
N; N;
recovered as it corresponds to the particular case D _ oDz
Nr1  Nre
1 N T T Tae T
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. . n, n,
06 [ L i
"2 - .
N |~ Palmgreen-Miner rule
Ng, \\\
04 .. i
€ t
P e VAVAVAV A2,
2 = t \\ -
VY 8
n, n, - A
0 | | | | ‘
0 02 04 0.6 0.8 1
n
Ng,

Fig. 4.4. Bilinear damage accumulation in two-level fatigue loadings

In fact, the rule obtained is a bilinear rule in the diagram no/Ngo vs
n1/Ng1 because

(a) If ny > Npi, the damage initiates during the first loading level. The
number of cycles to rupture, Ng = nq + ng (with n; known), is given by
(4.16).

(b)If n; < Np1, the damage initiates during the second loading level. The
number of cycles to rupture, Ny, is given by the damage equation,

NJ\r/{r;:%; = 1, where Np is determined by the stored energy balance:

wp = Np1Aws; = NpaAwgs = niAwg + (ND — nl)Awsg (417)
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or
Awsl . AU)s,l NDQ
Np = Np1 — th = . 4.18
D =m+ (Npy nl)AMSQ A Awsz  Npi (4.18)
As NR = nj + no the final relationship is:
Npa N,
ni1 Np2 IVr1 n2 _ 1 (4.19)

Nr1 Np1 Nr2 ~ Nr2

An angular point corresponds to the case Np; = n; of damage initiating at
the exact time of the level transition. An example is given in Fig. 4.4 for
Np/Ngr = 0.225 and 0.58.

4.2.2 Case of Proportional Loadingd
The case of proportional loading is somewhat similar to the uniaxial case
as all the tensors are colinear due to the fixed principal directions of the
stress tensor (see Sect. 2.1.2). This is the case at all points of a structure if
the applied loads vary proportionately with one parameter. If the loading is
periodic, the number of cycles to rupture is obtained from two integrations
of the damage law:

pof R Ny (4.20)
“\emsa-pye)? M PoPo '

o A first integration over one cycle: the material is again considered per-

Oeq

fectly plastic for each maximum stress R Ooq max = const; the

triaxiality function R, is also constant due to the loading proportionality,

6D qu maXRV ’ .
6N_< 9FS >2Ap if p>pp, (4.21)

where Ap is the accumulated plastic strain increment over half of
a cycle.
o A second integration over the whole process with the initial condition

Pp
N =Np = D= 4.22
D 2Ap 07 ( )
with m
Oy — O
PD = €pD ( v ) . (4.23)
Oeq max — Oy
Then
D 2ES Y
Nr = N; . 4.24
A P * 2Ap <qu maxRV) ( )
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It is interesting to compare this number of cycles to rupture to the uniaxial

case as s
Nr(oi;) — No(oij) _ Aep gy (4.25)
Ni(0) = No(0) — Ap \0ZymacRs) |

eq max”* "V

Using the damage equivalent stress o* = oequl,/ 2 gives the possibility to
derive the number of cycles to rupture of a multiaxial state of stress defined
by Oeq max, Ry and the accumulated plastic strain range Ap from only one
experimental point Ng(Aep, onm) of the Manson—Coffin curve (knowing the
exponent s) if the approximation Np/Ng = const is made:

NR(Uij) Aep <Ult/[ >2S
= . 4.26
Nr(om)  Ap \om (4.26)

4.2.3 Sensitivity Analysis(jd
The general method is described in Sect. 2.4.6. It is applied here to the
number of cycles-to-crack-initiation (Ngr) found in Sect. 4.2.2 in order
to obtain the relative influence of the loading and of the material parameters

on Ng:
D, 2ES Y
NR:ND+2Ap(02 R)7

eq max”* "V
m
N — €pD ( Ou — Oy )
)
2Ap Oeq max — Oy

2
with R, = (1+v)+3(1—20)T%.

The relative error 5NN§ is determined by the logarithmic derivative of the

above equation in the same manner as for ductile failure of Sect. 3.2.3:

(4.27)

In(Ng — Np) =InD, —In2 — InAp

4.28
+s(In24+mFE+InS—2In0eq max —InR,) . ( )

Here we take the absolute value éx = |dx| as the sign of the error is not
known:
8N — Np) 8Nz Ng §Np  Np
Nr—Np  Ngr Ng — Np Np Ngr — Np'’
Np _ e Ap m( Ou— 0y )‘mém PRIy
ND EpD Ap O'y
PICRINEES

Oeq max — Oy

SR,  Sv|6T% —3[v N 8Tx 6(1 — 2v)T2
Ry B v Rz/ TX Rl/ .
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The coefficients SAVE of the sensitivity matrix of Sect. 2.4.6 are defined by

6NR N 6Ak
=Y gm0 4.30
Na ~ 2 g, (4.30)
g _ Nr = Np 6s(1 —20)T3
~ Ny R, ’
SNR _ NR_ND28+ NDm Oeq max
Teq max NR NR Oeq max _Uy7
SNR: NR_ND +ND -1
Ap Nr Nr ’
Nr — N;
SgR _ RNR DS,
GNr _ Ngr — Np |6T% — §|1/s
v Ngr R, ’
SR _ NDm 9D 4 Ty
oy Nr  |ou—0y  Ocqmax — Oy (431)
gNe _ VD '
€pD NR’
SR — NDm ln( Tu =09y )} ,
m NR Oeq max — Oy
SNR _ ND maoy
Tu Nr oy —oy’
Nr — N;
syn = NN
SéVR:NR—NDS L 2BS |
NR qu maxRV
SgR _ NR_ND
c Nr :

The value of those coefficients are the height of the boxes in Fig. 4.5 for
the following set of parameters representing an average of many materials:
Tx =1, R, =2.07, Ocq max = 400 MPa, 0eq max/0y = 1.5, E = 200000 MPa,
v=0.3,04/0y =2,5=2MPa, s =5, m =2, and Ng/Np = 2.

The loading is represented by the triaxiality ratio, the stress, and the ac-
cumulated plastic strain. The influence of an error on the stress is the largest
(and is larger than for ductile failures) but the influence of the accumulated
plastic strain is small. The parameters which do not need a large accuracy are
m, epp and D.. Altogether, do not expect an accuracy better than a factor
2 on the number of cycles to rupture.
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Fig. 4.5. Relative importance of each parameter in low cycle fatigue

4.2.4 Cyclic Elasto-Plastic Stress Concentrationd)é

As for the Neuber method described in Sect. 3.2.4, it is possible to determine
the plastic strain range under the small scale yielding assumption from both

e A reference elastic calculation and
e The cyclic stress-strain curve of the material in tension-(compression).

In fact, as far as free edges are concerned and as long as plasticity remains
very localized (this is often the case in fatigue), the strain energy density
(SED) method gives better results in cyclic loading than the Neuber method.
An illustrative example is shown in Sect. 4.4.2. This is why the cyclic Neu-
ber method for unidimensional cases only is described here. Such a case is
encountered on free edges of thin structures for which the state of stress is
local tension-compression, with a stress triaxiality Tx = 1/3 and a stress
triaxiality function R, = 1.

4.2.4.1 Cyclic Neuber Method

The Neuber method in fatigue is written in terms of stress, strain, and plastic
strain ranges over a cycle and is based on the local equality

AcAce = (AoAce) at the stress concentration point, (4.32)

elas
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which is also written as

KQ
AcAe = ET (Aoy)?, (4.33)

with Kt as the stress concentration coefficient in elasticity and o, as the
nominal stress (see Fig. 3.4).

A law of cyclic plasticity has to be considered in order to estimate the
ranges Ao, Ae, Aep, and Ap = |A¢p| (the accumulated plastic strain incre-
ment over half a cycle). The cyclic power law (4.9),

Ao\
Aep = (K”) , (4.34)

may be used but further explicit results will be obtained with the linear law

Ao Ao —20y
+ 5
E Cy
Ao — 20y
Cy ’
which comes from the consideration of a linear kinematic hardening only
where X = Cyep.
The equality

Ae = (4.35)

Ap = |Aep| = (4.36)

Ao Ao —20y K2

Ao ="T(Ac,)? 4.37
(% + 2752 ) ar="Faa) (4.37)
gives the platic stress range Ao when KrAoy, > 20y for cyclic plasticity to
occur. Equation (4.36) gives the accumulated plastic strain increment per
cycle as

op Ao — 20
=2Ap=2 Y 4.38
SN P e, (4.38)
If the loading is symmetric, omax = —Omin = Ao /2 gives the maximum

and minimum stresses reached locally at the most loaded point.

If the loading is non-symmetric, the maximum stress opyax has to be de-
termined first by use of the monotonic Neuber method (see Sect. 3.2.4).
Equation (4.37) gives Ao and the stress corresponding to the mimimun load
is

Omin = Omax — Ao . (439)

We will consider next the SED method. In order to deal with non-
symmetric loading we first need its expression for the monotonic case.
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4.2.4.2 Monotonic SED Method

The strain energy density (SED) method assumes that at the stress concen-
tration point, the strain energy density in confined plasticity is identical to
the strain energy density at the same point, but calculated in elasticity.

For 1D monotonic loadings,

o ™ Kt 4.40
A g 6—/(; OclasU€elas = 2Ean- ( . )

The local stress in plasticity, o > oy, is estimated by solving this equation
coupled with the constitutive law ¢ = o/E + R~ (0 — 0y) = o/E + g(0),
where R(p) is the hardening rule.

For 3D monotonic loadings, the method solves

elas

€ij 6” 1
_ elas 7 elas __
/ Uijdeij —/ Uij deij = 2 (Uijeij)elas y (441)
0 0

locally written at the stress concentration point with the Hencky-Mises law
p = g(0eq) as a complementary equation. It may be rewritten as

2
creqR,,

Oeq 1
o F —|—/ Oeqd (Oeq)doeq = N (04j€i5) otas - (4.42)

y

The term (05¢€;5),,,, comes from the elastic reference computation, it is equal

to a‘;(llaSQRf;las /E with 08 and Rg' as the von Mises stress and the triaxiality
function calculated in elasticity, respectively.

The method gives o¢q and p in plasticity. It needs the value of the triaxial-
ity function R, . For general three-dimensional cases we use the proportional
loading assumption R, = Rﬁlas. We use R, = 1 for points located on free
edges in plane stress. For points located on free edges in plane strain (see
Sect. 2.1.4 for details concerning the calculation of the stress triaxiality in
two-dimensional cases) we use R, = 1.27.

Let us explicitly describe the three-dimensional method in two useful
cases:

(a) Monotonic SED method with linear isotropic hardening R = Cyp. The
von Mises stress in plasticity o.q is a solution of

UquV <0§q - U§> 1

28 2Oy = ) (Uijeij)elas ’ (443)

which leads to the closed-form expression
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E
E (o—ijeij)elas + C U}Z’
Ocq = 5 Y (4.44)
R, +
Cy
and defines the auxiliary ratio
Oe
ksED = o (4.45)
o
eq
The accumulated plastic strain is
Ocq — Oy
p= (4.46)
Cy

(b) Monotonic SED method with nonlinear isotropic hardening R = RY_(1—
exp (—byp)). One has to solve the following equation numerically:

oeqRy . 1 1
+ (R, +0y)9(0eq) =, (0eq = 0y) =, (0ij€ij) s+ (4:47)
E by 2
1 Roo + 0y — 06
where p = g(0eq) = — b In < R:o q).

The graphs of Fig. 4.6 show how the SED method differs from the Neuber
method.

AGC , AG
Elast'}c Elastic
AGetas 4 behavior AOCels 4~ pehavior
// Elasto-plastic “
p behavior /
// M Hyperbola %
AGNeuber = yP AGSED
O AGA8=const ?
/ ﬁ Identical
% % / areas
,..-"i/ A (ASNeuber Ag X AEsED Ag
»
Agelas Agelas

Fig. 4.6. Cyclic Neuber and SED methods

4.2.4.3 Cyclic SED Method

For locally-cyclic 1D state of stress, to obtain a closed-form solution, the SED
method considers
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2

K (Aoy)? (4.48)

Ae Acelas
AcdAe = A e asdA elas = T
odAc /0 Oel €el 9

0

instead of (4.37) altogether with the cyclic constitutive law (4.34) or the
linear law (4.35).

For three-dimensional loadings, the SED method gives the equivalent
stress range (Ao )eq as the solution of

Aéi]‘ Aeij
/ Acrl-jdAeij = </ AO’ijdAeij> s (449)
0 0

elas

which has to be considered coupled with a law of cyclic plasticity Ae;; =
A€;;(Ao;;) and where Ao;; and Ag;; stand for the stress and strain ranges.

In case of linear kinematic hardening, X = gCyep, and with the hypoth-
esis of a proportional loading, the cyclic plasticity law is

1+v v
Aeij = E Ao'ij — EAUkkéij + AGZ— R
3 AP (4.50)
AeP, = <(Ao')eq - 2Uy> 5

9720, (Ao
with the accumulated plastic strain increment over half a cycle equal to
AOC)oq — 2
Ap = {(B0)ea=20y) (4.51)
Cy

The closed-form expression for the equivalent stress range is then

E
E (Ao Aei) s + 40y
(A )eq = B Y . (4.52)
R, +
Cy
To finish, the method defines the auxiliary ratio
; Ao)
kcychc _ ( eq ' 4.

SED (Ao.)gilas ( 53)

Compared to the monotonic case, the three-dimensional cyclic method
for linear kinematic hardening is formally obtained by replacing oo with
(AG)eq, 08 with (AG)SES, (0ij€i5) s With (AcijAcs;) .. and oy with 20y
Note that the same replacements within the Neuber monotonic expression for
linear isotropic hardening gives the closed-form solution for the Neuber cyclic

method with linear kinematic hardening.

4.2.4.4 Cyclic SED Method Applied to Fatigue Failures

Applying the cyclic method takes 3 steps:
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Perform the elastic reference computation

To simplify, consider the case of proportional loading for which all applied
loads or displacements have fixed directions and are proportional to the
scalar function of time «(t), periodical between amin < 0 and apax > 0.
Due to elasticity’s linearity, a single computation performed for the con-
stant reference value a = o*f is needed. It gives the map of von Mises
stress oégf(M ), the stress triaxiality T%¢f(M), and R, = R'*f(M). Then,
in any point of the structure,

elas « t re’
ottty = " i),
R,(M,t) = R (M),
. (4.54)
O,elas (M) — _ Qmin O,ref(M) ’

eq min Oére{ eq

O_elas (M) _ Gmax o_ref(M) .

eq max aref eq

The equivalent stress range at any point of the elastic computation is
then

(A™)eq = 05 max + Teq main (4.55)
and
Ao.elas 2 Rref Uref2Rref
(AO’ijAeij)elas = ( E,)eq i (Oémax + |amin|)2 qu v . (456)

. Apply the cyclic SED method

Determine the most loaded point as the point where the damage equiv-
alent stress (o* = ag};SR,i/Q) is maximum. Use, for instance, Eq. (4.52)
to determine at this point the equivalent stress range (Ao )eq in localized
plasticity. The accumulated plastic strain increment per cycle is (4.51):

op

SN = pdt = 2Ap. (4.57)

1cycle

If the loading is non-symmetric, i.e., if amin # —Qmax, use the monotonic
SED method (4.44) or (4.47) to determine the maximum von Mises stress
Ocq max- Lhe von Mises stress for a = amin is then

Oeq min = (AT )eq — Teq max - (4.58)
A
If the loading is symmetric, simply take 0eq max = Teq min = ( U)eq.
Calculate the damage and the number of cycles to rupture

Once p = pp is reached, the damage D increases twice per cycle, each time
corresponding to yield in tension (plastic strain increment Ap,, damage
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increment AD, ) and compression (plastic strain increment Ap_, damage
increment AD_).

For the fatigue loading between auyin and amax to consider a linear kine-
matic hardening leads to a stabilized stress-strain cycle,

1 op
P = Ap P= N (4.59)
and a damage increment per cycle
oD .
SN = Ddt =AD, +AD_. (4.60)

1cycle

With sufficient accuracy for fatigue applications, neglect the coupling of
the energy density release rate Y with damage and consider that it does
not vary much between the applied load inducing the reach of the yield
stress and the maximum load ap,.x inducing the maximum von Mises
stress geq max; i-€-,

o2 R

eq max= 4.61

AD, = <Yr;ax> Apy and Yiax =

Close to the minimum load i, inducing the minimum von Mises stress

Oeq min»

qu minRV
. (4.62)

Y . S
AD_ = ("™ ) Ap_  and Y, ~
( ) p—an 2F

S

The damage increment over one cycle of loading is then

2s 2s s
oD _ (Ueq min + Ueq max)Ru Ap if AO'eq > 2Uy7 (463)
5N (2E5)* p>pp
8D . .
and SN = 0 otherwise. Then the damage after N cycles is
(Usé min + Ugg max)st/Ap
where Np = 2]23 is the number of cycles to reach p = pp.
p
Finally,
(2ES)* D,
Ny = N, 4.65
BT (02 i+ 02 ) R3O (465

is the number of cycles-to-mesocrack-initiation.

For a complex history of loading, a numerical integration of the damage
evolution law is necessary to obtain the mesocrack initiation condition of
D = D..
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4.2.5 Safety Margin and Crack Growthé

In fatigue, the sensible parameter on which to evaluate the security is the
number of cycles. A safe design, for which the estimated number of cycles of
loading for the whole life of a component is Ngervice, may be defined as

Nr

Nservice <
service Saf’

(4.66)

where Ny is the number of cycles to rupture determined by a calculation tak-
ing into account the estimated history of loading and Saf is the safety factor.
Saf = 20, 10, or 5, depending on the “state of the art” of the application.

Once the mesocrack is initiated, the low cycle crack growth is generally
pretty fast due to the high level of loading. So, there is often no need of a crack
growth calculation. It is sufficient to check the condition of crack arrest or to
check the whole ductile rupture by instability using the “R-curve” method
described in Sect. 3.2.5.

4.3 Basic Engineering Examples

The same basic geometries and directions of loading as in Sect. 3.3 are ex-
amined here from the point of view of low cycle fatigue. The change is in the
cyclic calculation of the stress concentration and the life duration expressed
in terms of the number of cycles. Isotropic damage without the microdefects
closure effect allows for closed-form solutions.

4.3.1 Plate or Members with Holes or Notchesé

Consider, as in Sect. 3.3.1, any problem of a structure with a geometrical
weakness to which corresponds a uniaxial stress concentration coefficient K,
but with a cyclic loading on the nominal stress oy, here:

max __ max
Oclas — KTUn )

(4.67)
AO'elas = KTAUn .

Oelas = KT On I {

Values of coefficients Kt for many cases are given in handbooks (see bibliog-
raphy).

Plasticity occurs at least in the neighborhood of the extremal values of
the stress and the cyclic SED uniaxial correction applies as the critical point
is assumed to be at a free surface,

J— max
{O’max = kSEDOelas {Umax = ksgp KToy'®™,

Ao = kg%C]IDiCAO'elaS Omin — KT (kSEDo.rrlnax _ ké}éc]l)icAo_n) ’
(4.68)
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kcyclic

with ksgp and kgppy~ given by the monotonic and cyclic SED methods of
Sect. 4.2.4 (Egs. (4.45) and (4.53)).

If the loading is periodic at zero mean stress, equations of Sect. 4.2.1
apply: the number of cycles leading to a mesocrack initiation for a stress
range Aoy, = 20 is

&p [(ou—oy\ " D. (2ESY
Np = P Y 4.69
R 2A¢, <0M - oy) + 2A¢, ( 01%/[ ) ’ ( )

with oy and Aep, given by the cyclic SED (or the Neuber) method.

If 8 material parameters are too much, there is a possibility to derive

a much simpler formula if one low cycle fatigue experimental result is

known:

— Assume that a maximum stress omo and a plastic strain range Aepg
give a known number of cycles to rupture, Ngy,

— As the number of cycles Np to reach the damage threshold is often
small in comparison to g, it is neglected. Then

D. (2ESY
Ngr ~ . 4.70
R 2A¢, < o3 > (4.70)
— As the material parameters verify,
D, 2ESY
Ngro ~ . 4.71
0 2Aepo ( o ) ( )

Then, the number of cycles to failure reads:

Ae o s
N ~ Nro po ( MO) . (4.72)
€p oM

If the loading is not periodic but if o (V) and Aep (V) are known as func-
tions of the number of cycles by the SED correction, the first integration
of Sect. 4.2.1 applies:

oD crl%/[ °
= 2A 4.

SN (2ES> P (4.73)
but the second integration is replaced by
Nr 2 s

oy (V)
D, = M 2Ae,(N)AN 4.74
L (hs) 2aan. @14)

where the number of cycles to reach the damage threshold is neglected.
This gives the number of cycles to mesocrack initiation as the implicit
solution of a nonlinear equation, usually solved by use of mathematical
software.
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4.3.2 Pressurized Shallow Cylindersé

It is the same example as in Chap. 3 except that the pressure varies periodi-
cally between 0 and Py (Fig. 4.7)

t
0 »

Fig. 4.7. Cyclic pressurized cylindrical cylinder

Let us recall from the stress analysis of the pressurized cylinder of
Sect. 3.3.2 that
OH 1 5—4v

\/3 1 -Rcyl
Goq = e Ty = — , and R, = ’ 4.75
4 2 tcyl X Oeq \/3 3 ( )

with P as the internal pressure, Rcy as the cylinder radius and t., as its
thickness.

The difference with the monotonic loading is in the plastic constitutive
equation which must take into account the effect of cyclic loading by the
kinematic hardening. There are two possibilities (Fig. 4.8):

Fig. 4.8. Elastic (left) and plastic (right) shakedown in cyclic loading
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1. The material has a small kinematic hardening for the stress considered;
there is adaptation or elastic shakedown after the very first cycle which
makes all the subsequent cycles elastic. The accumulated plastic strain
rate remains zero and there is no damage and no failure by low cycle fa-
tigue. There can be failure by high-cycle fatigue, in that case use the
two-scale damage model (applications in Chap. 6). This condition of
adaptation arises if

4 teyl

ax < . 4.76
\/3 Oy Rcyl ( )

Ocq max < 20y or Py

2. The material has a kinematic hardening high enough for the stress consid-
ered, 0eq max > 20y, so that hysteresis loops exist, leading to a stabilized
cycle of plastic shakedown. Then p # 0 and the phenomenon of low cycle
fatigue occurs.

In this case, the damage law,

D= A if (4.77)

has to be integrated once over a cycle to give gf, and once over the whole

process.
Considering linear kinematic hardening and neglecting the variation of
the damage over one cycle,

5D eame (02 R, \  do
—9 eq eq 4.
SN /2 <2ES(1 - D)2> Cy(1—D) (4.78)

Ty

or

8D 2 v ° gs—;}ax — (2 s+l
r )2> L (20y)*1] (4.79)

SN~ Cy(2s5+1) (2E5(1 -D 1-D

For the second integration,

¢ 2s+1 2 R ¥ 2s+1 2s+1 "
1-D s dD = v o s — (20 s dN
w/O ( ) Oy(ZS + 1) (21;5) [ eq max ( y) ] /lVD

(4.80)
or
2 1 1—(1—D.)?%+2
Ngr = Np + o s( ) , NszD,
2s+2 2 (R, (02541 (20,)21] 24p
Oy 2ES eq max y

(4.81)
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with
Oy — Oy Ocq max — 20y
PD = €pD Oeq Max 9 Ap: C )
— O- y
2 y (4.82)
\/3 Pmachyl 5—4v

, and R, =

Oeq max — 9

3

tcyl

For design purposes, it is interesting to see that the ratio Reyi/tey1 acts
on the number of cycles to rupture at the power (2s + 1).

4.3.3 Cyclic Bending of Beamsé

Cyclic bending is the fatigue process by which kids or older people break
a metallic wire with an increase of the temperature which may burn the
fingers! This is the same problem of a beam loaded in circular bending of
Sect. 3.3.3, but here the applied curvature 1/p is periodic with a mean value
equal to 0 (Fig. 4.9). Please refer to Sect. 5.3.4 for the consideration of the
coupling with temperature.

The critical point where the mesocrack will initiate is of course on the
upper or lower part of the beam where the plastic strain varies between
€pmax aNd €pmin = —€pmax, @ value related to the radius of curvature p by
the simple Bernoulli theory of beams in which the elastic strain is neglected:

I lepmax h
= max — . 4.83
) 3 or €p % (4.83)
2

Then the problem reduces to a simple case of tension-compression plastic-
strain imposed between —h/2p and h/2p, where the redistribution of stress
due to plasticity and damage is neglected.

1/
/

I(1+epm)

Fig. 4.9. Cyclic bending of a beam
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Back to Sect. 4.2.1 and neglecting also the number of cycles to reach the
damage threshold, we have

D, (2ESY
Ngr = 4.84
R 2A¢, < o3 ) ’ (4.84)

. h
with Ap = €pmax — €pmin = -

The term oy is the stress corresponding to €, max Which may be deter-
mined from the cyclic stress-strain curve of the material. Taking

20’1\/[ Me
Aep, = < = ) , (4.85)

this shows that the number of cycles to a mesocrack initiation is proportional
to the radius of curvature at the power (1 + 1\2/[5 ), which is on the order of 2
for steel (as s &= M./2), as follows:

D. (8ESY /p\1*ir.
Ne =", (K2> (h) . (4.86)

4.4 Numerical Failure Analysis

Practical applications concern structures made of different mechanical com-
ponents and different materials submitted to complex loadings, fatigue load-
ings here. The full computations of whole structures are difficult to perform
as a fully-coupled damage analysis is computer-time consuming and as, com-
pared to monotonic applications, the time increments are multiplied by a fac-
tor of 10 to 10000 cycles of fatigue.

The two ways to handle Continuum Damage Mechanics in low cycle fa-
tigue are:

e The fully coupled analysis which needs big computers and modern

computation methods such as sub-structuring and parallelism. It is of
course the best quality one can expect for structures computation. It
is also the easiest way for an FE code user to make the calculation and
analyze the results. The use of a large time increment method (P. Ladeveze
1989) eventually coupled with parallelism computing allows the user to
save time by calculating the stabilized cycle straightforwardly.
The damage maps may be drawn at any time increment. The most loaded
point is easily determined as the location of the maximum damage. The
time or number of cycles to rupture corresponds to the reach of the critical
damage D. or the phenomenon of strain localization (see Sect. 1.6).
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e The post-processing analysis which needs a reference computation
performed either in elasticity or elasto-plasticity, and the application of
a post-processor solving the damage constitutive equations cycle by cycle,
with a time step integration for each cycle. This assumes of course no
damage coupling with the strain behavior and in most cases yields a lower
bound on the number of cycles to rupture that is a safe result regarding
the security. Furthermore, for periodic loadings there is a possibility to
apply the jump-in-cycles procedure of Sect. 2.1.5 to save computer time.

4.4.1 Effects of Loading Historyéd)

(R. Desmorat and J. Besson 2003)

Due to the nonlinearities occurring in the damage growth, the accumulation
of the damages created by different amplitudes of loading is not simple. Their
order of occurrence has an effect that is sometimes beneficial, sometimes not.
Let us illustrate this using some examples. The material is the SOLDUR 355
steel of Sect. 3.4.2 but with kinematic hardening here. Anisotropic damage
and microdefects closure effect are considered together with (see Sect. 1.5.3):

E = 230000 MPa, v = 0.3 for elasticity
oy = 375 MPa as yield stress
XY =120 MPa, v, = 25, Cy, = v, X% = 3000 MPa for hardening

epp = 2.5 1072, 0, = 474 MPa, m = 2.5 for the damage threshold
ha =0, 5 =0.43 MPa, s =4, n = 2.8, D, = 0.5 for damage

The calculations are performed with the ZeBuLon computer code using the
full elasto-plastic damage coupling with the implicit scheme of Sect. 2.2.5.
The damage threshold is determined by (1.117) of Sect. 1.4.1 for multilevel
fatigue applications. It is

Oy — Oy m
= 4.87
PD €pD (UMl - O'y> ( )

when damage initiates during the first level of stress range on. It is

1/m Ou — Oy

pp = {epD +py/m M2 T "Ml} (4.88)

1
OM2 — Oy OM2 — Oy

when damage initiates during the second level of stress range oy after ng
cycles, at the first level up to an accumulated plastic strain p(ni) = p;.

The mesh is quite simple: a single volume element! Each cycle is dis-
cretized with a minimum of 40 time steps automatically calculated for opti-
mized convergence.

Considering several levels of 1D loadings, it has been shown in Sect. 4.2.1
that the deviation from the linear accumulation rule of Palmgreen—Miner
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is due to the damage threshold. In fact, a numerical analysis avoiding any
approximation gives the same effect, but in a more complete manner. A set of
two-level loadings is considered here, made of n; cycles of a first symmetric
cyclic loading at constant strain range Aeq, followed by ny cycles of a second
symmetric loading at constant Aes up to mesocrack initiation in the range
of 10 to 10* cycles.

First, it is interesting to see the variation in the number of cycles leading
to the damage threshold Np as a function of the number of cycles to rupture
Ng. Figure 4.10 shows that the ratio Np/Ng increases largely with Ng, as
shown by many experiments (A. Pineau 1980).

1 T T T
08 |- -
0.6 - -
Np
N R o4} -
02 |- _
Ae=0.016
0 I I

Fig. 4.10. Evolution of the number of cycles-to-damage-threshold in low cycle
fatigue

Second, after the damage threshold, the evolution of the damage is not
too far to be linear as a function of the number of cycles (Fig. 4.11). This
justifies some early fatigue theories where the damage was set as D = N/Ng,
but here it should be D = (N — Np)/(Ngr — Np).

Last, the accumulation diagram corresponding to the two-level fatigue
loading of Fig. 4.3 is computed for two different strain ranges. Figure 4.12
shows the deviation with respect to the Palmgreen—Miner linear rule repre-
sented here by the straight line [(1,0),(0,1)]. It is somewhat more precise than
the diagram of Fig. 4.4 drawn for the same values of N /Nr. Additional simu-
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N
Ny

Fig. 4.11. Evolution of the damage in low cycle fatigue for different strain ampli-
tudes

lations and experiments show that the deviation is more and more important
as the difference between the two loading amplitudes increases.

4.4.2 Multiaxial and Multilevel Fatigue Loadingséé
As an example, consider the biaxial testing steel specimen of Fig. 4.13 which
exhibits stress concentrations, localized plasticity, and damage at notches.
The sample is 120 mm long and 4.5 mm thick, which allows for the plane
stress assumption. A multilevel fatigue loading is applied and the failure
conditions are determined after a single elastic reference computation by use
of the cyclic SED method of Sect. 4.2.4, followed by the time integration of
the unified damage law. The edges are in pure tension with a stress triaxiality
ratio of 1/3 which corresponds to R, = 1.

The experiment is performed on the triaxial testing machine of Fig. 4.14.
Two in-phase proportional loads Fy(t) = F»(t) = F(t) are applied on the
lateral sides of the specimen. The total loading consists of thirteen blocks i of
cyclic F®) (t) varying between a zero minimum load and a constant maximum

load Fi{dx (Fig. 4.15). The first block is made of 38000 cycles at Fi =35

kN, then the load is increased by 5 kN every 100 cycles up to FIS}SQ =95 kN.
Failure, characterized by a mesoscopic crack of 0.5 mm in the edge, occurs at

this last level after ngii)p = 3050 cycles. This corresponds to a total number
of cycles to rupture of 42150.
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The material is a 2-1/4 CrMo steel at room temperature. For strains
smaller than 4%, the monotonic plastic behavior is approximated by a linear
hardening R = Cyp; for cyclic loading with strains smaller than 4%, it is
approximated by a linear kinematic hardening X = gC’yep. The full set of
material parameters defined in Sects. 1.4 and 1.5 is:

E =200000 MPa, v = 0.3 for elasticity

oy = 180 MPa as yield stress

Cy = 6000 MPa for hardening

ou = RY, + oy = 450 MPa as ultimate stress

epp = 0.12, m = 2, 07° = 140 MPa, S = 2.8 MPa, s = 2, D, = 0.2 for
damage with a damage threshold in fatigue given by

oy — 0°
o= [ A . (4.89)
_ U?O

2
The procedure of the numerical prediction is as follows:

1. Perform the elastic reference computation for a load F; = F5 =
Fref°
Define for each level amin = Fumin/Fret = 0 and omax = Fmax/Fret
(with o**f = 1). The von Mises stress at the edge concentration point
is aé‘ff = 129.2 MPa for Fyef = 10 kN. At this point, R, = 1 and

1.2 T T T

[
TR A =0.01

VY 7] ae0016

0.8

0.4

Ae =0.016
Ae =0.01

0 0.2 0.4 0.6 0.8 1 12

R2

Fig. 4.12. Nonlinear damage accumulation in two-level fatigue loadings
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Fig. 4.13. Biaxial testing specimen (J.P. Sermage and J.M. Virely 1998)

E (Ue)elas =F (AUAE)elas = (amaxaégf)Q . (490)
Check that for each level (Ao )eias > 20y so that plasticity (at least) must
occur locally.

2. Apply the Strain Energy Density method for each level to take
into account the plasticity.

Calculate the maximum stress from the monotonic SED method:

E
E (Ue)elas + Oy 0—3

Oumax = o . (4.91)
Cy



4.4 Numerical Failure Analysis 219

Fig. 4.14. Triaxial testing machine ASTREE of LMT-Cachan
Load‘ F

95 kN

35 kN | Number
M of cycles

| A
38000 100 100 100
Experiment < > N -
p 1100 Rexp 3050 cycles
SED Method D = 0.042 N R= 3790 cycles
[ -

Fig. 4.15. Multilevel fatigue loading

Calculate the stress range Ao, the plastic strain range Aep, and the

S
plastic strain increment over one cycle of the considered level 5 ]Z\)f:
E
E (AcA€) . + 40 032,
Ao = B o (4.92)
1
+ c,

op Ao — 20
=2Ae, =2 Y 4.93
SN €p Cy ( )
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At the beginning of the last level, the accumulated plastic strain is

5p @ (12)

sp M 5
P 100 ... +100. P

p = 38000 5N 5N

—47.06.  (4.94)

3. Calculate the damage and the number of cycles to rupture.
(a) Determine the number of cycles at damage initiation (Np)

The damage threshold for the first level FISQX =35 kN is pg ) = 6.7.

Then
p(l)
Np= 'P (1) = 6650 cycles. (4.95)
2A¢€p
Check that Np < 38000 cycles so that the damage initiates at this
level.

(b) Calculate the damage increment for each level
According to (4.63),

dD o (0-6233 min + Usé max)RlS/ 5}7

ON 2(2ES) ON (4.96)
o Ur2nsax + (Ao — UmaX)2S op
2(2ES)* SN’

(c) Determine the number of cycles to rupture (nglg))

The damage increments over each block are summed up to D = D..
At the beginning of the last level,

sp ™ 6D 5D 12
D = (38000—Np) o +100 o +...+100 o =0.042 (497)

and a number of cycles at crack initiation ngls) is estimated as

D. —0.042
5D (13)
ON

NP = = 3790 cycles, (4.98)

compared to Nélei)p = 3050 and which corresponds to a total number
of cycles Ng = 39100 + 3790 = 42890 instead of the 42150 cycles
obtained experimentally. The accumulated plastic strain at failure is
then

5p (13)
pr = 47.06 + 37906N =112.6. (4.99)

From the first level to the last, the accumulated plastic strain per cycle (; )

varies from 0.1 1072 to 1.73 10~2 whereas the damage per cycle (ngV) varies
from 8.94 107 to 4.17 107°.
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4.4.3 Damage and Fatigue of Elastomerséd)cj

(S. Cantournet and R. Desmorat, 2002)

Elastomers, at least for fatigue purposes, may be modeled by hyperelas-
ticity with internal friction coupled with damage. No plasticity! A dis-
sipative phenomenon occurs, however, due to internal sliding of the macro-
molecular chains on themselves and the black carbon filler particles. Internal
viscosity is also an additional dissipative mechanism not taken into account
in this section.

The unified damage law governed by the accumulated plastic strain rate
used up to now is useless. Fortunately, its generalization to any dissipative
phenomenon described in Sect. 1.4.5 applies. It just needs to be formulated
within the finite strains framework (see Sect. 3.4.1), replacing € with the
Green—Lagrange deformation E, o with the second Piola—Kirchhoff stress
tensor S, and with internal variables:

e The internal inelastic strain E” (instead of €™). It is associated with the
opposite of a stress denoted by S™.

e The internal sliding variable ¢ associated with the residual microstress
tensor X.

e The isotropic damage variable D, associated with the opposite of the
energy density release rate Y.

4.4.3.1 Hyperelasticity with Internal Friction Coupled with
Damage

The state potential is (for the isothermal case),
1
potb = (1= D) [wr(E) + wa(E ~ BV + , Crax: v, (4.100)

with pg as the density of the undeformed material and where

e w; is a hyperelastic energy density such as the Mooney, Hart—Smith or
Lambert-Diani-Rey densities. For incompressible materials, J = det F' =
1 and

wy = moony (I1 — 3) + moona (2 — 3) Mooney,

1
w; = /exp (hg (Il — 3)2) dI; + 3hsIn 32 Hart—Smith,

dr
w1 = hy /exp (hs(I; —3)™)dl; + 3h2/ I“i Lambert—Diani—Rey.
2
(4.101)
Here, I; = tr C and I, = } [(tr C)? — tr C?| are the first two invariants

of the dilatation tensor C = FT F; and moon; and h; are the hyperelas-
ticity material parameters. For quasi-incompressible materials, the third
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invariant I3 = .J? does not remain strictly equal to unity. A compress-
ibility term that is a function of I3 is often introduced. For example,
the Mooney density for compressible or quasi-incompressible elastomers
is written as

1
wy = moony (I — I3 — 2) + moong (Is — 213 — 1) + 2KV(13 —1)2, (4.102)

where K is the compressibility modulus.
e ws is the second order term of the Mooney—Rivlin development with in-
elastic strain E™,

Wy = 4020 [tl“(E - Eﬂ-)]2 = CQQ (Il - 2t1“ETr - 3)2 . (4103)

For incompressible materials, the internal pressure P is calculated from the
boundary conditions using a pressure-displacement FE formulation. The state
laws then become

6(’[1}1 + U)g)

_ 1 _ -1
S—po aE J:1—(1 D) aE PC N
8’@/1 6’[1}2
ST =—p ~={1-D ,
;3E ( JoE (4.104)
X =p = Ca,
da
0
Y:—poag:wl—f—ll}g.

This defines the effective stresses § = 1 SD and §" = 1 S D
For compressible or quasi-incompressible materials, the first law of (4.104)

is simply

O O(wy + wo)
S=poyr =01-D)"" 7 (4.105)
The reversibility criterion (such as f < 0 = hyperelasticity) is:
S’T ~ T ~ T
= X -0, = (s —X):(S —X)—US, (4.106)
1-D
with oy the reversibility limit in the S™ stress plane.
The dissipation potential is
v S Y\
F= X: X 4.107
T+, +(s+1)(1—D)<S> ! (4.107)
giving rise to the evolutions laws through the normality rule,
. oF oF . oF
E — vV — — d D Ey 4.1
Masﬂ'? (8% NaX’ an MaYv ( 08)
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with £ as the internal sliding multiplier determined from the consistency
condition f =0, f = 0. They lead to
o S-X
1-Djs" - X (4.109)

X = {CzEﬂ —~AX#|(1-D),

and the damage evolution law for elastomeric materials valid for monotonic
loading as well as fatigue loading:

. Y\?
D= s
<S) T T (4.110)

D =D. — mesocrack initiation,

t
where m = fg (1-D)pdt = / | E"||dt is, as expected, the cumulative
0

measure of the internal sliding.
Compared to hyperelasticity, 8 additional material parameters are intro-
duced:

e The reversibility threshold oy

o (y, C,, and ~y for internal friction: the parameters Cyy and C; model the
hysteresis loops when the parameter v models the stress softening

e 7mp, S, s, and D, for damage evolution and mesocrack initiation

4.4.3.2 Hysteresis and Cyclic Softening of Filled Rubber

With neither damage nor viscosity, the model represents the hysteresis and
the stress softening of filled elastomers. Figure 4.16 shows the cyclic tensile
curves of styrene butadiene rubber (SBR) filled with silica particles.

Note that in terms of hyperelasticity, considering Hart—Smith density al-
lows for a good modelling of the up-turn at very large strains. For fatigue
applications, take the model which best represents the hysteresis loops in the
range of deformation under consideration.

4.4.3.3 Fatigue Curve of Filled Natural Rubber

The model of hyperelasticity with internal friction coupled with damage al-
lows us to compute the number of cycles to rupture in unidimensional fatigue.
The numerical procedure is detailed in the next section for structures but ap-
plies, of course, to cyclic tension.

Consider here a filled natural rubber (NR) tested both in cyclic tension
and fatigue. The material parameters are
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e moon; = 1.848 MPa, moons = 0.264 MPa, K, = 1188 MPa
os =1 MPa, Cyg =1 MPa, C, = 10 MPa, v =5
e m=0,5=5.6MPa,s=5, D, =0.2

16+ 4 |
I A3 7
2
12+ 1 |
L t |
F/S,
(MPa) 8f Py |
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Fig. 4.16. Cyclic tensile curve of styrene butadiene rubber (SBR) with Hart—
Smith density. The dotted line represents experimental results from A. Lapra (2001)
(h1 = 1.6 MPa, hy = 0.28 MPa, hs = 5.20 10~*, o, = 1.16 MPa, Ca = 0.14 MPa,
C, = 0.93 MPa, v = 0.57, D = 0)

The fatigue curve of the maximum applied elongation Amax (larger prin-
cipal component of the transformation gradient F') versus the number of
cycles to rupture Ny is calculated and compared to experiments with suc-
cess in Fig. 4.17. The measured elongation to rupture in tension, A\g = 7.2,
is also reported on the diagram which shows the ability of the single gen-
eralized damage law D = (Y/S)*% to model monotonic as well as fatigue
damages.

4.4.3.4 Fatigue of a Metal/Elastomer Joint

As an example, consider the case of the double lap joint of Fig. 4.18 submit-
ted to fatigue loading. Half of the joint is meshed in three dimensions with
27-node quadratic elements. The bottom ends are fixed and the same dis-
placement U (t) = U(t)és is applied cyclically on the top end between U = 0
and U = Upax = 45 mm at a loading rate of 100 mm/min. Considering the
damage pattern, the most damaged zones are the corners points of the rub-
ber parts where a crack initiates (after a number of cycles NF™ = 30), with
a damage propagation mainly along the interfaces.

The metallic parts are made of steel (E = 200000 MPa, v = 0.3) which
remain elastic during the test. The elastomer is made of filled natural rubber.
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Fig. 4.17. Experimental and calculated fatigue curves for filled natural rubber

(NR) (mean elongation Amean = 2.53)
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Fig. 4.18. Metal/elastomer joint (dimensions in mm)



226 4 Low Cycle Fatigue

The uncoupled procedure to estimate both the fatigue damage and the
number of cycles to rupture is the one described in Sect. 2.1. It is detailed
here for the damage law considered:

Step 1. Perform the nonlinear structure FEA with no damage up to
a stabilized cycle. This constitutes the reference computation. The
result of the analysis is the history of the stresses S;;(t) or S(t), the
strains E;;(t) or E(t), and the internal variables S™(t), E™(t), X (t),
and a(t). It is also the global hysteretic response of the structure
force F' vs displacement U.

Step 2. Determine the most loaded point where Y = w; +ws is max-
imum in order to calculate the damage increment (step 3), the dam-
age history (step 4), and the number of cycles to rupture (step 5) at
this point. If damage maps are needed, perform the steps 3 to 5 at
the Gauss points of the damaged zone considered.

Step 3. Calculate the damage increment over one cycle. The calcu-
lation is made over the stabilized cycle as a post-processing of the
reference computation. This is usual in fatigue as it makes the anal-
ysis much faster with rather high accuracy,

§D Y)Y .
dN B 1cycle< S )ﬂ-(t)dt

L (mE®) (B0 - B |

(4.111)
Step 4. Calculate the damage history at the considered point(s). The

. .. oD . . . . .
derivative SN is constant for a given maximum applied displacement

Umax. Then,
D(N) = oD (N — Np) (4.112)
TSN b '
with Np as the number of cycles at damage initiation. Here, Np =0
as mp = 0.

Damage maps may then be drawn. The computed damage pattern is
in accordance with the experiment: it exhibits a damage larger in the
rubber corner points and is localized along the interfaces (Fig. 4.19).

Step 5. Calculate the number of cycles to crack initiation corre-
sponding to D = D.:

D, .
Nr = Np + sp At the most loaded point. (4.113)

ON
These calculations have been made for the metal/elastomer joint. The number
of cycles at crack initiation corresponds to the reach of D = D, at the
corner point A. The result is Ng = 39 cycles, compared to N = 30 which
corresponds to an accuracy of about 30%.
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Fig. 4.19. Damage pattern at crack initiation in the metal/elastomer joint (mesh
of half of the joint)

4.4.4 Predeformed and Predamaged Initial Conditions

As in Sect. 3.4.7 for ductile failures, it is interesting to know how the number
of cycles to rupture can be modified in low cycle fatigue by changes in the
initial conditions of the main variables. Forming processes, accidents, or over
loadings may induce, for a “forming” or an “accident” stress agq, initial fields
of:

The accumulated plastic strain pg

The corresponding value of the strain hardening variables Ry and X
The stored energy wi ~ A(od, — Ufo)pé/m,

The damage Dy or Dy

The internal residual stresses

They have to be introduced as initial conditions in the structure calculation,
at each Gauss point if a finite element analysis is used, to determine the
stresses 0eq(t) and ow(t), as well as the plastic strain p(t) or Ap. They also
have to be introduced in the damage law.

e The initial plastic strain (pg) or the stored energy density (w?) modi-

fies the number of cycles corresponding to the damage initiation (Np)
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through the change in damage threshold written in terms of accumulated
plastic strain. For a fatigue loading with a periodic, signed von Mises
stress between —0eq min and 0eq max applied after the forming process or
the accident, the stored energy threshold reads

ws = Aoy — crl?o)e}lﬂ/jm

ooy 1/m Oeq min T Oeq max 00 1/m 1/m
= A(qu — 0% )po/ +A < b 9 b — 0 ) (pD/ - po/ )
(4.114)

and corresponds to the accumulated plastic strain threshold p = piy¥,

pnew _ |:€1/m Ou — U?O
D - D 1
P 2 (Ueq min T Oeq max) - U?o
. - (4.115)
1/m 2 (Ueq min T Oeq max) - Ueq
+ pO 1 o )
2 (Ueq min + Oeq max) — Oy
1/m
. . oy — 0°
becoming pi™ = pg if po > p = €pp < . f > .
ol — o
eq f

e The initial damage corresponding to py > pp acts in the integration of
the damage rate from Dy to D..

For example, in the case of periodic, proportional loading of Sect. 4.2.2, the
formula (4.24) is replaced by

ppY —po | De 2ES . 0
Ng = f
R 2Ap * 2Ap <U§q max R t Po<Pp
D.—D 2ES Y (4.116)
Np="¢ 7° it po>pY.
" 2Ap <qu maxRV> 1 Po="Pp

4.4.5 Hierarchic Approach up to Non-Proportional Effectsé’ééd

As for ductile failure predictions in Sect. 3.4.8, the different models of low cy-

cle fatigue may be classified in an increasing order of accuracy corresponding
(unfortunately) to an increasing order of difficulty.

e The Manson—Coffin law is certainly the first model to consider for an
early design with a periodical loading or if only the plastic strain range is
known. The number of cycles-to-crack initiation (Ng) at the critical point
where the state of stress is one dimensional is simply

CMC YMC 2€pR 2
Np = Np ~ . 4.11
R ( Aep ) or R Aep ( 7
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e If the loading is periodic by blocks, the linear Palmgreen—Miner rule may
give an order of magnitude of the result but without the possibility to
know the sign of the error:

n; _ _ .

Ny = 1, Na=)> m. (4.118)

e  When the local loading is 3D, the Manson—Coffin law does not apply but
if it is proportional and periodic the integrated unified damage law may
be used. For a symmetric periodic loading,

D, ES ®
Ng =N
R D+2Ap(a2 R)’

eq max” "V

€ oy — o¢° m
with Np = 2 ( v OO) :
2Ap Oeq max — Uf

(4.119)

The equations require knowledge of the value of 5 material damage pa-
rameters plus F, v, 07°, and o,. They can be reduced to one by using the
equivalence between 1D and 3D through the damage equivalent stress o*
if one point of the Manson—Coffin curve is known:

NR(Uij) Aép (URA)2S
~ . 4.120
Nr(om)  Ap \om ( )

e The last possibility is the integration in time of the unified damage law
if the loading is not periodic but is a complex function of time, either 1D
or 3D, either for isotropic or anisotropic damage, and either deterministic
or random by the Monte Carlo method:

. v\
D= ( S) €| if ws > wp. (4.121)

In case of periodic loadings, the stored energy damage initiation criterion
is equivalent to

. . Oy — O°
D#0 if p>pp=cep (Ao) f (4.122)
g Tof

Remark — Note that the extension of the Neuber and the Strain Energy Density
methods is a big help in determining Ae, or Ap from an elastic calculation.

In matters related to plasticity, classical isotropic and kinematic hardening
laws have been considered so far. The Armstrong-Frederick nonlinear law
X = gCép — v Xp represents the Baushinger effect of the apparent yield
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stress decrease in cyclic loadings and also the cyclic stress softening of non-
symmetric strain-controlled loadings. But it is not suitable for more com-
plex hardening mechanisms such as non-proportionality effects or ratcheting,
which is the continuous increase of the plastic strain at constant stress range
(even when no damage occurs). Other kinematic hardening laws must then
be considered. They are usually written for undamaged materials and need
to be coupled with damage by the effective stress concept.

e A better modelling of hardening (for a wider range of plastic strains or
for uniaxial ratcheting) is obtained by use of several kinematic hardening
variables X; related to nonlinear laws (Z. Mroz 1967), coupled here with
either isotropic or anisotropic damage (no summation on subscripts ):

X=> X,

: 2 . .
X; = 3Ciep —7iXr, (4.123)
~D
- X
€’ = (HePH)P with &° =n 5= Z(;’—X)eqh

where € = nXp is the plastic strain rate in plasticity (D = 0) and
eP = n*y is the effective plastic strain rate in plasticity coupled with
damage.

e Another way is to keep only one kinematic variable but to introduce in
its evolution law a term taking into account the rotation of the stress vec-
tor to model the ratcheting and non-proportional effects. Many nonlinear
laws have been proposed but are most often not coupled with damage
(H. Burlet and G. Cailletaud 1987, A. Benallal and D. Marquis 1988,
E. Tanaka 1994, N. Ohno and J.D. Wang 1994, T. Kurtyka 1996, S. Cal-
loch 1996, M. Frangois 2000). For instance, the Burlet—Cailletaud model
states that

2
X = 30&? — (X :n®) np (4.124)

and the Ohno—Wang model uses
. 2
X = 3Cép — (X X)X : M) X . (4.125)

In order to introduce the damage coupling, one way is to define
a non-associated potential Fx such as the nonlinear kinematic hardening
law derived from F = f + Fx. Replacing the stress o by the effective
stress o in I’ before taking the derivatives gives the nonlinear kinematic
hardening law fully coupled with damage. For instance, the potential

3 E:eP-2C
(X : X)X :n®)*2 and n* = © 5> *
2(E:eP - Ca)eq

(4.126)

_ 3

=40
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gives

._2 5P . a1 Ly X\ =1 X -
X—3Ce yaz(X : X)X :n™) nr (4.127)
— vy (X X)X eP) X,

with the first back stress term proportional to n* as in the Burlet—
Cailletaud law and the second one proportional to X as in the Ohno-
Wang law.

Finally, the treatment for plastic anisotropy is similar to the one for the
ductile failure case (see Sect. 3.4.8). Use as yield function:

f=V(@E-X):h:(6—-X)—-R—o0, where h is the Hill tensor
(4.128)

and take
3

4

as the dissipation potential with the state law X = §C : o and with
C and T' as material-dependent fourth order tensors. The nonlinear
anisotropic kinematic hardening law with no damage (C’f1 : I' assumed
to be symmetric) becomes

F=f+"X:C':T:X (4.129)

X:§C:ép—I‘:Xp. (4.130)

The coupling of the kinematic hardening evolution law with damage is
gained using the thermodynamics framework as

p S
& ="rs and &= Tox (4.131)

lead to 5
X:?)C:ép—I‘:Xr", (4.132)

where €P = r
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Creep, Creep-Fatigue, and Dynamic Failures

Generally, an elevation of temperature in most materials induces a decrease
of their strength and a sensitivity to the strain rate. Then, creep and creep-
fatigue failures are associated with temperature and time. They are as-
sociated with temperature because these phenomena are thermally activated
from mid to elevated temperatures that are above about one third of the
absolute melting temperature for metals. The time association arises because
the temperature induces viscous effects depending explicitely upon time.

From a physical point of view, creep damage in metals is essentially the
nucleation and growth of intergranular microcracks up to crystals triple
points where the coalescence of microcracks induce a mesocrack. Under fa-
tigue loading, a net of intragranular microcracks develops and interacts
with the creep microcracks net. From the mechanical point of view, this
interaction is nonlinear and so is the cumulation of damages resulting of dif-
ferent stress amplitudes. In polymers, damage occurs as a result of rupture
of molecular bonds in zones of defects or impurities that induce a strain
rate effect with temperature, particularly the transition state or rubber
state.

Modelling creep effects was done during the 20th century, beginning with
E.N. Andrade (1910) and F.H. Norton (1929). The introduction of a dam-
age variable was in fact first made for creep by L.M. Kachanov (1958),
Y.N. Rabotnov (1968), and used then by J. Lemaitre (1971), J. Hult (1972),
F.A. Leckie, and D. Hayhurst (1974). Its extension to creep-fatigue damage
was followed by J.L. Chaboche and J. Lemaitre (1974), M. Chranowski (1975)
to become an engineering tool to design mechanical components against creep
or creep-fatigue failures (J. Skrzypek and A. Ganczarski 2002).

This chapter has the same organization as others with a visco-plastic
stress concentration analysis, an expression of the yield stress for adia-
batic deformations strain rate and temperature-dependent, and examples of
creep-fatigue, dynamic analysis for crash problems and penetration of
projectiles.
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5.1 Engineering Considerations

All engineering components submitted to loadings at elevated temperature
may be subjected to creep damage effects in quasi-static loadings and to
creep-fatigue damage effects in cyclic loadings. This is the case for all metallic
materials and polymers. These effects can be classified with respect to the
lifetime:

e Short range effects in rockets components where the lifetime is of a few
minutes or in the coating of the steel ladles in the metallurgy of steel elab-
oration where the lifetime is only on the order of 200 to 500 service hours.

e Middle range effects in gas turbines of airplanes or car engines where the
lifetime is on the order of 5000 to 10000 hours.

e Large range effects in the chemistry industry and thermal or nuclear power
plants where the lifetime is of the order on 10 to 50 years.

e Extremely large range duration as those considered in the conservation
of radioactive wastes — up to 100, 1000, or even 10000 years!

The analysis grows more difficult as the time range increases at least for
three reasons: as the time increases there are additional physical effects like
diffusion, corrosion, and aging which are not usually taken into account in
the mechanical constitutive equations; there is a time scale of some months
or years above which there is almost no possibility to perform tests and
ensure good identification of the material parameters; last but not least,
the probability of the occurrence of unpredicted events increases with time.
Furthermore, be careful at the two extrema of the plastic strain rates where
viscous effects must be taken into account even at room temperature:

e ¢, > 1-10% s7! is the range of rates occurring in shocks, crash, or loadings
by accident. It is usually called dynamic plasticity because it happens
at room temperature but it is formally labelled as visco-plasticity as
the strain rate modifies the material response, especially if the reference
identification has been performed at usual strain rates of about 10~4 s~L.
For example, the usual engineering yield stress may increase 10-50% at
high strain rates of about 10* s~1.

e ¢, < 10710 571 at the other extreme is the range which may exist in
steels at room temperature loaded at small stresses, below the engineering
yield stress. The resulting slow creep or relaxation may change the
stress concentrations, induce leakage in pressurized vessels, or decrease
the tension in the cables of pre-stressed oncrete by relaxation of the steel
cables associated with the creep of the concrete.

5.2 Fast Calculation of Structural Failures

Despite the fact that temperature and time add two more variables, it is
possible to perform approximate calculations of the damage to help in early
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design, considering of course isotropic damage without any effect of microde-
fects closure in compression. The difficulty is knowing with a good accuracy
from a structural analysis the state of local stresses or, better, the state of
local plastic strains which are the inputs of any damage evaluation.

5.2.1 Uniaxial Behavior and Validation of the Damage Lawd

5.2.1.1 Creep Damage

Pure creep is the time evolution of the plastic strain under constant stress.
Generally, the damage begins to grow at the minimum strain rate after the
primary creep and increases the strain rate up to rupture (Fig. 5.1).
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Fig. 5.1. Damage during a pure creep test on superalloy IN 100 at 1000°C
(J. Lemaitre and J.L. Chaboche 1985)

The first law proposed in 1958 to describe the creep damage is the unidi-
mensional Kachanov law without any threshold:

where Ap and rp are material parameters depending upon the temperature.
The time-to-rupture tg at constant stress and constant temperature is the
solution of this differential equation for D = D., with the initial condition

t=0— D=0,
1—(1— D)o+l [ o\
tr = . 5.2
R TD+1 AD ( )
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This helps us draw from experiments the isochronous curves which give the
time-to-rupture function of the constant stress applied (Fig. 5.2).
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Fig. 5.2. Isochronous curves of superalloy IN 100 at different temperatures
(J. Lemaitre and J.L. Chaboche 1985)

This kind of tests may be helpful in the validation of the unified damage
law for creep damage if the plastic strain to rupture epr and the plastic strain
at the inflexion point corresponding to the threshold e,p are recorded.

The integration of the differential law for o = const is particularly easy:

: o? . .
D= (ZES(I 3 D)2> lép] if e, > €pp (5.3)
or
[ - ) (5.4)
(1-D) SdD:( > / de, 5.4
0 2ES ) Jep
leading to
o>\ 1 254171
€pR — €pD = 2ES 96 T 1 [1 — (1 — DC) ] . (55)

The slope of the best straight line fitting the points log(e,r —€pp) vs logo
for different creep tests “must” give —2s, close to the value identified by the
procedures of Sects. 1.4.4 and 2.4.



5.2 Fast Calculation of Structural Failures 237
5.2.1.2 Creep-Fatigue Damage

If the loading is a sequence of constant stresses with hold times and un-
loadings or if it is a cyclic loading, the phenomenon of fatigue occurs as
a superimposed effect. It is called creep-fatigue interaction because the
earliest models were a combination of two terms: one for creep, and one for
fatigue without or with couplings to obtain a model of nonlinear interaction.

The simple Taira rule of linear interaction (1952) applies to isothermal
uniaxial cyclic loading with 0 < 0 < opax and with a hold time of At. If Ny
is the number of cycles to rupture corresponding to a time tg ~ At - Ngy; if
Ngpr is the number of cycles to rupture in pure fatigue (At &~ 0) for the same
stress range; and if tgc is the time-to-rupture in pure creep for the same
maximum stress 0 = opyax for all ¢, the Taira rule reads:

iR n Ng _
trRc  IVrF

1. (5.6)
Easy to apply, it may give an order of magnitude of the time or of the number
of cycles to rupture if nothing else is available.

An interesting point, the unified damage law developed in Chap. 1,

0.2

D= (2ES(1 B D)2> lépl if p>epp, (5.7)

can represent both creep damage and fatigue damage as the damage rate
is governed by the plastic strain with no difference for creep and fatigue as,
from the point of view of strains, a fatigue loading is nothing more than cyclic
visco-plasticity.

Numerically, it is possible to show that the interaction between creep
damage and fatigue damage is nonlinear if a damage threshold and kinematic
hardening are taken into consideration (see Sect. 5.4.2). A small creep reduces
considerably the fatigue life, a physical property which is not contained in
the Taira rule.

5.2.2 Case of Proportional Loadingd

The case of proportional loading allows us to solve a 3D problem by ma-
nipulation of scalars only as all the tensors are colinear (see Sect. 2.1.2). As
already stated, many engineering problems involve one load or multiple loads
all varying proportionately to one parameter to ensure the local property of
proportional loading.

In monotonous creep, if the history of stress is known as a function
of time o(t) at the critical point, one only has to calculate the von Mises
equivalent stress ceq(t) and the constant triaxiality ratio (om/0eq). In the
unified damage law, the accumulated plastic strain rate is replaced by the
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pure viscous Norton law in which the yield stress and the hardening are
neglected here (but not the coupling with the damage),

=i o) o

One has to solve a differential equation fully similar to Kachanov law (5.1),

. 02 R,, o No
D = €a €q f )
2ES(1 — D)? [K]({,(l - D)] i op>p (59
or s N
D t 2 (t)R o (t) 0
1— Dy2etNogp = [ [Tear Bl 1 Tealt) | gy 1
| a-n s | G| e e

where the time tp to reach the damage threshold pp is given by

tp o No
pD:/ [ GQ] dt. (5.11)
o LK}
Then,
t 25+N0RS 2s+]1\70+1
D=1- 1—(23+N0+1)/ camy v (5.12)
i (2BS)° (K3)™
and the time-to-rupture ty is given by
t 25+ N, s s
/ © e M 1= (1= Doyt (5.13)
v (2ES)s (K9)™° 25+ No + 1
For example, for a constant state of stress pp = ¢,p and
1— (1 _ DC)28+N0+1 (2ES)5 (K?V)NO
trc = tpc + 254N )
2s + NQ +1 Ueé 0Rs
v (5.14)
K9\
tbc = €pD < ) .
Ocq

The difference with an uniaxial case characterized by the same equivalent
stress 0 = 0cq lies only in the triaxiality function R, and gives an easy way
to solve any 3D problem (in proportional loading!),

trc(oi;) — tpc(oij)

tRC(O') - tDC(O') - R;S ’ (515)

7N0
. g
with tpc(oij) = tDc(O') = €pD (KO ) .
N
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The case of creep-fatigue (non-monotonous creep) is also treated by the
above equations ((5.12) and (5.13)) if the same assumptions apply.

The integral is only a bit more difficult to calculate. For example for the
periodic repeated loading of Fig. 5.3, the damage increment over one cycle
M= eycle Ddt (assume D is constant over one cycle in the calculation of

the integral) is given by the integral involving the stress rate during loadings
and unloadings where |6eq| = 67, considered constant,

——

At
Oeq max
Geq min=0 t

Fig. 5.3. Creep-fatigue periodic loading

Geq

o (t) Ry geqt) 1 do.
D — eq eq . h — eq 1
d 2ES(1 — D)2 [K?Va - D)} diwith - df ol (5.16)

e TN IO

Jeq max do_ At

[S1

2 0,2S+NQ q + 0,2S+NQ dt

eq . f eq max
0 Oeq 0

X

] (5.17)

A second integration over the number of cycles gives the condition to rupture,

D, s No
N R 1
_ 25+ Ng — v
/0 (1= Dy=HeD LES] [K?J

2 o2 et 25+ N
X eq max —l—O’eSmag(At Nr — Np),
2s+ Ng + 1 dgq a ( )
(5.18)

where Np is the number of cycles to reach the damage threshold (see
Sect. 1.4.1):

No m
Pp K?\] . 204
Np =~ th = 1
P At <Ueq max) h D “pD (Ueq max ’ (5 9)
1— (1 — D)+Notl (2ES5)* (K]%)No
Nr = Np+ 254N
25+ Ng +1 gegﬁnag(R;;
1 (5.20)
2 Oeq max
At
“Nos+No+1 4l
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In the last brackets, the first term corresponds to fatigue damage and the sec-
ond to creep damage. The last equation involves temperature-dependent ma-
terial parameters which may become time-dependent in the integral through
the eventual history of temperature.

Here again, the number of cycles to rupture of a 3D problem is easily
deduced from the known number of cycles to rupture of an uniaxial case
characterized by the stress o(t) which varies between 0 and oy = Geq max

Nr(0ij) — No(oi) _ s
Na(om) — No(ow) =R,°. (5.21)

Equations (5.14) and (5.20) allow us to determine the 3D creep-fatigue
interaction diagram Ng/Ngp function of tr/trc for a given stress triaxi-
ality where:

e Npgp is the number of cycles to rupture in pure fatigue (hold time At = 0),

[1 _ (1 _ DC)25+N0+1} (ZES)S (K]({,)NO &

_ eq
Ngrr = Npr + 9% 2S+N0+1Rs (522)
Oeq max
e tRc is the time to rupture in pure creep,
1= (1= D)2 +Notl 2E8)s (K§) ™
trc = tpc + (2 N) 1 25+Jsfo S) (5.23)
s+ No + Oeq maxR
e Np is the number of cycles to rupture in creep-fatigue
e (g = NRAt is the time spent in creep
One has
(Nrr — Npr) 2 Geamex _, 4 (5.24)
RF DF 25+ No + 1 c’rgq =trc — tbc .
and
(Ng — Np) 2 Geamax | ayl gy (5.25)
R D 95+ Ny + 1 &écq =1trc — IpC .
which lead to
—1 trc — t
(Nr — Np) tre be + (Ngr — Np) At RO pe _ trc —tpc  (5.26)
NRF — NDF trc — tpC

and, therefore, the 3D nonlinear creep-fatigue interaction through the values
of the thresholds Np, Npp, tp, tpc:

Nr — Np tr —tp

-1, 5.27
Nrr — Npr  trc — tpc ( )
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where the stress triaxiality and the maximum von Mises stress eq max are
the same for fatigue, creep and creep-fatigue. Note that a damage evolution
with no threshold (pp = 0) implies tpc = tp = 0 and Npp = Np = 0.
In that case, eq. (5.27) recovers the Taira rule (5.6) of linear creep-fatigue
interaction.

If the reference creep time to rupture trc(om) and fatigue number of
cycles to rupture Ngyr(om) are known from an uniaxial loading (R, = 1) at
the same 0cq max = oM as the 3D loading, one can write the 3D creep-fatigue
interaction as

Nr(0i3) = No(ois) tr(0ij) —to(oy)
Ngrr(om) — Npr(om)  tre(om) — tpe(om) =R,". (5.28)

5.2.3 Sensitivity Analysisd)é

As in Chap. 3 (Sect. 3.2.3) for the plastic strain to rupture and in Chap. 4
(Sect. 4.2.3) for the number of cycles to rupture, it is possible to perform
a sensitivity analysis for the time to rupture in creep in accordance with
the general method of Sect. 2.4.6. Start with the closed-form solution in
proportional loading (5.14), where

1—(1—D)2s+Notl 7 9pg \* / [0\ N
LAY - f () R
25+ Ng+1 UeqRu Oeq
with N
KON\
tb = €pD ( N) (5.30)
Oeq
and 5
R, = 3(1 +v)+3(1—20)T%. (5.31)

Taking the logarithm gives
In(tg —tp) =In (1 — (1 — D)** TNty —In(2s + Ny + 1)
+ sln <02§i§,,) + Noln (f%) , (5:32)
with
In(1 — (1 — D)™™t ) = In (1 — exp[(2s + No + 1) In(1 — D.)])  (5.33)
and the derivative

25 + No + 1)(1 — D,.)?s+No
1— (1 _ DC)23+N0+1

(]. — DC)23+N0+1 ].H(]_ _ Dc)
B 1— (1 — Dc)2s+Not1 dNy  (5.34)

2(1 - DC)QS’LNOJF1 In(1 — Dc)d
- 1—(1— DC)25+N0+1 -

dln(1—(1- DC)25+N°+1) = ( dD,
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Taking the derivative with the notation bz = |dz| to ensure upper bounds
on the errors gives

S(tr — tp) _ Otr  tr _ 0tp  tp
tR—tp  trRte—tp tp tr—tp’
dtp  depp 5K]0V d0eq KZOV ONy
= N, N, Ny |1 .
i . + No K, + No - + No |In ouq | No (5.35)
dR, |6T)2< - §|V Sv n 6(1— 2V)T>2( 0Tx
Ry o Ry v Rz/ TX '

ot oA
The sensitivity on the rupture time is finally R = Z S’i{‘k b , where each
IR - A

Sffk is the sensitivity coefficient of the parameters Ay with respect to the
time to rupture tg,

tr —tp 6s(1 — 21/)T>2(

SiR =
TX tR Ru )
tp —t
S;R :N0+ R D2$,
ca tr
tp — t
sp =",
tr
gtr tr —tp |67% — §|VS
v tR Ry 5
S};‘?V:No,
Oe tp — t 1 1-D. 25+N0+11n1_DC
S =Nolln o4+ D( 4 ¢ ) 2(N1)>,
Ky tr 25 4+ Ng + 1 1— (1 — Dg)2s+Not
tp
tR
SEED_tR’
tp — t
sp= oy
tr
— 0'2 Rl/ 2 201 — D 25+N0+11 1—D
SiRZtR tDS In 4 + ( c) n( c) 7
tr 2FES 25+ Ng+1 1 — (1 — D.)2s+No+1

tr — tp (28 + No + 1)(1 - DC)2S+NODC
tr 1= (1= DJs+Mott

To give relative values of these coefficients, an example of average values
of the parameters representative of many materials is visualized by the height
of the boxes in the scheme of Fig. 5.4. This is for o.q = 100 MPa, Tx = 1,
R, = 2.07, and tp/tg = 1/2 as quantities defining the loading and F =
140000 MPa, v = 0.3, K% = 700 MPa-s'/No| Ny = 8, ep = 0.2, 5 =0.15
MPa, s = 2, and D, = 0.2 as values of the material parameters at a mid-level
temperature.

tR __
Sp. =
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Fig. 5.4. Relative importance of each parameter in creep failures

Here again, the parameters which have the largest influence on the ac-
curacy of the time to failure are those defining the loading and particularly
the stress acting on both the plastic strain and the damage rates. Note the
extreme importance of the Norton exponent Ny. The damage exponent s,
the damage threshold e,p and the critical damage D, are found to be of less
importance.

For creep-fatigue, the calculation is very similar as only one logarithmic
function is added, giving rise to two more terms related to the loading: the
loading rate d.q and the hold time At, and to three sensitivity terms .S

Jeq max )’

6 e max
S,, and Sy, for °7eamex 85 and 5N0 . The number of cycles to rupture is

Teq max s
given by (5.20) and the sensitivity to the hold time At or the fatigue stress
rate 6, are
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SNR: Nr — Np At +ND
At Nr 2 Oeq max + At Ng
25+ Nog + 1 g,gq
2 Oeq max (536)
oV _ Vi —Np 25+ No+1 &l
de}:cq Ngr 2 Oeq max + At
25+ Nog + 1 g,gq
(o]}

5.2.4 Elasto-Visco-Plastic Stress Concentration

Representing time-dependent viscosity effects such as creep and relaxation
by post-processing an elastic computation is a difficult task as the reference
calculation is time-independent.

In the case of localized visco-plasticity (small scale yielding), such
a reference computation coupled with the Neuber method allows us to deter-
mine the history of the von Mises stress and the accumulated plastic strain.

In case of fully (visco-)plastified mechanical components (large scale
yielding), a time-dependent reference computation is needed. In order to de-
rive a fast method, the idea is to perform an elasto-visco-plastic computation
only on a Representative Volume Element with the nominal strain e,(t) or
stress oy, (t) as uniaxial loading, and to use the corresponding solution coupled
with the knowledge of the notch elastic stress concentration coefficient K.

5.2.4.1 Small Scale Yielding — the Neuber Method

In the case of visco-plasticity confined in a small stress concentration area,
the main part of the structure remains elastic and is submitted to a relaxation
state on the yielding part. Apply the Neuber method coupled with Norton
law to yield

2
Oeq B

E

N
Ocq — R — Xeq — 0y
. .37
o (5.37)

+ Oeqp = (0ij€ij)as  and p= <

For a given triaxiality ratio, this gives a relationship between the von Mises
stress and the plastic strain

E?p?2 + AER, (0;;¢; —F
Oeq = \/ p 2};0361)&3‘5 p’ (538)

and leads to the law p(t) and then oeq(t) at the stress concentration point as
the solution of the following first order differential equation:

N

p - < 21‘{3,, (\/E2p2 + 4ERV (Uijeij)elas - Ep) - R(p) - Xeq(p) — Oy
= KN

(5.39)
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This leads to a decreasing von Mises stress over a long period of time and
corresponds to a relaxation deformation process.

5.2.4.2 Large Scale Yielding (M. Chaudonneret 1978, 1985)

For the case of a structure undergoing a full visco-plastic state of deformation,
the complete nonlinear computation is difficult to avoid! Nevertheless this can
be done for the engineering cases of notches by following an extended Neuber
procedure based on an uniaxial visco-plastic reference calculation made only
on a volume element, on which the nominal stress oy, (t) or strain e,(t) is
applied. The loading may be creep, fatigue, or creep-fatigue.

The information concerning the geometry of the notch is introduced in
the rate form of the Neuber heuristic 0€ = 0¢jas€elas Of Chap. 3 through the
use of the elastic stress concentration coefficient Kt (see Fig. 3.4):

oé + e = K2 (0nén + 0nen) (5.40)

where the couple (o, €) is determined from the stress-strain field at the most
loaded point of the notch and where o, and €, is the nominal stress and
strain, respectively. Coupled with the strain partition,

e:ee+ep=;+ep and enzcg’+eﬁ, (5.41)
one gets:
. 1 2 P - - -
0= o0t Eev {K% (204 + E€})én + Eonél] — EoéP} . (5.42)

This expression associated with a viscosity law such as the Norton law,

N
éP:<|U_X|_R_”y> sgn(c — X) and p=|eP|, (5.43)
Kn
coupled with the consideration of both nonlinear isotropic hardening R =
R(p) and kinematic hardening X = C'é? — 4 X |é®| allows us to determine the
stress and strain histories, o(t) and €(¢). This just needs the use of a step-by-
step differential scheme such as the Euler or better Runge-Kutta schemes.
If the reference computation is made in elasticity, the method gives back
the expression (5.37) for small scale yielding in which R, =1, 0¢q = o, and
D= €p.

5.2.4.3 Mesocrack Initiation

Calculate the damage by performing the time integration of the unified dam-
age law,

: o>\ :
D= (2ES> lép] it e >pp, (5.44)
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D(t) = /t; (‘;ZS? ) &, (1))t | (5.45)

with tp as the time at damage initiation given by

pp = /OtD < lo(®) - X(?{'N_ R(t) - oy >N dt. (5.46)

A mesocrack initiates when D = D, for a time ¢ = tg.

Remark — In the previous equations, o(t) replaces the effective stress & of the fully
coupled analysis. This means that the Neuber method is in fact

Ge = Ktonen (5.47)

and gives an estimation of the effective stress directly.

5.2.4.4 Large Scale Yielding — Approximate Method

When the material is largely visco-plastic, i.e., when elasticity is negligible,
a simpler, but 3D, form than the previous Neuber method may be derived.
The Neuber fundamental hypothesis becomes

Gep = K%crnen for the uniaxial case, (5.48)

or
Geqp = K30eqnpn for the 3D case, (5.49)

where ¢ and 7.4 are the effective stress and effective von Mises stress, respec-
tively, at the most loaded point.

The Neuber heuristic (5.49) considered altogether with the pure viscous
Norton law,

ol No o No
p= (K?S,) and P, = <K]0C\1,> , (5.50)
leads to
K§p'/Nop = K3K{py/Nop, (5.51)
and
2Ng 2Ng
p= K{:’O“pn and p= K{f“lpn, (5.52)
2Ng

N . . .
where K°"" acts as a creep strain concentration coefficient.
The effective stress is then

2 2
Goq = K{pt/™N0 = K0P KR pi/No = Ko eqn - (5.53)
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The damage initiated at the stress concentration point after a service time
tp is a solution of

tp 2N( tp
o = / p(e)dt = K207 / pa(t)dt, (5.54)
0 0

_ 2N
i.e., when p,(tp) = Kt Nottpp.
Failure occurs when D(t = tg) reaches locally D, with

4s+2Ng
~ No No+1 t
G K
D= / ( eq) dt = T /ags’;NOtRf,tdt
<2E5> Ky, 2ES)s (KN Ji, BF@

(5.55)

45+2Ng
N . .
where K."°*" acts as a damage rate concentration coefficient.
An example is given in Sect. 5.3.2.

5.2.5 Safety Margin and Crack Growthd

In creep, the security is governed by the duration without any accident so that
the essential parameter is the time ¢. A safe design of a component must prove
that the service time is below the time tg of a crack initiation somewhere in
the structure. Here, we introduce again a safety factor Saf which defines the
safety margin

ir
tservice < . 5.56
Saf ( )

If creep fatigue is involved, the engineering parameter can be either the num-
ber of cycles IV or the accumulated time ¢ and the safety margins are defined
as

NR iR
Nservice < tservice < . 5.97
Saf " Saf (5-57)

When dealing with service durations larger than several years, much care
must be taken as the identification of the parameters is most often based on
short range tests. In situ control of components in service and updated cal-
culations are advised each time new information arrives. Anyway, the safety
factor must be large enough so that Saf = 5, 10, 20, or more depending on
the expected duration of the component. A more advanced concept consists
of evaluating the rupture probability while taking into account the scatter of
the material parameters and the uncertainties upon the loading.

There is no simple way to determine the crack growth rate but the nu-
merical simulation by a structure calculation with elements removal in elasto-
visco-plasticity coupled with damage is possible. The viscosity, playing a reg-
ularization role, ensures the convergence of the numerical algorithms (see
Sect. 1.6.2).
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5.3 Basic Engineering Examples

Here we describe some simple results that can help us quickly estimate creep
or creep-fatigue effects on failure of mechanical components. The accuracy
is poor as the temperature increases the nonlinearities regarding to stress-
strain and time relations. If an accuracy of a few percent may be expected
in predictions in elasticity, it increases to 10-20% in plasticity and up to 50—
100% in visco-plasticity. Only fatigue is worse: a factor of 10 (1000% !) may
happen in high cycle fatigue!

5.3.1 Strain Rate and Temperature-Dependent Yield Stressd

What is called “dynamic plasticity” is in fact visco-plasticity as the high
strain rates play a role even at room temperature. Furthermore, the short
times involved induce almost adiabatic plasticity for which the effect of plas-
tic dissipation increases the temperature. Here we derive an approximate
formula to obtain the yield stress as well as function of the strain rate and
the temperature, from its value at room temperature or an other reference
temperature.

The effect of the temperature T is introduced by considering the visco-
plastic strain as a thermally-activated phenomenon governed by the Arrhe-
nius law which makes the unidimensional plastic strain rate dependent on
the temperature, as in

. H
6p ~ gmep (07 ep) €exp <_ T> 9 (558)

where the parameter H is related to the energy of activation of the process.
We then introduce the pure viscous Norton law at a reference temperature

T07 N
. o \"° H H
ép = (KR,) Ge, (€p) €Xp <T0 — T) . (5.59)

First, consider the engineering yield stress oyo2(épo,Tp) corresponding to
a plastic strain epo = 0.2 1072, a reference plastic strain rate é0, and the
reference temperature Ty:

éo 1/N0
oy02 (€0, Tt :K0< P ) . 5.60
v02(€p0, o) = K ger (€30) (5.60)

Second, consider the engineering yield stress oyo2(ép,T") corresponding to
a larger plastic strain rate €, and a larger temperature T,

S I )
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Finally, for the 3D case, é, becomes p and the engineering yield stress
(both strain-rate- and temperature-dependent) is approximately given by

1/No
. . D H 1 1
oy02 (D, T') =~ 0y02(épo, To) <épo> exp {_No (To — T)} ,  (5.62)

an expression which needs the knowledge of:

e The Norton parameters K% and Ny at the reference temperature Tp not
too far from the temperature considered because, unfortunately, they are
not exactly constant with the temperature,

e The yield stress oy at a reference strain rate épo and temperature T,
and

e The parameter H “adjusted” on the yield stress at least at one other
temperature.

To finish, expression (5.62) can also be used at room temperature, particularly
in dynamics problems such as shocks, crash, or perforation, considering é, ~
ép so that

oy02(B) = y02(éo) ( 6?1 ) e (5.63)

At room temperature, the exponent Ny is large (No =~ 20 to 100) and the
only possibility to identify its value for each material is to perform relaxation
tests at large values of initial strain rate. For steels, the plastic strain rate
may vary over several decades in a few hours (Fig. 5.5).

c c
300 MPa 300

200

100

O T T T T T T
0001 0002 O 20 40 60 80 h
2504 s
200 - N=70
. G
150 & =——
PE
T T T T T
107" 1078 1078 1074 s

Fig. 5.5. Relaxation tests to identify pure viscous Norton parameters for 316 stain-
less steel at room temperature (J. Lemaitre and J.L. Chaboche 1985)
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5.3.2 Plates or Members with Holes or Notchesé
This is the same problem as in Sects. 3.3.1 and 4.3.1 where a hole or a notch
increases the nominal stress o, on its edge due to the elastic concentration
coefficient Kr. Consider the case of a fully visco-plastic component where
the damage may initiate and reach the critical localized damage at the stress
concentration point.

Use the approximate Neuber method of Sect. 5.2.4 which states for a local
uniaxial state of stress o and € = €, that

Ge = K:0nepn , (5.64)

and consider the pure viscous Norton law:

&\ Vo o, \ Vo
(2 e ()" o

with 6 = ¢ /(1 — D) as the effective stress at the stress concentration point.

Determine then the history of the strain e, () and the effective stress &(¢).
The local damage is given by (5.55) and a mesocrack initiates at the time tg
when D reaches the critical value D..

5.3.2.1 Creep Mesocrack Initiation
Consider first the case of creep: a constant far field o, leads to a constant
nominal stress oy, (see Fig. 3.4). The full procedure takes 3 steps:

1. Perform the reference calculation
The solution epn(t) for creep at on, = const is

epn(t) = <;€,§V)N t. (5.66)

2. Apply the approximate Neuber method
The Neuber heuristic and the Norton law lead to

2N

ep(t) = K{fﬂ“ €pn(t) (5.67)
and the effective stress is
2 2
& =Ky K{e/No = Ko o, = const . (5.68)

3. Calculate the damage evolution
The damage initiates at ¢ = tp when the plastic strain reaches the damage
threshold e,p locally,

_ 2Ng KO No
tp = K1 " epp ( N) . (5.69)

On
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For a stress concentration coefficient of K1t = 3, this means that the
damage initiates at the stress concentration point for a time tp that is 3

to 9 times shorter that the time t¢p, of damage occurrence in the entire
o\ No
cross section as tpn = €pD ({i”) . The damage history is

n

4jv+'iN10 a2s+No
D(t) = K™° n (t—tp). (5.70)
T @ES) (KN

Finally, failure occurs when D = D, for a creep time ¢y represented by

2Ng <K]O\T>ND _ 4s+2Ng (QES)S (K%)No D. (5 71)

_ 77 Not1 No+1
tr = Kt €pD + Ky 25+No
On On

The second term (tertiary creep) of the time to rupture varies as the inverse
of the stress to the power (2s + Npy) which can be on the order of 5 to 20
that of a very large stress sensitivity. Then be careful when defining a safety
factor.

5.3.2.2 Creep-Fatigue

The far field 0 (t) varies periodically between 0 and ¢ oo max, with a hold time
At at 050 max. The nominal stress varies between 0 and o, max in the same
manner. This is creep-fatigue for which the resolution is similar to the one
detailed in Sect. 5.2.2. The approximate Neuber method allows us to again
calculate the history of the accumulated plastic strain p(t) and the damage
D(t) at the stress concentration point.

The three-step procedure is the same as for the creep case:

1. Perform the reference calculation
One has to calculate the plastic strain increment per cycle,

dpn

n = |épnldt . (5.72)

1 cycle

During the monotonous part of the loading, consider an applied load
linear in time with o, = c'rr{ t, where

No f ND
P On _ On tNO
m k) Tk

1 Un max

(No + 1) (KN o

oo (5.73)
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During the creep part,

o No
Ac n:( m) At. (5.74)
P KJO\[
Then,
6p]’] Uﬂ max NO 2 Uﬂ max
= At| . 7
ON (KR,) No+1 c'rr{ + (5.75)

2. Apply the approximate Neuber method
The Neuber heuristic eqp = K?Fanen and the previous Norton law give
the local plastic strain as

2Ng

p(t) = K3 pu(t), (5.76)

the local plastic increment per cycle as

op 1\2IN0 dpn
=Ko 5.77
SN T SN (5.77)
and the effective stress at the stress concentration point as
2 2
G(t) = Ko Kpl/No(t) = KoM o (t) . (5.78)
3. Calculate the damage evolution
5
Damage initiates after a number of cycles N = Np when p = PN

reaches the damage threshold pp. The corresponding number of cycles is
then

2N

Pp ~No+1 PD
Np = = K, Yo , 5.79
P dop T dpn ( )
dN dN
with pp given by (5.19) of Sect. 5.2.2,
2Uu m _om 2Uu m
pp = €D <0eq max) - T o e <0n maX) . (580)

The damage history is given by the time integration of the damage law,

X 5.2 s & No
D= (2ES) <KO ) if p>pp, (5.81)
N
D . .
first over one cycle, SN = Ddt, then over the whole loading. Dur-
1 cycle

ing the monotonous loading part with &, = & = const, as in Sect. 5.2.2,
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~2s+No 4s+2Ng . f 2s+No
_ g _ TN0+1 Oh t2s+No (582)
(2ES)s (K9)™° (2ES)s (K9)™°
gives a damage growth of
4s+2Nq
KTN0+1 25+ No+1

AD = nmax (5.83)

(25 + No + 1)(2ES)s (K9)™° o 2ot

During the creep part of each cycle,

4s+2Ng 4s+2Ng

K No+1 K No+1
D — T 25+ Ny — AD = T 23+N0At .
(2ES)* (K§)™ "M (2ES)* (K§)™ "™

(5.84)
Then,
4s+2Ng
6D K N0+1 2 n max
T 26+No Thme At (5.85)

SN (2m8)s ()™ T (254 No 1 G

and the number of creep-fatigue cycles to rupture corresponds finally to

6D
D(Nr) = SN (Nr — Np) = D, so that

_4s+2No (9 [1G)S KO No
Ng = Np + Ky ™" (2ES) Q(Sﬁo)

On max

2 o -t
X n max At

D.

with

_ 2(Ng+m) (2cru)m (K?V)NO [ 9 P

Np =K, "% ¢
T pD No+ .
n ?nar)? NO +1 Ur]:

T At} o
(5.86)

Even for such a complex case, the number of cycles to rupture by mesocrack
initiation is fully determined from the knowledge of the nominal strain oy, (t)
and the elastic stress concentration coefficient K. Again, the sensitivity to
the stress is high and a small hold time has already a strong negative effect
on the component lifetime.

5.3.3 Pressurized Shallow Cylinderd

From the analysis of the Sect. 3.3.2 (Fig. 3.6), the stresses are expressed as
a function of the applied pressure P, the radius Ry, and the thickness tcy
of the cylinder as
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V3 P(t)Rey) oH 1 5 — 4v
= Tx = = d R,= . (5.87
2 tCy] ’ X Ueq \/3 ’ an 3 ( )

The problem is to determine the time of a mesocrack initiation, tg, when the
pressure is kept constant (creep) or when it varies periodically with periods
of hold time At at P = Ppax (creep-fatigue). We neglect here the time-to-
damage initiation.

For creep, the integration of the damage law with a pure viscous Norton
law is straightforward:

Teq(t)

2 R 8 No
| CTeat ) Jea (5.88)
2ES(1—D)?| |K%(1—D)
or s N
D, 0—2 R o 0
1—D)¥*tNogp = | "*4 ™ ot 5.89
| a-n s | lma] w6
and finally:
1— (1 — Dg)2s+Notl (2ES) K™
= ey N+ 204, (590)
0 5—4v * \/3 Pmachyl
3 2 teyl

What is important is that tg varies as the pressure P to the power 25 + Ny,
which can be on the order of 10 to 15 for metals. This means that an increase
of the pressure of 5% may reduce the time to an explosion by a factor of
about 2 or more!

For creep-fatigue induced by a pressure maintained constant at P =
Ppax for N periods of time At, the integration of the damage law is
the one of Sect. 5.2.2 (Egs. (5.16) to (5.20)), with of course the partic-
ular values (5.87) for the state of stress and stress triaxiality and a con-
stant pressure rate Por —P during the loading or unloading parts of the
cycle.

The number of cycles to rupture is

(1 (1 De)> Vo) (2ES)* K™
s 2s+No
(25 + No + 1) (5 B 41/) <¢3 PmaxRCY])

NR =
3 2 tcyl

2 P, -1
A LAt )
X[25+N0+1 p }

(5.91)

In practical applications, the creep term is almost always much larger
than the fatigue term, i.e.,
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2 Pmax

At > .
2s+No+1 P

(5.92)
Again, this means that the fatigue damage may sometimes be neglected, but
never the creep damage.

5.3.4 Adiabatic Dynamics Post-Buckling in Bendingd)d)

This is the same problem as the plastic post-buckling of beams treated in
Sect. 3.3.3 except that it corresponds to a crash or a shock problem where
dynamic plasticity, that is visco-plasticity, occurs. Then two phenomena must
be considered:

e The strain rate effect which requires us to consider a visco-plastic consti-
tutive equation.

e The large increase in temperature due to a plastic dissipation in a short
time which necessitates the consideration of the thermomechanical cou-
pling.

The problem is made as simple as possible in order to obtain the energy
absorbed in the material in a closed-form useful for qualitative discussion
about the influence of each parameter.

e The geometrical description is in Fig. 3.7 of Chap. 3 where the Bernoulli
hypothesis allows us to write

2y

e=em, (5.93)

e The energy absorbed by the full plastic hinge of the beam [ = 7wh/2 is

h/Q tM
W= 20l / / W dtdy, (5.94)
0 0

where ty is the time to achieve the process and w is the plastic power
density
W= 0ép. (5.95)

e The visco-plastic constitutive equation is the pure viscous Norton law
ritten with the damage effective stress & = /(1 — D), where the coupling
with the temperature is a power function approximation of the Arrhenius

term exp(é{):
~ No Hy
. o T
& = [KN] (T) , (5.96)

where Tj is the reference temperature at which the material parameters
K% and Ny are identified. Hy is the temperature exponent on the order
of 5 to 10 for steels in the range of 100 to 500°C.
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e The damage constitutive equation is the simplified expression (assuming
the strain hardening saturated) obtained in Sect. 3.2.1 with the damage
threshold e,p taken to be equal to zero. The coupling of the damage with
the temperature is neglected as at least part of it is already taken into
account through the plastic strain €, so that

D=D, " . (5.97)
€pR
e The temperature derives from the adiabatic condition written as the heat
equation, .
pChWT = w, (5.98)
where p is the density, p = 7800 kg/m?® for steels, C}, is the specific heat,
and Cy ~ 500 J/kg°C for steels. Then
. w w
T= or T =T+ . 5.99
oCi el (5.99)
e Some other hypotheses can make the person in charge of the calculation

happy:
— Elastic strain neglected so that €, =€
— Process at constant strain rate, é = const = é* — ¢ = é*t

The calculation is now easy:

Hpy
T — N, Nop+1
W= Ky (1 -D. P ) ( ) Tt (5.100)
€pR Th
Hp t
w w No £x No+1
1+ dw:/ K¢ <1—DC t> ¢ Mo dt, 5.101
/o ( POhTO) 0 N €pR ( )
pCuTo N, N & 12\ L, N+t
h404V0 0 & 0
1+ —1| =Ky |t—D. € No |
Hx + No < PChT0> N ( €pR 2 )
(5.102)
or
( ) o
HN + NO KN €* % Not1 H N +Ng
= pCpT{ 1 1— D, t No ¢ -1
0= Pt [ T e TN, % )¢
(5.103)
Taking the total time t); as the kinematic measure of the process,
2
&=y = MY (5.104)
tm h

h/2
The energy absorbed, W = 2bl/ w(y, tm)dy, is
0
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+1

(Hy + No)K (2ex1) ¥

1

2
W = 2blhpCyTh / 1+ 1N
0 pOhToN()t 0
No
Nopa ] NN 1
X 1—D06Mu uf(\)’o du —
€pR 2 ’
(5.105)
with ey = ”h;h?’;m =1 and [ = wh/2 for a full bending.
Without any coupling nor damage,
No+1
g = Kép ™ (5.106)
and NoKY, Mot
0
Wo = blh oo g N 107
2Ny + 16M (5.107)

In both cases, the energy absorbed increases as the process is faster but
the increase is weak as Ny is always large and ¢ is always short, thus keeping
the variations of the term t;/ll/ Mo gmall.

Some applications show that the coupling with the damage is more impor-
tant than the coupling with the temperature. In (5.105), the damage coupling
is governed by the term Dcen/epr while the temperature coupling is mainly

governed by the dimensionless ratio K%/ pChTotl/ °. Altogether they lead
to a ratio W/Wy on the order of 0.7 to 0.9 for metals.

5.4 Numerical Failure Analysis

At high temperatures, many materials become visco-plastic and the main
local loadings encountered in mechanical components are creep, creep-fatigue,
and relaxation. Viscosity enhances the stress redistribution, with a strong
effect on damage and failure.

A structure computation made in elasto-visco-plasticity coupled with
damage gives the damage map history and the crack initiation conditions.
If the damage constitutive equations are not available in an FE code, imple-
ment them by use of the numerical schemes of Chap. 2. For non-isothermal
loadings, it is important to have a complete set of material parameters for
the temperature range of the application in mind. Identify the parameters at
a few constant temperatures (see for instance Sects. 1.4.4, 1.5.1.1 and 2.4).
Use the least square method to fit the temperature dependency with non-
linear functions of T'. Don’t be afraid to use nonlinear functions as smooth
functions are better than linear interpolation. For example, for a material
parameter A, a general possibility is

A= a1+ axT + azexp (asT). (5.108)
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The use of the anisotropic damage law is again advised as it needs only
one additional material parameter which in practice may be taken as n = 3.
The consideration of the quasi-unilateral conditions of microdefects closure
is not necessary if the loading remains positive as is often the case in creep
and creep-fatigue.

A fully-coupled analysis is very costly and for cyclic loading, one may use
an elasto-visco-plasticity computation followed by a damage post-processing
(uncoupled analysis). An example is given in Sect. 5.4.3.

One of the very first thing to do is to test the numerical implementation of
the constitutive laws on a simple reference calculation (and also the quality of
the mesh, the time increments, and the convergence of the computation). The
academic problem of the hollow sphere under external pressure is especially
designed for this purpose (see Sect. 5.4.1). It uses simple assumptions for
both viscosity and damage.

5.4.1 Hollow Sphere under External Pressure(jd
(A. Benallal, R. Billardon and L. Moret-Bailly 1991)

This example has been designed to check the numerical procedures introduced
in an FE code. It is built on the possibility to exhibit a closed-form solution in
elasto-visco-plasticity fully coupled with damage when the material behavior
is modelled by the following constitutive equations of perfect visco-plasticity
(no hardening) with a linear Norton law:

€ =€+ ¢€P,

€ = L+v o— v tro 1
~ E(1-D) E(1-D) ’
p 30P .
€ = p,
2 0¢q (5.109)
with
Oeq Ny
—0
. 1-D 77 .
p= with N, =1.
() y
The damage evolution law is written as
. Ys
D= _p (5.110)
So

so that Sy = S° recovers the unified damage law D = (Y/S)*p. With s = 0
and o, = 0, it corresponds to the simple law

. o
D= od 11
SoKS(1— D) (5.111)
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which does not take into account the triaxiality effect. But when considered
altogether with v = 0.5, it allows for a closed-form solution of the hollow
sphere problem.

Consider an external pressure loading P(t) applied on the sphere of
Fig. 5.6. The solution at time ¢, at a radius point r, is of the form

D=1-g()+ S@‘%jﬁ
0ea = (1- D) {oy (1= exp (—pt)) + ff;f)} , o
where y1 = E/KY and
gt)=1— So(}?v {t— ; + ; exp(—ut)} . (5.113)

e Up to mesocrack initiation (which occurs at the inner radius when
D(a) = 1),

f(t) = ;[—ﬂg(t) +\/6292(t) + 20 <H(t) — SoKQ(g2(t) — 1) In Z)] :

(5.114)
¢
where H(t)z/ P(r)dr,
0
]
b5 af 21 1
« 350KY, and S 3[@3 b3} (5.115)

Fig. 5.6. Hollow sphere under external pressure and FE meshing
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e Beyond mesocrack initiation, the time evolutions of the radius ¢(t) of the
spherical damaged zone and of the function f(¢) satisfying the coupled
differential equations are

b 20y 2. 1 1
P =200t )+ (o £0= 37090 |2 = gy |
F@)f(t) [1 1 ]
BSOKJOV bs  (¢)

o) | ef()
OIS VO

+

&) =

(5.116)
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Fig. 5.7. a Loading history. b Damage vs time at Gauss points A, B and C. ¢ von
Mises stress vs time at Gauss points A, B and C. d Damage initiation front c(t)
(FE solution: open circles; closed-form solution: solid line). e Damage vs radius for
different times. f von Mises stress vs radius for different times



5.4 Numerical Failure Analysis 261

This problem is used to check an FE implementation in ABAQUS (the UMAT
VISCOENDO of LMT-Cachan). The mesh made of forty 8-node quadrilateral
elements is depicted in Fig. 5.6 where the boundary conditions are indicated.
Due to axial symmetry, one quarter of the sphere is modelled. The pressure
history is given in Fig. 5.7a.

5.4.1.1 Validation of the FE implementation

Figures 5.7b and 5.7c illustrate the evolutions with time of the damage
D(t) and von Mises stress oeq(t) at the three Gauss points A, B, and C
marked in Fig. 5.6. The agreement between the analytical solution (con-
tinuous line) and the FE analysis (open circles) validates the numerical
implementation.

The curves of Fig. 5.7d for times t4 to t; give an idea of the propagation
of the damage initiation front radius c(t). The slight deviation between the
two solutions observed is due to the fact that in the closed form solution, D,
is taken to be equal to 1 instead of 0.9 for FE computations, and hence leads
to a larger time for initiation.

Figure 5.7e shows the damage redistribution along the radius obtained
with ABAQUS or different times t; to t7 (see Fig. 5.7a). Since the numerical
critical value for damage is taken as D, = 0.9, t4 appears as the time to the
initiation of a mesocrack at an inner radius of @ = 30 mm.

5.4.1.2 Interpretation of the Results

Figure 5.7f shows the role of the coupling of the damage model with elasto-
visco-plastic equations. Since the fully-coupled approach has been used in
this example, both the effect of the damage gradient within the structure
and the effect of the damage front advance (modelled by the removal of
completely broken elements) on the stress field can be observed: first, at
the beginning of the loading (between times ty and t4), the redistribution
of the equivalent stress oeq is only due to the damage evolution (which
is quicker at the inner radius); second, beyond the time to mesocrack ini-
tiation t4, although the pressure load is constant, very large increases in
the von Mises stress correspond to the propagation of the front which be-
comes the effective inner radius. In other words there is a growth of the inner
cavity.

Besides, it can be noticed in Figs. 5.7c and 5.7f that the point B plays the
role of the “skeletal” point of the “Reference Stress Method” (D.L. Mariott
and F.A. Leckie 1970), where the equivalent stress remains constant during
the pure creep loading (for ¢ greater than ¢2) despite the redistribution of the
stresses within the structure.
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5.4.2 Effect of Loading History: Creep-Fatigue(jé

Let us study again creep-fatigue interaction but with now the full set of elasto-
visco-plasticity coupled with damage constitutive equations of Table 1.3. The
loading is described in Fig. 5.3. The material is a stainless alloy IN 100 at
827°C and the material parameters are

For elasticity: £ = 170000 MPa
For viscosity (Norton law): K = 450 MPa-s'/N and N = 7.5
For isotropic hardening modelling cyclic softening: R., = —15 MPa, b =
100 with an initial yield stress o, = 30 MPa
e For kinematic hardening: C' = 138000 MPa, v = 1200
(then X, = C/vy =115 MPa)
e For damage: S = 0.2 MPa, s =1, ¢,p = 0.005, and D, = 0.3

The damage threshold pp is a constant equal to epp.

A numerical resolution of the constitutive laws is necessary to plot the
creep-fatigue interaction diagram of N /Ngrr vs tgr /trc for a given maximum
stress oy, a fatigue stress rate ¢/, and different hold times At (with Ny as
the number of creep-fatigue cycles and tg = Ngr - At as the time spent in
creep). The computation is performed here on a single element in ABAQUS
by using VISCOENDO UMAT.

1K

Linear interaction

0 0.2 0.4 0.6 0.8 1
t/t.

Fig. 5.8. Computed creep-fatigue interaction diagram for the stainless alloy IN 100
at 827°C (J.P. Sermage 1998)

Using the above, we obtain a strong nonlinear creep-fatigue interaction
(Fig. 5.8): the larger the maximum stress the stronger the nonlinearity, as
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observed experimentally for this material. The material response obtained is
very sensitive to creep as a small hold time reduces the lifetime substantially:
for a maximum stress of oy = 200 MPa (corresponding to Nrp = 1720
cycles, trc = 18 - 10%s), 10% of creep decreases by half the lifetime.

Another important result is that this nonlinearity is mainly governed by
the kinematic hardening. Setting R = const = R, does not change the
results much.

wlely

5.4.3 Creep-Fatigue and Thermomechanical Loadings
(J.P. Sermage, J. Lemaitre and R. Desmorat 2000)

Both coupled and uncoupled analyses are compared here to experimental
results concerning the Maltese cross shape specimen of Fig. 4.13, loaded by
two forces in its plane, F} and F5. The specimen is heated with a controlled
eddy current heating system which ensures a “uniform” temperature field at
+5°C. The real temperature is measured by thermocouples and introduced
as a given temperature field in the structure calculation.

Fi=F2
Tests 2 & 3 At Test 2: T=580°C
Creep-fatigue Test 3: T=620°C
T _—
t t

ot
Test 4 F2 .
Out of phase non < T
proportional N o
loading é N 580°C

> Fi —
Test5 Fi=F2 T

Thermal fatigue 580°C _\/\/\/
350°C

Sequential non ! 580°C
proportional Fa —
AN —

loading
Fig. 5.9. Tests performed
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Six tests are performed with forces histories Fi(t), F5(t), and temperature
histories given in Fig. 5.9. The first test performed at room temperature is
the multilevel fatigue test of Chap. 4. The tests 2 to 6 are:

e Two in-phase creep-fatigue interaction tests with F; = F» between
0 and Flax = 28 kN at constant temperature T=580°C (test 2) and
T=620°C (test 3). The loads Fi max = Fomax = 28 kN have a hold time
of At =40 s. The period of the loading is At + 25t = 50 s.

e One multilevel out-of-phase non-proportional loading test at
T=580°C (test 4). The maximum applied loads are Fipax = Famax =
28 kN for the first 1000 cycles, Fi1 max = Fomax = 35 kN for the next 1000
cycles, and then F pmax = Fomax = 38 kN up to failure.

e One thermal fatigue test at constant loads F} = F5 = Fax = 32 kN
(after an initial load from 0 to Fax in 50 s) and variable temperature
(test 5). The temperature varies between the maximum 580°C and the
minimum 300°C within a period of 600 s.

e Onesequential non-proportional loading test (test 6). The specimen
is submitted to a non-proportional loading in sequences of 4 cycles of
periodic Fi(t) between 0 and Fa.x = 35 kN at F» = 0 followed by 4
cycles of periodic F5(t) between 0 and F.x = 35 kN at F; = 0; the
duration of a loading-unloading is 20 s which corresponds to 160 s per full
cycle.

These histories of loading are the inputs:

e For a fully coupled FE analysis using ABAQUS and VISCOENDO
UMAT.

e For an uncoupled analysis using ABAQUS and VISCOENDO but with
no damage. The results are then the inputs of a post-processor damage
calculation in order to perform the “a posteriori” time integration of the
unified damage law.

The drawing of the specimen is given in Sect. 4.4.2. The material is a 2-1/4
CrMo steel. A first identification of the elasto-visco-plasticity and damage ma-
terial parameters has been made at different temperatures (20°C, 100°C, ...,
580°C). The temperature dependency of the parameters is then modelled
through a fitting with nonlinear functions of the temperature given in Ta-
ble 5.1. In the range 580°C—620°C, the viscosity parameters are assumed to
remain constant (equal to those identified at 580°C). A thermomechanical
validation is presented in Figs. 2.7 and 2.8.

Cases 2 to 6 are calculated first by the uncoupled method of a visco-
plasticity ABAQUS computation of a few cycles followed by a damage calcu-
lation (see Sect. 2.1.3). On HP 700 working stations, each FE computation
takes a few hours when about one minute is needed for the damage calculation
at the most loaded point. Each case is also computed using the fully-coupled
method VISCOENDO-ABAQUS but as all the cycles must be calculated with
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small time increments to ensure the convergence of the algorithm: each case
takes about 1 week (!!) of computation on an HP 700.

The final results of the number of cycles-to-crack-initiation, both from
experiments and from calculations, are summarized in Table 5.2 and in
Fig. 5.10. The accuracy of the fully-coupled analysis is good for such com-
plex loadings. The uncoupled analysis is of course less accurate (but so much
cheaper!). It loses its feature of being conservative when the loadings become
non-proportional.

Table 5.1. Material parameters for a 2-1/4 CrMo in the range 20°C-580°C

Poisson’s ratio v v = const v=20.3
Y. , e1 = 31800 MPa
Oingl B E(T) = e1 [1 — exp(e2T)] + es e2 =1.88107% °C~*
modulus es = 199800 MPa
. k1 =70 MPa
;ﬁi " oy(T) = k1 [1 — exp(k2T)] + k3 ks =1.58107% °C™*
Y ks = 191.5 MPa
Thermal B ar=1.1107° °C™!
expansion «o oAT) = e + T az =3.66107% °C~?2
TG = 0.78 MP&
Isotropic . re =610"%°C™!
hardening R Roo = [L+exp(raT)] + 73 rs = 4.5 MPa
b=2
z1 = 150 MPa
_ , z2 =0.216 °C™"
Kinematic Y(T) =7 [1 + exp(y2T)] + 73 71 = 0.392
hardening X Xoo(T) =21 — 22T o = 9.691073 °C~!
v = 140.5
ki1 =190
ko =0.25°C™"
ks = 2.7
. . ks = 372.7
Viscosity K(T) = k1 + k2T + ks exp (T;;m )) k: - 35.32
parameters N(T) = n1 exp [—(n2T)"3] + na ny = 10.315
na = 0.022 °C~*
ns = 4.89
ng = 2.41
s=2
D:.=0.2
p1 = —0.000285
Damage eon (1) =p1T + p2 p2 = 0.2657
D S(T) = s1[1 — exp(s2T)] + s3 s1 = 0.108
s2 = 0.0052

s3 =2.81
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To finish, note that the results are very sensitive to temperature. The
same computation with a slight difference in the applied temperature gives
a very different number of cycles to failure: for test 2, a temperature of 590°C
instead of 580°C leads to a number of cycles-to-crack-initiation of 300 instead
of 420.

Table 5.2. Calculated and experimental numbers of cycles at mesocrack initia-
tion NR

Comparisons

Fully-coupled Uncoupled

analysis analysis
NR (580°C) = 331 NR = 420 NR = 266
NR(GQOOC) = 100 NR = 115

Test performed Experiments

Test 2 & 3 Creep-fatigue

Test 4 Out of phase
non-proportional loading

Test 5 Thermal fatigue Nr = 56 Nr = 48 Nr =27

Test 6 Sequential
non-proportional loading

Nr = 2356 Ngr =2135 Ngr =1130

Nr = 196 Nr =230 Nr =273

104 ,

O Fully coupled computations

X Uncoupled computations

1000

100

Predicted number of cycles to failure

10 100 1000 104
Experimental number of cycles to failure

Fig. 5.10. Comparison between predicted numbers of cycles to mesocrack initiation
and experimental results
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5.4.4 Dynamic Analysis of Crash Problemstﬁ(ﬁ(j
(F. Lauro, B. Bennani, S. Tison, P. Croix 2003)

Crash problems or dynamic failures on metallic or polymer structures gen-
erally involve a large range of plastic strain rates whose effects have to be
taken into account through visco-plasticity and, furthermore, through visco-
plasticity coupled with damage.

As an example, consider a notch extruded tube of rectangular cross section
impacted in bending as represented in Fig. 5.11.

94,8 .
25
y
[4;]
‘Q
_F ( ?

Fig. 5.11. Dimensions and finite element model of impacted tube (half by sym-
metry)

The constitutive equations are those of Table 1.3: elasto-(visco-)plasticity
coupled with damage but associated to the Hill criterion due to the plastic
anisotropy induced by the process of extrusion.

The material is an aluminum alloy 6014 T7 with the following values
of the material parameter identified from tension-compression experiments
described in Sects. 1.4.4 and 1.5.1:
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Elasticity: £ = 70000 MPa, v = 0.33

Plasticity:
1/2

3 oo a — o, with h as the Hill

21-D " 1-D
fourth order tensor (see Sect. 3.4.8) with 6 independent material pa-
rameters,

— In the longitudinal direction for ¢ ~ 1072 s71: yield stress oy, = 240.6
MPa, ultimate stress o, = 275 MPa, rupture strain eg ~ 0.5

— The effect of the strain rate is assumed saturated in this crash applica-
tion so that the viscous law is simply modelled by a o (p) law entered
point by point in the FE input file:

— Hill criterion f =

oy (MPa) 240.6 264.5 273 278.8 340.3 410
P 0 0.034 005 0065 05 1

e Damage: e;p = 0.05, s =2, S =1.22 MPa, D. = 0.36

Fig. 5.12. Experimental and numerical simulation of the crack path

The calculation is performed with PAMCRASH 2000 code with 15614
shell elements and 7 integration points in the thickness. The propagation of
the crack is simulated by element removal when the damage D reaches D,
at all its integration points. The full calculation up to rupture in 5 ms in the
experiment takes 22 hr on an HP workstation.

The corresponding experiment is performed with an impactor reaching
the tube at 3 m/s. The comparison between the numerical simulation and
the experiment is shown in Fig. 5.12 for the failure path and in Fig. 5.13
for the load displacement curve. The agreement is satisfactory for the path
and the maximum load. For the energy absorbed, the numerical simulation
results are = 20 % lower than the experiment.
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Fig. 5.13. Load-displacement curve

5.4.5 Ballistic Impact and Penetration of Projectiles
(T. Borvik, O.S. Hopperstad, T. Berstad and M. Langseth 2001)

The penetration of projectiles at high speed is a difficult problem as it involves
adiabatic shear localization, thermal plastic instabilities, and high gradients
of stresses, as shown in Fig. 5.14.

Projectile
V()
Target Compression zone
Shear zone

Flow lines Shear/tension zone

Bulge

Fig. 5.14. Description of the mechanism of penetration
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Nevertheless, it is possible to use elasto-visco-plasticity coupled with dam-
age constitutive equations described in Sect. 1.5 and a finite element numeri-
cal procedure as long as the effects of temperature are represented by proper
functions. For the latter one may use either the expression of the yield stress
function of the strain rate and the temperature derived in Sect. 5.3.1,

.\ 1N
. . H(1 1
oy (5. T) ~ 0y (épo, To) (ép0> exp{—N (To - T)} . (5.117)
P

or the Johnson—Cook model (1983) modified by M. Ortiz (1997),

. Cic mjc
T — T
Oeq = (gyo + Kjc pl/MJC) <1 + épo) |:1 — (T _ 720) ] ,  (5.118)
p m

where oy0, Kjc, Mjc, Cic, épo, and mjyc are material parameters, Ty is the
room temperature, and Ty, is the melting temperature of the material.

In fact, the Johnson—Cook model is a particular case of the general frame-
work of Sect. 1.5, where the yield function without kinematic hardening and
damage reads

Oeq =0y + R+ 0y (5.119)

if the following functions for the yield stress oy, the isotropic hardening R,
and the viscous stress o, are adopted together with:

T—T,
T =
Tm - TO ’
oy(T) = oyo (L =T" ™),
R(p, T) = KJC pl/MJC (1 — T* mJC) , (5120)
p Cic
Uv(ﬁapaT) = (1 + : ) -1 <0y0 + Kjc pl/MJC) (1 —T* ch) .
pO
Introducing the isotropic damage variable D with 7 = p(1 — D),
P Cic
Oeq=(1—D) (oyo + Kjc rl/MJC) <1 + . ) (1—T*™<)  (5.121)
€p0

which is the constitutive relation used for numerical simulation in the fol-
lowing example, the damage evolution law derived from (3.15) and (3.16)
considering ductile damage and proportional loading,

) D.
D_

= p if p>epp, 5.122
PR — €D pD ( )

we can rewrite pr as a modified version of the Johnson—Cook model:



5.4 Numerical Failure Analysis 271

. aq
pr = a1 + a2 exp(asTx)] [1 + ér } 1+asT7]. (5.123)
PO

They are implemented for large strains in LS-DYNA Finite Element using
a fully vectorized backward-Euler integration algorithm for 3D, shell, and
2D analysis. The crack growth is simulated by an element killing procedure
which removes the element when the damage reaches its critical value D..
This makes the result dependent on mesh size.

All the material parameters may be identified from tension tests at dif-
ferent temperatures following the procedure described in Sect. 2.4. Their val-
ues characterizing elasto-visco-plasticity and damage for Weldox 460E steel
are: FE(r,y = 200000 MPa, v = 0.33, oy0 = 490 MPa, Kjc = 807 MPa,
Mjyc = 1.37, épo = 5 - 107471, Cjc = 0.0114, Ty = 293°K, T1, = 1800°K,
mjc =4, ¢,p =0, s =1, and D, = 0.3.

The case we are taking into consideration is a blunt nose projectile with
a diameter of 20 mm, a length of 80 mm and a mass of 0.197kg, launched
by a compressed gas gun, at velocities V' just below and above the ballistic
limit of non-penetration, against circular targets of thickness 12 mm, diameter
500mm, and clamped in a rigid frame. Initial velocities 150 < V' < 400m/s
and residual velocities are measured and a digital high-speed camera is used
for visualization and measurement of the penetration process, as shown in
Fig. 5.15.

Fig. 5.15. Numerical and experimental kinetic perforation of a 12-mm thick Wel-
dox 460E steel plate at initial velocity of 303.5 m/s
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Numerical simulations are carried out to determine the ballistic limit
curves and are compared with the experiments. The computations use 10280
4-node axisymmetric elements with one integration point. The mesh size in
the impacted region giving the best result compared to experiments is 0.25 X
0.2 mm?, giving 60 elements over the largest thickness of the plate. The
projectile is modelled as an elasto-plastic material. The contact between the
projectile and the target is made without friction by a penalty formulation.
For the example of Fig. 5.15 the initial velocity of the projectile is 303.5
m/s, the residual velocity after perforation is 193 m/s, compared to 200 m/s
measured in experiments.

A comparison between the numerical simulations and experiments is also
given in Fig. 5.16 for the ballistic limit curve where a limit of 193 m/s is found
against 185 m/s in experiments. Note that 220 m/s is found with a coarse
meshing of 30 elements in the thickness instead of 60 for the fine mesh.

350 ' : ’ '
= Experiments
2 300 - -
o — - — LS-DYNA ( coarse mesh ) %
8 P07 .____ LSDYNA(finemesh) _.3° |
18]
o 2004 i
=]
8, 150 - I
=
= 100 [
=1
S
2 50 i
=4

0 - ' ' '

150 200 250 300 350 400

Initial projectile velocity (m/s)

Fig. 5.16. Ballistic limit curve for a 12-mm thick target of Weldox 460E steel

5.4.6 Predeformed and Predamaged Initial Conditionséé

After the forming processes, accidents, or over loadings, the internal variables
may have non-zero initial values for a following structure analysis: accumu-
lated plastic strain pg, corresponding values of strain hardening Ry and X,
stored energy w!, damage Dy, and internal residual stresses og. Introduced
as initial values in the structure calculation and in the damage analysis, they
modify the resulting time or number of cycles to mesocrack initiation.
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In pure 3D creep the integration of the unified damage law of Sect. 5.2.2
is modified as follows:

b | el S o 1™ 5.124
- |2ES(1-D)2| |Kn,(1—-D) ' (5.124)

If 0eq = const, an initial working time ¢ = 0 such as Dy = D(t = 0) makes
po = p(t = 0) larger than the damage threshold pp, yielding

D t[o2 R, s o No
(1 — D)*tNodp = / eq [ ed } dt (5.125)
‘/;0 0 2ES KNO
1
O.2s+NQRs 2s+Nop+1
D=1— [(1—Dg)?>tNotl (25 + Ny +1) Yot
(2ES)* (K})™
(5.126)
The time-to-mesocrack-initiation t?{c is reached for D = D, in
1 — Dg)2s+Notl _ (1 — D )2s+Not1 (2E8)* (K)™
o= 17D ( ) GES? (KX)o 1om)

25+ No+1 o2stNops
which makes a decrease in the time to rupture in comparison to the time
trc of mesocrack initiation without any predamaged initial condition:

1— (1 _ DC)25+N0+1 (2ES)5 (K?V)NO

trc = tpc + 5.128
RO = WDO 25+ Ny + 1 o2stNo ps (5.128)

as
t(lJ{C _ (4 tDC (1 _ DO)28+N0+1 _ (1 _ DC)23+N0+1 . 5 199
trRC B B trC 1— (1 — DC)QS+NO+1 <5 ( ' )

In 3D creep-fatigue, with the same assumptions and notations as in
Sect. 5.2.2, the difference is again in the time integration of the dam-
age from Dy to Dy,

0 (1 — Dp)2s+No+l _ (1 — D )2s+Notl  (2EG)s (K?V)NO
NR = 25+ N ?
2 Oeq max At Oeq ORlS/
25+ Nog+ 1
(25 + No + 1) 25 No+1 o, +
(5.130)

which gives, in the same manner as for creep, a reduced number of cycles
to rupture:

NPO{ _ (1 B ND) (1 _ D0)25+N0+1 _ (1 _ DC)25+N0+1

Nr Nr 1 — (1 = D,)2s+No1 <1. (5.131)
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5.4.7 Hierarchic Approach up to Viscous Elastomersé’ééé

The accuracy of a prediction of the evolution of any system decreases as
the number of causes increases! Then, predictions for creep, creep-fatigue, or
dynamic failures involving temperature and time dependencies do not expect
the same accuracy as for ductile or low cycle fatigue failures. The simplest
models are nevertheless relevant in the comparison of different solutions in
early design.

e The early Kachanov model may be used for uniaxial constant states
of stress in order to draw a net or to interpolate some experimental

isochronous curves,
D
. g
D= . 132
|:AD(1_D)] (5.132)

e Likewise, the linear Taira rule of creep-fatigue interaction is quite easy to
use for uniaxial periodic loadings with hold time,

iR NR
+ =1. 5.133
trc  Nrr ( )
e For more complicated loadings such as 3D, time-varying loadings and/or
temperature-varying loadings, we advise using a numerical integration of
the unified damage law,

D= (};) |€P|  if ws >wp (5.134)

with the material parameters eventually functions of the temperature.

e In the case of proportional loading, closed-form solutions may be obtained
and, if the state of stress is constant, simple relations relate the time or
the number of cycles to rupture in 3D and 1D, provided the equality in
stresses 0 = 0oq and the equality of the hold times At for creep-fatigue
hold:

trc(0ij) — toc(oiy) = [tre(o) — toc(o)] R,

K (5.135)
Nr(0ij) — Np(oij) = [Nr(0) — Np(o)| R, * .

e For small scale yielding visco-plasticity, the complex numerical analysis
may be avoided by applying the extended Neuber method using the Nor-
ton law. For large scale yielding, an approximate method which needs the
full computation may also be used, but on a RVE only (see Sect. 5.2.4).

e In dynamic problems, if only the yield stress, function of the strain rate,
and the temperature are needed, use:

. 1/No
. . p H 1 1
ay(p, T) = oy (ép0, To) <ép0> exp{ No <T0 T)} (5.136)

or the Johnson—Cook model.
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e For complex problems, there is no way to escape from a numerical analysis
but often the fully coupled analysis may be avoided by the post-processing
of an elasto-visco-plastic calculation performed with D = 0.

The previous hierarchic approach applies to metals or polymers which can be
modelled by classical elasto-visco-plasticity as long as no damage occurs. For
specific materials and loadings such as polymers loaded at high strain rates,
the hardening, the viscosity laws, or even the whole model can be different
from the laws described in this book. Most often, the models found in the
literature for specific material behaviors do not consider damage. Sometimes
they are built for low strain rates such as time-independent plasticity-like
models. Model updating consists then in extending these models either to
damage or to viscosity effects.

Recall that a simple way to make an existing model coupled with damage
consists of using the effective stress concept: replace, for instance, the stress
o in the elasticity law and in the yield criterion of the undamaged material by
the effective stress & for the damaged material. Examples for the hardening
laws are given in Sects. 3.4.8 and 4.4.5.

For plasticity-like models with a yield criterion defined in the stress space
as f = 0, a simple way to introduce the viscosity is to replace the consistency
condition f = 0 and f = 0 by a viscosity law o, = o, (p) such as f =
ov. This is how elasto-visco-plasticity can be build from the elasto-plasticity
framework. As a last example, consider the model of hyperelasticity with
internal sliding for elastomers of Sect. 4.4.3. With the notations of Sect. 4.4.3,
the reversibility domain of undamaged elastomers is

f=18 -X|—0s<0 (5.137)

and the internal sliding is gained from the condition f = 0 and f = 0.
A possible modelling for viscous elastomers submitted to creep or creep-
fatigue is to consider a viscosity law o, = o (7) and to determine the internal
sliding multiplier from f = oy. For the Norton law this means

g N
S" — X|| - oy
oy = Kyit/N — 7'r:<|| | ”> : (5.138)
Ky

Except for the consistency condition replaced by eq. (5.138), the whole set
of constitutive equations remains unchanged, provided the stresses S and S™
are replaced by the effective stresses S and S™. The constitutive equations
for quasi-incompressible materials are

g S O(w +w2)
1-D OE ’

Sﬂ Sﬂ- an

1-D OE’
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B ST - Xx
=T ~ T bl
Is" — X

X = [OrEﬂ - yxﬂ (1-D),

(5.139)
Y =w; +ws,

. Y\°
D= L if > ,
( S) T T > TD
to
with f < 0 — hyperelasticity, 7 = / |[E"||dt as the cumulative measure

0
of the internal sliding, and D = D, as the mesocrack initiation condition.
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High Cycle Fatigue

High cycle fatigue is probably the most difficult phenomenon to handle within
solid mechanics and is, by consequence, the main cause of failures of mechan-
ical components in service. The difficulty comes from the early stage of dam-
age which initiates defects at a very small micro- or nanoscale under cyclic
stresses below the engineering yield stress. Even during the evolution of
the damage, there is no easy precursor to detect the danger of a failure! The
purpose here is not to be pessimistic but to caution readers when dealing
with the design of a component which can be subjected to cyclic stresses
during 10°, 10°, 107 cycles or more. Nothing to see! But something to do!

From the physical point of view, the repeated variations of elastic stresses
in metals induce micro-internal stresses above the local yield stress, with
dissipation of energy via microplastic strains which arrest certain slips due
to the increase of dislocations nodes. There is formation of permanent micro
slip bands and decohesions, often at the surface of the material, to produce
the mechanism of intrusion-extrusion. After this first stage located inside
the grains, where the microcracks follow the planes of maximum shear stress,
there is a second stage in which the microcracks cross the crystal boundaries
to grow more or less perpendicular to the direction of the maximum principal
stress up to coalescence to produce a mesocrack. For polymers or concrete, the
physical mechanisms are different but are also characterized by debondings
and microdecohesions which induce the same effects on the mesoscale.

The phenomenon of fatigue was recognized around 1830 by M. Albert
in Germany about mine chains but it was A. Woéhler who really gave the
starting point on research on fatigue by its “Wohler curve” (1860). These
researches were mainly stimulated at first by the safe design of bridges and
railways: Fairbarn (1864) in England, Bauschinger (1886) in Germany, and
Lechatelier (1909) in France until the first book on fatigue by Cough in 1926.
After that came the need of more research in the aeronautics industry, then
nuclear power plants and off shore structures, concrete structures, and then
the automobile industry.
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The specific items of this chapter are the fatigue limit criteria, the
use of the two-scale damage model and stochastic approaches either
for random loadings or for random distributions of initial microdefects
in order to improve the knowledge of the remaining life of structures in
service.

6.1 Engineering Considerations

High-cycle fatigue is considered when the cyclic loadings induce stresses close
to but below the engineering yield stress so that the number of cycles to
initiate a mesocrack is “high,” that is larger than 105. The plastic strain is
usually not measurable on a mesoscale but dissipation exists on a microscale
to induce the phenomenon of damage.

The main cause of high cycle fatigue is vibrations of large amplitude at
a zero mean stress or at small amplitude with a large mean stress. Then
a major way to avoid high cycle fatigue failures is to try to avoid vibrations
or at least to reduce their levels.

The second cause of high cycle fatigue is the stress concentrations.
As the “meso” behavior of the materials is elastic, there is no possibility
of plastic shakedown to reduce the stress level and the stress concentration
coefficient is the one calculated by an elastic analysis (K1 = 3 for a hole in
a large plate). Then the risk of high cycle fatigue failures is often decreased by
a careful design of notches that is as smooth as possible and a careful machin-
ing that is as polished as possible to minimize roughness in the corresponding
zones.

The corrosion is an external factor which increases the rate of fatigue
damage by the phenomenon of passivation-depassivation at the tips of the
microcracks. More generally, be careful each time a component is subjected to
fatigue in an aggressive atmosphere; there is no suitable models to precisely
quantify its effect.

The fatigue limit, that is the stress below which no damage fatigue
occurs, is another snare because the “true” or asymptotic fatigue limit
(0°) for a given material historically decreases as the possibility to increase
the number of cycles in experiments goes on: 108, 1010, 102 cycles with
ultrasonic loadings! This is the reason to fix an engineering fatigue limit
(ot) corresponding to the stress which yields a number of cycles to rupture
of 105 or 107. Note that 107 cycles correspond to a test of almost 4 days at
30 Hertz. A minimum of 10 tests for a good mean value takes a month and
a half!

Last, but not the least, is the scatter which is always large in high cy-
cle fatigue. A factor of 10 on the number of cycles to rupture of “simi-
lar” tests is not abnormal! A probability analysis is advised each time it
is possible.
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6.2 Fast Calculation of Structural Failures

As the state of mesostrain is elastic, the calculation of the stress is easy in
most cases and sometimes it may be found in handbooks of stress concentra-
tion coefficients from a nominal stress simply calculated on the basis of load
equilibrium equations. Nevertheless, many specific effects of the phenomenon
of fatigue must be taken into account in the damage evaluation which often
needs to consider the effect of microdefects closure in compression.

6.2.1 Characteristic Effects in High-Cycle Fatigued)

Stress intensity effects are quite complex because they include amplitude,
mean value, and history. The effect of the stress amplitude Ao is represented
by the Wohler curve which gives, from experiments in tension-compression
(or other load mode) at constant amplitude, Ao or omax as a function of the
number of cycles to rupture Ny (Fig. 6.1).

Umaxi -
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250 L wcRoomE XX XX - PRSP 100
Ny cycles
10° 10° 107

Fig. 6.1. Fatigue curve of a XC 10 steel drawn from a very large number of tests
(Doc. CETIM 1992)

In the range of small stresses, the curve has a quasi-asymptotic shape
which means that a small variation of stress corresponds to a large variation
in the number of cycles to rupture and explains the large scatter.

In fact, this curve depends on the mean stress @ = (Omax + Omin)/2. The
range of stress corresponding to a fixed value of the number of cycles to
rupture decreases as the mean stress increases. This effect is represented by
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the Goodman diagram shown in Fig. 6.2. This diagram also shows the
big difference of the fatigue strength of materials in tension and compression.
While important in tension-compression, such effect of mean stress practically
does not exist in torsion or shear.
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Fig. 6.2. Goodman diagram of 35 NCD 16 steel for Nr ~ 10° cycles (Doc. CETIM
1992)

When the loading is not periodic, there is an effect of the load history.
The accumulation of damage due to different sequences of loading depends
on the order of appearance of the sequences, as shown in Fig. 6.3 for a two-
level loading: this is a sequence of ny cycles of range Aoy corresponding on
the Wohler curve to a number of cycles to rupture Ng; and a sequence of ng
cycles of range Aoy corresponding to Nro in such a way that n; + ny = Ny
is the number of cycles to rupture of the two-level test.

This dependence of the order of the stress amplitudes applied is called
the nonlinear accumulation of fatigue damages. Nevertheless for many
sequences of different amplitudes or for random loading, this effect is much
less pronounced and the linear Palmgreen—Miner rule may apply at least
as a rough approximation so that

3 ]\T]LR =1. (6.1)

This is the straight line [(1,0), (0,1)] in Fig. 6.3.
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Fig. 6.3. Accumulation diagram of Maraging steel for two levels of stress range
Ao = 1655 MPa and 965 MPa (J.L. Chaboche 1985)

The fatigue behavior under multiaxial states of stress is even more compli-
cated. Unfortunately not many experimental results exist. Non-proportion-
al loadings seem to increase the fatigue strength in a way that is somewhat
similar to cross hardening in plasticity. The temperature also plays a role
but its softening effect is easier to model.

The state of the material itself also has an effect on the fatigue. The
defects are sources of microcrack initiations and the surfaces are usually
weaker than the plain material: within a uniform state of stress the first
fatigue crack always initiates on the surface. This is due to easy plastic slips
that glide close to the surface in the process of intrusion-extrusion. Initial
conditions such as a pre-hardening or a pre-damage, due to metal forming
for example, usually modify the fatigue life (see Sect. 6.4.5).

A scale effect is generally observed in such a way that the number of
cycles to rupture of a thin specimen is higher than for a thicker specimen
loaded by the same stress. This is due to the lower probability of having
a large defect in the thin specimen than in the thicker one.

It seems also that the gradient of the stresses plays a role. For example,
the number of cycles needed to initiate a mesocrack in pure bending is higher
than in pure tension for the same level of maximum stress (see Sect. 6.4.6).

6.2.2 Fatigue Limit Criteriaéd

In quick design, a safe criterion is to manage to have a state of stress below
the fatigue limit where no damage may occur. This is easy to say! But it is
not so easy to practice for at least two reasons.
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The notion of fatigue limit is not rigorous as nobody has waited an infinite
number of cycles! As already mentioned earlier, only a conventional fatigue
limit in tension (o¢) can be defined objectively, at least from a statistics point
of view, as the maximum stress which corresponds to 10% or 107 cycles. But
experiments on metals show that a rupture may occur for number of cycles
as high than 10'° or 10'? cycles (C. Bathias 2000). Then, another limit is
defined as the asymptotic fatigue limit of° corresponding to an “estimated”
asymptote of the Wohler curve.

For multiaxial states of stress there is no definitively admitted scalar
function of the stress components, a fatigue norm, to compare with the fatigue
limit in tension. There is nothing like the von-Mises criterion in plasticity.
An equivalent would be the damage equivalent stress o7, based on the total
elastic energy density (see Sects. 1.2.2 and 7.2.1) but it does not take into
account the effect of mean stress. Nevertheless, a fast estimation of fatigue
safety is
>k < OF s (6.2)

Um ax

with

* 1/2
o :UeqR,,/ ,

3 1
Tea = \/20303’ TH = gThk s (6.3)
2 oH 2
v = ]_ 1_2 .
Ro= 00430 -2 ()

6.2.2.1 Sines Criterion

Based on phenomenological considerations, it is a function of the range
of octahedral shear A;; defined in proportional loading (o = oy ¥ with
Eeq = 1) by

1 /3 Aoy,
_ D D D D _

Arr = 2 \/2(Uij max — Tij min)(az’j max — Tij min) 9 (64)
and of the mean value of the hydrostatic stress oy = %(O’H max + OH min)
(Crossland criterion uses the maximum value oy max of o). Then the safety
criterion is written as

Arr

1 — 3bsoy < ot, (6.5)

where bg is a material-dependent parameter on the order of 1072 to 1072.

6.2.2.2 Dang Van Criterion

Based on micromechanics, it is related in metals to the first plastic slip band
which initiates in the weakest oriented crystal on which the elastic shakedown
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is assumed to happen. If o¢ is the fatigue limit in tension-compression and 7¢
the fatigue limit in shear or torsion, the criterion is written as a function of
the maximum value of the shear stress over a cycle in time and in direction
and of the hydrostatic stress oy. Using oy as the principal stresses, we have

maxy j (or(t) — os(t))
of
T —

2 11— 0f2 CTH(t)
3

max

<1. (6.6)

It is represented in the graph of shear 7 and hydrostatic stresses oy by the
inner domain limited by two straight lines (Fig. 6.4).

Path of tension-
compressiqn /

Fig. 6.4. Dang Van diagram criterion

In order to check if a loading, proportional or not, is below the conven-
tional fatigue limit, verify that its path is fully in the inner domain.

6.2.3 Two-Scale Damage Model in Proportional Loadingéd)

For some precise but still quick evaluation of the safety for proportional and
periodic loadings, it is possible to check by the two-scale damage model of
Sect. 1.5.5 (see also Sect. 2.3) if the number of cycles to rupture will or will
not reach a given limit of 10°, 10%, 107 or more. Recall that this model has
the advantage to take into account the real history of the loading and can be
used for multilevel fatigue loading as in Sects. 4.2.1 and 4.4.2 for low cycle
fatigue or random fatigue.



284 6 High Cycle Fatigue

On the mesoscopic scale, a high cycle fatigue proportional loading is char-
acterised by

o=ox(t) X, €? =0, and ox(t) between omin and omax, (6.7)

with the normalization .4 = \/ 32323 = 1 (ox is the signed von Mises
stress). For the model, high cycle fatigue corresponds to a stress range lower
than twice the yield stress (Ao = Omax — Omin < 20y) but, due to kinematic
hardening, to a stress range larger than twice the asymptotic fatigue limit
(Ao > 20¢°).

On the microscopic scale, considering the two-scale damage model leads
to a proportional loading only in terms of (micro) deviatoric stresses and
strains with then:

3
o' =oh()=P, e = 26;‘2@) ¥P, and X" =Xi1t) XEP. (6.8)

Due to the Eshelby—Kroéner localization law

o
ot = 1-D =0 —2G(1 — B)e"?, (6.9)

the hydrostatic stress at microscale becomes
o =(1—D)ol; =(1—D)on (6.10)

and is a function of the hydrostatic stress on the mesoscale (oy = oy /3 =
oxYkk/3) and the microdamage (D" = D). The stress triaxiality at mi-
croscale is then

C7'H (1 — D)UH OH
T = UE = i = on (6.11)
eq eq eq

It is a function of the von Mises stress on the microscale. Then, in order to
perform the time integration of the unified damage law at microscale,

D= (li; )Sp“, (6.12)

with Y* as the strain energy release rate (here without the microdefects
closure effect) such that

K2 pu
s R

o
2E(1 — D)2

2
and Ry = (1+v)+3(1 - 2w)TH? (6.13)

one needs to determine the effective stress 65 (¢) and the plastic strain e,y (t)
on the microscale (see Fig. 6.5).

First, the localization law (6.9) considered within the yield criterion f* =
(6" — XM)eq — 0f° = |ox — X&| — of° with linear kinematic hardening
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t=t,

20;7(1)

Y.

Fig. 6.5. Stress-strain cycles at mesoscale and at microscale

Xy = Cy(1— D)épy leads to 65 = Oy (1 — D)épx and a plastic strain rate s
that is linearly dependent on the meso stress rate (with generally C, < G):

&y = ng and G=3G(1—B)+Cy(1—D)~3G(1—p).  (6.14)

The plastic strain increment over one cycle is then:

op* 2(Ao — 20(°

P 2R 205) e A s 20,

g’]ﬁ\ﬁ g (6.15)

6N:O it Ao <208,
and vanishes (as already mentioned) for any stress range smaller than 207°.
In that case the model predicts no failure, this is the endurance domain.

Second, the maximum and minimum signed von Mises stresses do not

vary much as

~

(Omax — 0F°) = 0f
Oyg ) (6.16)
g

&g max ~ O.?O +

&gmin ~ _0.1?O + (Umin + 0'?0) ~ —O'?O .
Considering then o}, ~ 0¢°, the damage increment over one cycle is
8D

_ + -
oy = ADT 44D, (6.17)
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with
to(oh) oo 25 os(ty) s
AD* :/ Dt~ 't [Rl,* (5 = Sk ‘;ﬂ do,
te(al) (2ES)*G os(te) O¢ 6.18
te(od) | 0025 ox(te) o s (6.18)
AD™ :/ Ddt =~ [Ry (f =Yk )] do,
ta(ot) 2E5 *G Josig L ofe
and 5 1
Ru(€) = S(1+v)+ (11— 2w)E2 . (6.19)
Define next the minimum and maximum normalized stresses as
Emin = Vkk Un;;n and  Emax = Xk Cfm;x (6.20)
Of Of
and introduce the dimensionless function ¢y,
émax 5max72
0+ Eunins Ema) = /5 R [ RO 62
min+ min

which can be approximated by the following form that is conservative for the
number of cycles to rupture, better for small s,

Px (fmina fmaX) ~ <€max — &min — 2> [stz* (fmin) + stz* (gmaX)] . (6-22)

This allows us to write the damage increment per cycle as

oo 2 s — o0
5D [of (1 +1/)} 2(A0 —208%) Sik = 0 (e.g. shear)

sv = | aps g (6.23)
8D _ o7° o (€min, max) it S #0
5N Ekk(2ES)Sg |

Damage will initiate after a number of cycles Np when the damage thresh-
old pp is reached on the microscale. According to (6.14), the plastic strain
increment for half a cycle is (for linear kinematic hardening and assuming
D = const over a cycle),

Loph Ao —207°  Acf —20°

Aet. = = = 6.24
D= T 95N g Cy(1-D) "’ (6.24)
with D = 0 as long as:
oy — 05°
p* < pp = €D Ak f . (6.25)
UZ UOO
— Oy

2
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See Sect. 1.4.1 for the expression of the damage threshold in fatigue.
There is then no microdamage as long as N < Np. Considering a periodic
loading, we have

PD G\" | ou—of
Npy = d = 6.26
D= gjady M (&) |8 (6:26)
9 Ut
or
1 m—+1 "= oco\m
Np g (o = o) (6.27)

— 0%

= €pD m .
4" Y (Ao o +
2
The formulae for the number of cycles at crack initiation are finally (often

with G ~ 3G(1 — )):

3ES s GD, .
Ng = N, foY =
. D+[U?°2(1+V)} 2Ao—20p) O
(6.28)
Sk (2ES)*GD. .
Nr = Np + kk( S)g if Ygp #£0.

oo 2s5+1 Omi Omax
O¢ O ( o Sk i Ekk)

They show that there is a mean stress effect in tension-compression (of
course better described if the microdefects closure parameter h is intro-
duced, see next part), no mean stress effect in shear as experimentally ob-
served as for Yxr = 0, and the number of cycles to rupture depends only
on the stress range. The formulae for the approximation (6.22) are detailed
in Sects. 6.2.4 and 6.3.1. They show more explicitly that an increase of the
stress triaxiality lowers the fatigue asymptote and reduces then (compared
to tension-compression) the conventional fatigue limit of multiaxial loadings
with Ypr > 1.

The accumulation of damages due to two successive loadings with different
stress ranges Ao and Aoy is obtained, as in Sect. 4.2.1. A bilinear damage
accumulation is obtained for a non-zero damage threshold and the Miner rule
is recovered if e,p = 0: if n; is the number of cycles spent at the stress range
Aoc;, Nr = n1 + no the total number of cycles to rupture corresponding to
a two-level fatigue case, then

L Non

n1 n2 Nr1 .
+ =1 if np <N

Nri  Nra | Noo P

Ngo (6.29)

n1 Np2 Nri ng .
=1 if np > Np1.
Nr1 Np1 Nr2  Nr2 ! P



288 6 High Cycle Fatigue

Finally, for a symmetric fatigue loading with zero mean stress, i.e., with
Oecq min = Oeq max = Omax, ONe can compare the number of cycles to rupture
in 3D to the number of cycles in tension-compression (case Xgj # 0),

; <_Umax Umax)
Nr(0ij) — Np(oij) "\ o o

= Yin . (6.30)
N, max,) — N, max max max
R(0max) — ND(max) o (_Ekka OO 5.0 OO )
O gy

For 3D deviatoric states of stress, use the fatigue reference in shear with
Oecq min = Oeq max = V3 Timax (case Xk = 0) to obtain

Nr(0)) — Np(o})) -
Nr(V3Tmax) — Np(V37Tmax) 1. (6.31)

6.2.3.1 Case with Microdefects Closure Effect

If the mean stress effect is of first importance, it is of course better to use the
two-scale damage model with microcracks closure effect: introducing the pa-
rameter h < 1 leads to a damage growth larger in tension than in compression
as

W L (ohslo)e | (o) (o) - v [ (oh)? (—oh)?
Y= um | a-pp T a—wpp _2EL1—kkD)2+h(1—%)2 '
(6.32)

For simplicity, consider here the case of a tension-compression loading
on a mesoscale ((6.8) with ox(t) = o(t) and ¥ = diag[1,0,0]) with 6}, ~ of°
and f; = o = 0. Neglecting the damage within the expression for the strain
energy release rate gives

yh 0T R (6.33)
~ 28 vhx* .
with ((2.35)—(2.37) of Sect. 2.1.2)
1+v
Rops = 9

(6.34)

It also leads to the same expression as for the damage increment and the
number of cycles to rupture as previously but with R,. replaced by R, px,
i.e., with ¢, replaced by
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Emax Emax —2
wmmm@m=/ im@%+/ S (OdE, (635)

Emin+2 min
h S S a
where Ruh*(&) = ypx o :f or
f

©Ohs (Emins Emax) = (§max — Emin — 2) [R) s (Emin) + By py (Emax)] - (6.36)

For tension compression (Xxr = 1, Np unchanged),

2ES)*G D,
Ni = Np + m25+(1 ) e (6.37)
7 o ()

6.2.4 Sensitivity Analysisd)é

For ductile damage, low cycle fatigue, and creep failures (see Sects. 3.2.3,
4.2.3, and 5.2.3) the relative influence of the loading and the material pa-
rameters is calculated as an application of the general method of Sect. 2.4.6.
Here this is the influence on the number of cycles to rupture in periodic
proportional loading obtained in Sect. 6.2.3: Eq. (6.28) with the approximate
formula (6.22) for @, (Emin, Emax) gives

N _ L (3E(1-5) L gy — o)
PTacom \ 201+4v) Ao\
(5 =)
(6.38)
2ES)*3E(1 — B)D.
Ne = Nt (ES)SE( - ) |
oo 28 _ L Uf CE s
2(1 + U)Uf |:0max Omin Ekk :| [Rl/ min + Ru max]
where the proportional loading is written as
1
oc=03% with ¥Yq=1 and Tx = 3Ekk (6.39)
and where
Ao = Omax — Omin
~ 3G(1 - [F),
g 1-5 (6.40)

Ru min — Ru* (é.min) )
Ru max — RV*(&max) 5

with gmin = Ekk o:,r:_;iona max — Ekk U(;rflogx .

d(Nr — NV,
Taking the logarithmic derivative gives N; and (N}j— NDD) .
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Taking 6.4y = |d Ag| for each material parameter Ay, the sensitivity on

dA
the number of cycles to rupture is = Z She Ay ¥

Sﬁg are the sensitivity coefficients of the parameters A on the number of

cycles to rupture Ng:

20¢° .
2 1
SN _ S _ NR - ND Ekk + (1 _ 2V) mlnRy min + £maXRIS/ max
o Zkk NR Ao — 2000 3 RIS/ min + Rl’ max
Yk J
1
S(JTVR _ _ND (m + 1)Umin n Nr — Np —Omin 2s (1 — 27/)£mme/mm
min NRr Ao — 20?0 Nr Ao — 20?0 3 st/ min T RE max
Sk i
SNR = ND (m + 1)0'max + NR - ND Omax 2s (1 - 2”)51%18-XR18/;1118.X
Tmax T Ng Ao — 209 Nr Ao 2060 3 B i+ R max
Yk i
N _ ND Ngr — Np
SgE NR(m+ )+ N (s+1),
1 _
S,J,VR — <1 + Np m) v + NR — Np 2sv (1 Emm)Rf/mm + (1 - §1?nax)Rlsjmlax
NR 1+v NR 3 Rlslmln + R} max
Np B
siv= (1
s ( T Ne m) 1-8"
N _ ND
Sem = o
t Np
SE:}D = Nr )
SNOrg _ ND (m+1)0’?0 _ mO‘?O +2NR_ND
g¢ NR Ao 00 Oou — g'f(?o NR
2
2 s—1 s—1 %)
(1 - 27/)5 £mlnRy min + £maXRV max s of
3 RlS/ min T RP max Yppldo — 20—?0 ’
gNr _ Np moy
Tu Ng ou —0f°’

S,JXR—NDmln g Uu_g?o

NRr — N
Sévr‘: R Ds,

, where the coefficients

)
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SR _ Nr _NDS In 0?02 + R} pin 10 Ry min + B2 max In Ry max
) Nr 2ES RS i + RS max ’
gNe _ Nr —Np
D - .
c NR

As in the other chapters, the values of those coefficients are represented by
the height of the boxes in Fig. 6.6 for the following set of parameters chosen
as an average of many materials and identical for the mesoscopic param-
eters to those used for ductile and low cycle fatigue failures: opmax = 250
MPa7 Omin = —250 MPa; TX = 3Zkk = 1, Rl/max = Rl/min = 2757
E = 200000 MPa, v = 0.3, 0¢° = 200 MPa, o,/0f° = 2, Cy, = E/100,
B = 2(4-5v)/(1-v), G~ 3G(—p) = 121000 MPa, Np/Ng = 1/2,
m =2, S =2 MPa, and s = 5.

For ductile, low cycle fatigue, and creep failures, the quality of the result,
i.e., the number of cycles to rupture in this case, is mainly influenced by the
accuracy of the stress, here twice 5.8 mitliplied by its relative error. Using
the two-scale damage model gives more emphasis to the exponents m and s
and increases the uncertainties by a larger number of parameters involved.
Only epp and D, are of less importance as in the previous chapters.

5.8 5.8 55 5

3.6

&V_R_ NR&+ Ny m Ng M+S,5RM+S£VR§+SNR6_E+SNR&

N R X TX 7 min Omin 7 max O max m § E i ¢

25 2 19 18
S 1 c 0.5 se 0.5 D
SSIYR6_+S£]R&A+S]?[R6_V+SI§VR£+6_+_pD+6_C
S v oy v ﬂ C pD €pD c Dc

Fig. 6.6. Relative importance of each parameter in high cycle fatigue

+

If the sensitivity in terms of stress range Ao = omax — Omin and mean
stress o = (Umax + amin) / 2 are preferred to the sensitivity in terms of opin
and omax, calculate, then

SNR. _ o Nr o SVr
o Omin + Omax
Omin Omax (6 41)
SXR _ 1| Ao Ny B Ao GNR
Omax Omin
7 2 Omax Omin
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For the previous set of material parameters, S év " =0aso=0and Sgg =
11.6 here.

6.2.5 Safety Margin and Crack Growthéé

The proper parameter for the evaluation of the risk of fatigue failure is the
number of cycles, as already mentioned in Sect. 4.2.5 for low cycle fatigue.

e If the number of cycles of loading service Ngepvice is known, a safe design
is defined from the calculated number of cycles to rupture Ny for the in
service history of loading, and a safety factor Saf given by rules or by the
state of the art of the domain of application Saf = 100, 10, 5,...:

Nr
Nservice . 6.42
< Saf ( )

e Due to a large scatter in high cycle fatigue, a better definition of the safety
margin uses the probability concept. It may include the uncertainties of
the loading and the material properties but it needs information on their
stochastic character. Instead of the previous equation, consider as safety
design criterion:

1

Prob (Vi Nservice ’
rob (Ng > ) < Safp,

(6.43)

where ¢t must be very small (Safp, = 10%,10%,...10° or more). This
means a stochastic analysis is difficult to perform as the accuracy is al-
ways poor for the low values of the probability density (nevertheless see
Sect. 6.4.4).

Finally, if a mesocrack initiates, it is important to check if it is dangerous
regarding a possible fast propagation by instability or fatigue growth.

e The criterion for a fracture by instability is when the structure strain
energy release rate G reaches the toughness of the material G.. G is
calculated from the fracture mechanics concepts as a function of the far
field loading o, > 0 and the length of the mesocrack initiated Jy stated
in Sect. 1.6.3.

Ge
do= : (6.44)
Uu
2EDC + Ou€pR
. o2 mdo )
Classically, G ~ &k I where k is a shape factor, so one has to check
G < G, or ,
05T G,
Fp g2 < G. (6.45)

ZE D¢ + ouepr
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The toughness G, disappears and

Ooo < ou\/ﬂln <D20 + E;pR) . (6.46)

Due to the numerical value of the material parameters, this criterion is
satisfied most of the time, at least for metals.

But the crack may continue to grow under the same fatigue loading. The
simplest model to evaluate the fatigue crack growth rate is the general-
ized Paris law written for a crack of area A in a 3D medium:

§A G2 g2

SN CQP/Q ’ (6.47)
A1/2 A1/2
where Gax &~ KO2, maxﬂ , Gin & /iUZO minﬂ , and where np and

Cp are material-dependent parameters determined by experiments and
are different from the parameters of the Paris law written for the crack
length in 2D problems.

If the loading is periodic, omax = const, omin = const, and in order to
obtain the evolution of the crack surface A as a function of the number
of cycles N one has to solve (np # 4)

dA o =l NP2
_ ,1p/2% oo max 0o min np /4
oy =K i () amm, (6.48)
P
with the initial condition N =0 — A = Ag =~ §3,
A np —_gmr /2
A~ T SA = kP/2 050 max Zoo min ( ™ )np N, (6.49)
Ao cr/ E
LA
4—np 4 — np o"P _ 0.77P . T \P /2 —np
_ 2 np /2 Y oo max 0o min
A= |4, +< ) )m e (R
P

(6.50)
One may also calculate the number of cycles N* to reach the complete
failure by instability:

2 A*1/2
Gmax = G or K/UOO maxg =G.. (651)
That is o 5
A* = ¢ 52
(errten) (652
4-np

N* = ( EGe ) ’ 1

/iﬂ'Ugo max o 4 —np 2 O'ggmax - Uzgmin m\w/2
50 2 4+ ( 4 >/<;77P/ CUP/Q (E)
P

(6.53)
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6.3 Basic Engineering Examples

High-cycle fatigue occurs for mesostresses below or close to the yield stress
so that they can be calculated in elasticity. At least something simple! For
many simple geometries, the stress concentration coefficient at the critical
points K1 may be found in handbooks (see bibliography). In the following,
K is supposed to be known.

6.3.1 Plates or Members with Holes or Notchesd

The weakness comes from a sharp variation of the geometry where the maxi-
mum stress is at the surface border, uniaxial, and related to the normal stress
oy by

o= Kroy (6.54)

or for cyclic loading
Ao = KtAo, . (6.55)

e For periodic loading at zero mean stress, one may use the solution given
by the two-scale damage model in proportional loading with g, = 1
(eq. (6.28) with the approximate formula (6.22)),

(2ES)*GD.
Nr = N;
BT T 9020 25 (Kp Ao — 20) RS
1 gmtl oy — o)™ (6.56)
No = L9 oo
4 Cy < Ao Oo)
KT 9 — O0¢

where G = 3G(1 — ) and

Rumax = Rus(Gma) = S(149) 4 (1 20) { (6.57)

This is nothing more than directly using the experimental Wohler curve
at zero mean stress for the stress range KtAo.

e But if the mean stress ¢ is not zero it helps to derive the number of cycles
to rupture Ng(o) from the Wohler curve known at o = 0:

(2ES)*GD,
O?O 2 (KTAU - 20?0) (RIS/ min + Rlslmax) ’
(6.58)

=2 [NR(AO', g = 0) - ND(AU)] stfmax'

NR(AO',O') = ND(AU) +

(2ES)*GD,

ith
b 0% (K1Ao — 20°)
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Note that the number of cycles to damage initiation Np does not depend
on the mean stress. Then,

Nr(Ao,0) — Np(Ao) 2R;

= vmax . 6.59
NR(AU7 o= 0) - ND(AU) Rls/min + RIS/ max ( )

The ratio of the triaxiality functions represents the effect of mean stress
already described by the Goodman diagram. For a better description of
the mean stress effect, replace R, . by R,«,. Figure 6.7 gives R,, and
Ry« versus Kpo/of® (recall that Eq. (6.34) and therefore the curve for
R, apply only to the tension-compression case). To help a bit more,
take Np = Ng/2 as a rough approximation.

e If the cyclic loading is piecewise periodic with a number of cycles
n;(Ao;,0;) for the i-th sequence of loading of stress range Aoc; and
of mean stress o;, > n; = Ng, use a cumulation equation similar to
eq. (6.29).

S

Q

f

Fig. 6.7. Effect of mean stress through the triaxiality function R,. or R,. for
v=0.3and h=0.2

6.3.2 Pressurized Shallow Cylindersé

This is the same problem as in Sect. 4.3.2, and Fig. 4.7, except the damage
equation (here damage acts on a microscale). The state of stress, function
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of the radius of the cylinder Ry, its thickness ¢.y1, and the internal relative
pressure P(t) varying between Py and Ppay is

0 0 0
PRC 1
0 Y 0
o= teyl (6.60)
PR,
0 0 v
2ty
00 0
3 PR, , .
or o = \é ; S with 2= |0 jg 0 | in order to have Y¢q = 1.
o 00

Then Sy, = 53 = /3.

Now it is the same problem as in the previous section (Sect. 6.3.1) as

well. For periodic loading, omi, = ‘éB Prin Bey L max = ‘é3 Prax Bey Ao =
tcyl tcyl
V3 (P _p. ) Rcyl
2 max min t l )
cy
2ES5)G D,
NR = ND + 25 ( ) ga_ . o )
o7 (AU a Ef ) {Rﬁ*<zkk n;;n) - Rﬁ*(zkk mozx)]
kk O¢ Of
Np 1 gmtt (ow—of)"

— 46pD O}’I"’L AO— . m41
9 %t
(6.61)

The rupture condition can also be expressed as a function of the number
of cycles to rupture read on the Wohler curve at zero mean stress using
Fig. 6.7:

o RS V3Ao
Nr(Ao,0) — Np(Ao) 7\ 2080

NR(AU,U = 0) - ND(AO’) N Rs \/30min + Rs \/3Umax .
Uk o V% o

(6.62)

For two-level fatigue loading, apply eq. (6.29). For cyclic loading, stepwise
periodic, perform as in Sect. 4.4.2. If damage initiates during the first level,
then

sp@ sD®@ sD®

k
D= — NV :Dc Npr = i
(Tll D)5N +n25N + —|—le6N — R ;n

(6.63)
with the damage increment per cycle on a microscale given by (6.23).
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6.3.3 Bending of Beamsé

This is the same problem as in Sect. 4.3.3 (Fig. 4.9) except that the beam
remains elastic, within domain of application of the two-scale damage model.

The simple Bernoulli hypothesis applied to pure circular bending of a part
of beam of height h, of inertia moment I gives the maximum elastic stress as
a function of the momentum applied M (I = bh3/12 for a rectangular cross
section of width b),

Mmax
Omax = 7 n (6.64)

Then for a periodic movement of the beam described by M = M. sin wt,
the problem of fatigue reduces to a simple tension compression case between
Omax aNd Omin = —0max at the two surfaces of the beam where the stress is
maximum. Equations (6.56) directly apply with Kt = 1.

For a two-level piece wise periodic movement, the equations in (6.29) also
apply. For multilevel high cycle fatigue loading, use eq. (6.63).

6.3.4 Random Loadingsdé

Sometimes the problem to solve is of a random nature known only by stochas-
tic properties. This is the case of the wheel suspensions of a car driven on
a rough road. This is the case of planes flying in turbulent clouds. This is
also the case of any mechanical component for which the in service loading
is not precisely known.

The only way to find statistics on the number of cycles to rupture by
the two-scale damage model in which the loading is a random variable is
to use the numerical method of Monte Carlo, as explained in Sect. 6.4.4.
Nevertheless some indications may be obtained in a closed-form if a very
simple damage model is used.

Consider here the very crude model restricted to loadings at zero mean
value,

oD oxp— o\’
= d D=D.— N=Ng, 6.65
SN < oy — 0 > an - R (6.65)
where gf\), is the damage increment per cycle of maximum damage equivalent

stress o3y = (aeqR,l/ Q)max and of range Ac* = 203, of° is the asymptotic
fatigue limit, o, is the ultimate stress, and c is also a material parameter.
The number of cycles to rupture Ng for a periodic loading o}; = const is

D, * _ 0o \¢ pNr
/ 5D = ( TM T F / SN (6.66)
0 Oy — O'f 0

*x _ oo\ ~¢ SN
Np = <C’M 7 > D. and 8D =" D,. (6.67)
Oy — 0 Nr
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Consider now a random proportional loading o = ox(t) 3 (with Xeq = 1)

where the signed damage equivalent stress o* = ag(t)R,l,/ % is a Gaussian
process given by its probability density P(c*) which fits many applications
with large numbers of random loading parameters,

0_*2

5*\/271_ exp — 25%2’

where 5* is the standard deviation associated with o* and 0* % = 0& R,,. The

P(c*) = (6.68)

stress triaxiality function is constant equal to R, = 2(1+v)+3(1—2v) (¥4* )
For a narrow band process, the probability den51ty of the maximum values
of the stress o* is given by

« L 9P(c*) «
P =" po) g (77 =) (6.69)
which is a Rayleigh’s law:
. ox ox 2
P(oyy) = 53/12 exp—2(:71\iI 5 - (6.70)

It will give rise to rupture only if the standard deviation ¢* is large to ensure
enough stresses oy; above the asymptotic fatigue limit.

Within a set of N cycles the number of cycles dN for which o} < o3 <
oy + doyy is AN = NP(o3;)doj; or

* * 2

dN = N;\g exp— M _dot, (6.71)

but the mean damage D at the cycle N is

D= /DdN / <Uu_af >ch (6.72)

or
N = * co\c 0'1’\(/[ Uﬁz
D= (0q — 0°)e /Uao (o3 —0¢°)¢ - 5*2exp—25*2da§4, (6.73)
0" a1\ 1
or with z = U* and J = [ (Uoo _1) g exp—, ,du:
oM 0 o T x 2x
N oo C
D= 7 T (6.74)

The integral J = J (c, f:o) can be numerically integrated by mathematical
f

software as a function of the Waohler exponent ¢ and the ratio 6* /of° of the
standard deviation ¢* of the loading process to the fatigue limit of°.

Finally, the number of cycles Ng which corresponds to the rupture for
the mean value of the damage D = D, is
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Ng = (Uu_Uf ) D (6.75)

o0
of J

It is interesting to calculate the value of the maximum stress o3 oo, for
a constant amplitude process which would give the same number of cycles to

rupture,
O—*euiv_o'oO - u OOCDC
<Mq Oof> DC:<0 m”f) : (6.76)
Oy — Of of J
G 1/c
OMequiv = 0f q 1+ {J<UOO)] ) (6.77)
f
1 T T T T T
0.8 I~ —
0.6
1/c

04—

02

Fig. 6.8. Factor of equivalence between a random and a periodic fatigue process

The graph of Fig. 6.8 gives the value of J'/¢ as a function of the ratio
o*/og° for different c. The curves are obtained for a zero mean stress with
a maximum stress range directly related to the value of the standard deviation
o*. When it is too low (6*/of° <~ 0.1 to 0.3), there is no rupture. It is
interesting to note that the scatter correction factor J'/¢ varies only from 0
to less than 1 in a large range of both the ratio 6*/of° and the Wéhler curve
nonlinearity parameter c.
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Then, knowing the standard deviation 6* of a Gaussian process for the
signed damage equivalent stress o* = crgRll/ 2, it is easy to calculate the max-
imum stress oy .., Of an equivalent periodic process (the exponent c always
fits a Wohler curve in the large number of cycles to rupture). Report this
equivalent stress directly on the Woéhler curve in order to obtain the number
of cycles to rupture corresponding to the random process. Nice, isn’t it?

Of course more accurate results may be obtained with a better fatigue
model but the price to pay is numerical calculations with the Monte Carlo
method.

6.4 Numerical Failure Analysis

As pointed out many times, high cycle fatigue occurs in the elastic range.
The nice thing is that the computations needed for design purposes are per-
formed in elasticity. For most materials, elasticity linearity allows for the
superposition of solutions: if the loading is proportional (see Sect. 2.1.2), i.e.,
if all applied loads and displacements are proportional to the same scalar
function of time «(t), perform only one computation for the reference load-
ing ayer. Store the stress and strain fields obtained (o ef(M) and €p0t(M))
and have in mind that there is no need for additional computation to get the
stress and strain fields at any time ¢ as

o8 = “Do ) and e, 8) = “Derr(ar). (6.78)

Qref Qref
If a few applied loads or displacements vary independently, compute the
reference elastic solutions for each load or displacement. The stress and strain
fields history are obtained by superposition, yielding

o(M,t) = Z ai(t)o-refi(M) and €(M,t) = Z a;(t)

— Qrefs — Qlrefq
% %

€reti(M). (6.79)

These elastic fields are then the inputs of a fatigue structure analysis, either
to check the safety by use of fatigue limit criteria or to estimate the number
of cycles to failure by a damage analysis.

The bad thing is that the straightforward use of the Wohler curve to read
the number of cycles to rupture (or at least to mesocrack initiation) is not
always an easy task for real structures. The use of a damage post-processor
(such as DAMAGE 2000 described in Sect. 2.3.3) is often necessary. The
calculations are made at the most loaded point only or at the structure’s
Gauss points to draw damage maps.

6.4.1 Effects of Loading History(j(j

(J.P. Sermage 1999)

Most of the characteristic effects of high cycle fatigue described in Sect. 6.2.1
may be predicted by the unified damage law within the two-scale dam-
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age model of Sect. 6.2.3. Some numerical results obtained with the post-
processor DAMAGE 2000 are shown in the following for the values of the ma-
terial parameters characteristic of a steel at room temperature: £ = 200000
MPa, v = 0.3, of° = 200 MPa, Cy = 2000 MPa, ¢, = 600 MPa, ¢,p = 0.05,
m=1,8=03MPa,s=2,h=0.2, D.=1.

6.4.1.1 Influence of the Mean Stress

The consideration of the microdefects closure parameter h in the model allows
us to obtain the influence of the mean stress in compression. This difference of
behavior between tension and compression leads to larger numbers of cycles to
rupture in the same range as that for the decreasing mean stress & (Fig. 6.9).

Omax (MPa)
1000
800
600
400 G =-50 MPa
_ -/
P ——— _
200 ~— G =0
6 =50 MPa
100 G (MPa)
50 O max
[ t (s)
_Gmin
10 Ng cycles
10% 10° 108 107

Fig. 6.9. Effect of mean stresses on the Wdhler curve

The same results are also plotted for tension-compression and shear load-
ings at a fixed number of cycles to rupture Ng = 105 (Fig. 6.10). As already
pointed out, a remarkable result is that the shear mean stress 7 does not have
any effect in shear in the range considered, as observed experimentally.

Ng = 10°
AT (MPa)
400
MP.
Ac (MPa) 200
w—\
200
100 T
100 — -
G (MPa) T (MPa)
—106 —56 0 5'0 160 -60 -40 -20 0 20 40 60

Fig. 6.10. Computed effect of mean stress in tension-compression and shear
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6.4.1.2 Nonlinear Damage Accumulation

Another important feature of fatigue is the nonlinearity of the accumulation
of damages due to loadings of different stress amplitudes. Consider here a two-
level loading at zero mean stress as represented in Fig. 6.11: n; cycles at
Omax = 01 followed by mno cycles at omax = 02 such as Ng = ni + na. Nry
and Ngo are the numbers of cycles to rupture corresponding to constant
amplitude loadings Aoy and Aos. The results are compared with the linear
Palmgreen—Miner rule ny /Ngi+n2/Nre = 1 in the ny/Nga vs ny/Ng; plot in
Fig. 6.11. The nonlinear damage accumulation is here obtained as a bilinear
accumulation rule.

o
A ()
A o K M2
! v ow<ow AN
VVVY ~
] Al
n n,
LR
2 Palmgreen-Miner rule
NRZ 04 L
02 4 /
Omi> Ome
0 I f I i
0 02 0.4 0.6 038 1
&
Ng;

Fig. 6.11. Damage accumulation diagram

6.4.1.3 Biaxial High-Cycle Fatigue

Consider next a plate under a biaxial fatigue loading. Plane stress conditions
and proportional loading are assumed and the in-plane stresses o1 and o9 vary
proportionally between (—o1max and +01max) and (—02max and +02 max)-
Figure 6.12 shows the stress contours corresponding to numbers of cycles to
rupture Ng = 10%,10°,108 cycles for in-phase cyclic loadings. The contour
. . oo N 1/2
corresponding to the damage equivalent stress criterion 0* = geq R~ = 0 =
210 MPa is also drawn and fits well with the two-scale damage model for
Ng = 106.
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Fig. 6.12. Biaxial high cycle fatigue

6.4.1.4 Effect of Non-Proportional Loading

The effect of a non-proportional loading is considered here for a num-
ber of cycles to rupture, Ng = 10° cycles. First we consider an alternate
loading of stress range Aoy = 2071 max until about Nr/2 cycles in a first
direction (named 1) and then a second alternate loading of stress range
Aoy = 202max in the orthogonal direction (named 2) corresponding to
Ng.

Figure 6.13 shows that to obtain the same number of cycles (Ng = 10°) in
non-proportional loading (square points) as in proportional loading (contour
reproduced from Fig. 6.12), a higher state of stress is needed. This is an effect
similar to that in plasticity where non-proportional loading induces an over
strain-hardening or cross hardening.

6.4.2 Non-Proportional Loading of a Thinned Structure(j(j(j

(M. Sauzay and A. Carmet 2000)

As an example, consider a tube of total length L = 250 mm, external radius
R, = 28.7 mm, internal radius R; = 27.5 mm, and thickness ¢ = 1.2 mm.
The middle part of the tube has been thinned with a grindstone on one side,
leading to a gradually thinner zone of stress concentration, where the fatigue
cracks will initiate (see Fig. 6.14). The thickness of the thinner part varies
from 1.2 to 0.6 mm.
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Fig. 6.13. Effect of non-proportional loading

6.4.2.1 Elastic FE Analysis

The structure has been numerically analyzed and tested in tension, torsion,
and tension-torsion fatigue loadings. Elastic computations in tension and in
torsion give the meso stress fields oer1 and o ez to be used as inputs for
DAMAGE 2000 post-processing analysis, with the tension-torsion treated as
a linear combination of o er1 and o refa-

The meshing comprises 5120 3 and 4 node Kirchhoff-Love shell elements
(full and reduce integrations here give the same results). For the structure
loaded in torsion, the local state of stress in the thinned zone is shear with an
overstress coefficient 0,9/0.9n = 1.76 (where the nominal stress 0,9, is the
shear stress in the original tube of constant thickness t). For the structure
loaded in tension, the state of stress is uniaxial in the center of the thinned
zone with an over stress coefficient 0.,/0,., = 1.66 (again, “nominal” is
related to the tube of constant thickness). The axial stress is even larger
at the beginning of the transition zone with ,,/0,,, = 2.03 but also with
a hoop stress.
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Thinned part

Fig. 6.14. Picture (M. Grange) of the broken thinned shell

6.4.2.2 Proportional Fatigue Loadings

The numbers of cycles to mesocrack initiation, Ny, are calculated by use of
DAMAGE 2000 post-processor. The material is a ductile steel with material
parameters: £ = 200000 MPa, v = 0.3, o, = 380 MPa, o, = 474 MPa,
Cy = 50000 MPa, o¢° = 180 MPa, e;p = 0.025, m = 3, S = 2.6 MPa, s = 2,
h=0.2, D. =0.3.

The experiments have been performed at a 5 Hz frequency. The numerical
simulations compare well with the experimental results in Fig. 6.16 where the
two straight lines represent a relative error Ng/Ng'* of 4 and 1/4. Be happy
with a factor of 4 in fatigue!

6.4.2.3 Non-Proportional Fatigue Loadings

Four tension-torsion high cycle fatigue tests have also been performed at
LEDEPP-ARCELOR at a frequency of 3 Hz. The non-proportional loading
paths for the axial force F' and the torsion torque C' are shown in Fig. 6.15.
The maximum applied force is Fiax = 14000 N and the maximum (or min-
imum) applied torque Cpax = 420 Nm (or Cpnin = —Chax). The results are
given in Table 6.1.
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Table 6.1. Tension-torsion of the thinned shell

Fmin Location of exp comp
Test Froax Type crack initiation Ng Ny
a -1 in phase transition zone 1.13-10% 4-10°
b 0.1 in phase thinner part 4.86-10° 4.4-10°
c 0.1  90° out of phase thinner part 3.72-10° 6.9-10°
d -1 90° out of phase thinner part 2.3.10° 11.6-10°

A
s00] C (N/m) 00l C (N/m)
400+ 400+
testa testb
200+ 200
0 F (N) : ) ) 0 ) ) ) F (N)
—15000 -10000 -5000 0 5000 10000 15000 -15000 —-10000 -5000 0 5000 / 10000 15000
-2004 -2004
-4004 -4004
-600- -600-
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s00f C (N/m) 00} C (N/m)
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4001
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200+
L0 o EN . EN
—15000 -10000 -5000 5000 10000 5000 -15000, —=10000 -5000 0 5000 10000 5000
—200+ -200+
—400-
~600- ~600-

Fig. 6.15. Cyclic loading paths of tension-torsion

The model gives a correct estimation of the number of cycles to meso crack
initiation with a factor of at most 5 between computed and experimental
numbers of cycles, N;”"? and Ny, even for out-of-phase fatigue loadings.
The corresponding 4 points are also reported in Fig. 6.16. This shows the
ability of the model to predict high cycle fatigue failures in complex loadings.
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Fig. 6.16. Comparison between computations and experiments

6.4.3 Random Distribution of Initial Defectséé

The scatter in high cycle fatigue tests or in fatigue failures is always very
large. A factor of 10 (1000%!) on the numbers of cycles to rupture around
105 for “identical” tests may happen. Since W. Weibull’s studies (1939),
independent of the experimental conditions, we know that the main reason
is the initiation of the fatigue phenomenon on microdefects of different sizes.
The number of cycles to rupture is as high as the probability of existence of
a “big” defect is small. This is why small components have a larger lifetime
than bigger ones.

In the two-scale damage model, the only two material parameters intro-
duced on a microscale are the kinematic hardening coefficient (Cy) which is
taken identical to its value on a mesoscale and the yield stress which is the
asymptotic fatigue limit (¢f°) on a mesoscale. The fatigue limit of° repre-
sents the local weakness due to hidden defects in the material, therefore it
is the natural candidate for the random parameter responsible for the high
cycle fatigue scatter.

Instead of guessing or measuring (but how?) the characteristics of micro-
internal defects to identify a random distribution of initial damage, it is much
easier to use or perform a series of fatigue tests loaded identically in tension-
compression to obtain numbers of cycles to rupture (Ng;) around 10° cycles.
The distribution of Ngi for the stress considered as the engineering fatigue
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limit o¢ is thus recorded. To go further we have to find the distribution of
o¢° which would give the IVg; recorded. This is a deterministic calculation if
o¢° is expressed as a function of Ng.

Taking the result of the simplified two-scale damage model of Sect. 6.2.3,
it is not possible to invert the formula (6.28) (even with the simplifying
assumption of (6.22)) to derive o¢° in a closed-form as

1 gmtt (ow— o)™

Np =
D 4€pD C;;n’ (O'max - O'?O)m+l
9ES)*GD. (6.80)
Nr = Np + ( °6

20’?0 28 Omax — of [stlmin + Rlsfmax]
Yk

where the numbers of cycles are calculated for the engineering fatigue limit

Umax

SO that Omax — Of and Ry min — Rz/ max — Rl/* Ekk o>

A numerical analysis similar to the Monte Carlo method is needed while
assuming a fixed Ng; characterizing the scatter of the engineering fatigue
limit o and corresponding to a number of specimens imax (fmax = 20 in
Fig. 6.17 for the example of the ductile steel of of Sect. 6.4.2 ).

1
1F==-=-==== R T | P—
1 | ! 1
! ! l ! I
0 I L

3.17 4.63 6.81 147 215 3.17
1x10° 1x10° 110

Ng

Fig. 6.17. Histogram of the number of cycles to rupture corresponding to omax =
of = 230 MPa at 10° cycles

First, the material parameters are determined by the procedure of
Sects. 1.4.4 and 2.4 applied on the experimental Wohler curve drawn from
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the mean value of the number of cycles for each stress range. Then o¢° is
calculated for the 20 measured Ng; from (6.80) using mathematical software.
The Ng; distribution is represented by the histogram of Fig. 6.18. The abscis-
sas are discrete values of} of of° and each ordinate is the number of values
of° in between each o} and of} ;. As the number of tests is most often
low (< 20) statistically, a difficulty arises in the choice of the number of o
that determine the shape of the probability curve. A number of intervals
Pmax ~ 2 + Vimax is considered, a good compromise between exceedingly
low (flat distribution) and exceedingly large numbers of values (also a flat
distribution).

10 T T T T T T T

220 230

Gy (MPa)

Fig. 6.18. Histogram of the asymptotic fatigue limit of°

Once fitted, this distribution is considered a characteristic of the
material and may be introduced as input together with the values of
the material parameters in any fatigue calculation by the Monte Carlo
method.

6.4.4 Stochastic Resolution by Monte Carlo Methodéd)

The Monte Carlo method is a numerical method to determine the stochastical
response of any nonlinear model to random inputs by solving a large number
of deterministic realizations of the inputs and by performing a statistical
analysis on the results. Let’s consider the histogram of the fatigue limit o in
Fig. 6.18. It is an approximation of the statistical distribution of of° and the
first task is to regularize this discrete histogram by a known probability law or
by curve fitting. For example, the histogram of Fig. 6.19 is a regularization
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with 25 intervals of the histogram of Fig. 6.18 and the graph P, (of°) in
Fig. 6.19 is the corresponding probability density fitted by a truncated [—

function:

Foi(0f7)

0.05

0.04

0.03
Ps, op)

0.02

0.01

0
150

= 220

G <;’;0,30,2.5) if 02 > 160 MPa

(6.81)

experimental histogram

discrete regularization

150

160 170 180 190 200 210 220

continuous probability
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O (MPa)

230

Fig. 6.19. Regularized histograms of o¢° and corresponding probability density
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and Py, = 0 elsewhere, with

/6('1:7 a’? b) =

Pla+b) ,_ _ s
T(a) - T(b) Y1 —2)*' and F(z)—/o t*"Lexp (—t)dt.

(6.82)
Then, the general procedure for a structural analysis is as follows:

. An elastic structural analysis gives the state of the 3D stress history at

the critical point(s) (Gauss point(s) for a finite element analysis).

. The damage parameters are supposed to be known, including the statis-

tics of the asymptotic fatigue limit of° such as its histogram or its prob-
ability density (Fig. 6.19).

. Consider a number pyax of discrete possible values ofy of of°. In the

following example, it is 25 but a larger number (up to 100) is better.

. Calculate the ppyax values of the number of cycles to rupture Vg, corre-

sponding to the stress history with a post-processor such as DAMAGE
2000 for the two-scale damage model. They represent the failure statis-
tics.

. Draw the histogram of the results with the same ordinate n, for Ng,

o0
and o).

. Calculate for the considered structure the mean number of cycles to rup-

ture,
Ng = > npNrp

S (6.83)

its standard deviation,

Ni = \/ 2l Jg‘n p r)® (6.84)

its histogram, or its probability law.

This procedure has been applied to many values of unidimensional cyclic
stresses corresponding to the Wohler curve of ductile steel whose damage
parameters are those used in Sect. 6.4.3. The numbers of cycles to rupture are
calculated by means of the simplified two-scale damage model of Sect. 6.2.3
(also Eq. (6.80) of Sect. 6.4.3). Figure 6.20 shows the results:

For the mean value Ny of the number of cycles to rupture as a function
of the maximum stress omax. The line fits the experimental Wohler curve
drawn almost exactly, with only one test for each stress.

For the histogram of Ny corresponding to the three stresses.

For the standard deviation Ng where it is interesting to see how it in-
creases with the number of cycles to rupture as it is always found by
experiments.

This shows that it is not so complicated to take into account the scatter in
high cycle fatigue failures predictions!
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Fig. 6.20. Mean value and standard deviation of the number of cycles to rupture

6.4.5 Predeformed and Predamaged Initial Conditionséé

Other types of damage high cycle fatigue failures are influenced by the ini-
tial state of the materials (A. Galtier 1998). It is mainly an initial plastic
strain pg, an initial damage Dy, and an initial residual stress o*® induced
by the thermomechanical history of casting, metal forming, welding, and also
damages by accident.

Let’s assume that the initial or residual quantities pg, Do, and o;5° exist
but that they have been obtained for states of stresses larger than the in-
service states of stresses that lead to high cycle fatigue (otherwise it would
be low cycle fatigue!). The reference structure analysis is still elastic and those
values are introduced in the two-scale damage model as initial values of the
differential scheme. The conditions D(t = 0) = Dy, p(t = 0) = po, €P(t =
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0) = €, and X (¢t = 0) = X satisfy the equilibrium equation div o™ = 0
(or 03¢5 = 0) for a static problem. For a plastic state, local tension leads to

LY
10 0 10 0
GSZPO 0_§ 0 and Xg = Cypo 0—; 0 (6.85)
00 —} 00 —}

Figures 6.21 and 6.22 describe the effect of an initial plastic strain pg
that is smaller than the damage threshold pp and an initial damage Dy
associated with the corresponding plastic strain, respectively, on steel at room
temperature. The Wohler curves are calculated by the damage post-processor
DAMAGE 2000 with the following values of the material parameters: F =
200000 MPa, v = 0.3, o¢° = 200 MPa, C, = 2000 MPa, o, = 600 MPa,
epp = 0.05, m =1, 5 =0.3 MPa, s =2, h =0.2, and D, = 1. This influence
may be of a factor 10 on Ng.
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Fig. 6.21. Influence of an initial plastic strain on the Wohler curve (J.-P. Sermage
1998)
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Fig. 6.22. Influence of an initial damage Dy = D./5 = 0.2 on the Wohler curve
(J.-P. Sermage 1998)



314 6 High Cycle Fatigue

If their values are known, residual stresses ;5" can be added to the loading
stresses.

6.4.6 Hierarchic Approaches up to Surface and Gradient
Effects(j’(j(j@

For other types of failure, we advise beginning any prediction of high cycle
fatigue rupture using the simplest model, especially if only a few material
parameters are known.

e In early design it is often sufficient to check if the state of stress is below
the fatigue limit conditions. In 1D, the only effect to take into account is
the effect of mean stress and the simplest model is the Goodman diagram
shown in Fig. 6.2. An elementary geometric calculation gives the following
as non-failure conditions:

Jmax<0f+0(l— Uf)

Ou

(6.86)
_ ot
or O'mjn>—0'f+0'<1+ )
Ou

e For 3D state of stress, use one of the fatigue limit criteria of Sect. 6.2.2:
the damage equivalent stress o* or, better, the Sines or Dang Van criterion
for non-proportional loading.

e Again, in early design, the Palmgreen—Miner rule is not so bad in mod-
elling sequences of different levels of stress range. Together with the
Wohler curve, it allows for the determination of the number of cycles
to rupture corresponding to a given history of unidimensional stress.

e For 3D proportional loadings use the two-scale damage model of Sect. 6.2.3
integrated either numerically or in a closed form for periodic loading.

e For random loading there is, at least for a first approach, a nice simple for-
mula in Sect. 6.3.4, eq. (6.77). Otherwise the Monte Carlo method applies
together with the two-scale damage model used as a post-processor.

e For complex loadings such as 3D, non-cyclic and/or non-proportional
loadings, the Wohler curve can be used only to identify the two-scale
damage model. The number of cycles Ng or the time tg to mesocrack
initiation is calculated by post-processing the elastic computation and by
performing the time integration of the two-scale damage model constitu-
tive equations (see Sect. 2.3). The most loaded point is where the damage
D is maximum. The number of cycles to rupture Ny corresponds to the
reach of the critical damage D, at this point, as described in Sect. 6.4.2.

e [t is also possible to consider a random distribution of initial defects as
explained in Sect. 6.4.3, which allows for the possibility to express the
results in terms of probability modelling of the large scatter observed in
high cycle fatigue. Then, as in Sect. 6.4.4, the Monte Carlo method may
be applied to any kind of loading.
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For more accurate predictions, one has to consider the fatigue weakness
on any surface as plastic slips occur more easily on the surface grains
that are well oriented with respect to the loading direction. Intrusion-
extrusion mechanism takes place; it leads to microplastic strains that are
larger on free surfaces than inside and then to lower numbers of cycles to
rupture.

This surface effect may be taken into account in the two-scale damage
model through the localization law. The microscale stress used in the
initial two-scale damage model (without meso plastic strain),

o'gshelby =0 —3G(1 — PB)e"?, (6.87)

is calculated by means of the Eshelby—Kroéner localization law for a spher-
ical inclusion fully embedded in an RVE. It has to be changed at the free
surface.

s

N\ r

O

Spherical inclusion Hemispherical inclusion
in plain RVE at a surfaceRVE

Fig. 6.23. Inclusions for the two-scale damage model

On the basis of the work of A. Cox (1989) and A. Deperrois & K. Dang
Van (1990) a surface localization law can be built and used to describe
the scale transition of the two-scale damage model (M. Sauzay 2000).
Following these authors, consider a hemispherical inclusion in an RVE
located along a free edge (Fig. 6.23) and for the sake of simplicity take
D =0, 6" = o", and €® = 0. If ¥3 is the normal to the free surface
(denoted T'), x the coordinates of a point in the RVE, the microscale
stresses taking into account the existence of the free edge (@3 = 0 onT")
are not uniform anymore, i.e.,

3
UH(X) = Ugshelby - Z /F O'EB Eshelby(xl)c(r) (X/7 X)drl ’ (688)
r=1

with € (x’,x) and C®(x/,x) as the Cerruti tensors and C® (x’, x) =
B(x',x) as the Boussinesq tensor. Using the expression (6.87) for o,y 1,y
allows us to obtain the formal localization law on a free surface as

o¥(x) =0+ M(x): €'?, (6.89)
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with M as a fourth order localization tensor that is non-symmetric (the
direction 3 plays a particular role) and dependent on the position of the
considered point inside the inclusion. Using indexical notation, we have

Mijkl = (Eiqu - /‘F Ol(jr) (X/, X)E'r‘qudF> (SEShelby - I)qul ) (690)

with SThe®Y a5 the Eshelby tensor. A dimensionless tensor m is also
defined, such as

Mij = —2G(1 = B)mijm (6.91)
and M. Sauzay (2000) gives, for v = 0.3, the average value of the inclusion

of coefficients m,;;:

mi111 = Magg2 = 1.24,

Mi122 = Ma211 = —M3311 = —M3322 = 0.24,

Mmi212 = Mi221 = Ma112 = Mai21 = 0.5, (6.92)
mM1313 = M1331 = M3113 = ma3131 = 0.26,

M2323 = Ma332 = M3223 = Ma32z2 = 0.26.

The other coefficients are equal to zero. For 0.2 < v < 0.4, the value for
M5, does not depend much on the Poisson ratio. The localization law to
be used at surfaces is finally

o oij —2G(1 = B)mijriey; (6.93)

ij surf =
also written as

o1 s = 011 — 2G(1 = B) (ma111€}; + maiazedy)
T8 qurt = 022 — 2G(1 = B) (M1122€5 + mi111€hy)

Uilz surt = 012 — 4G (1 — 5)m12126f2 )

(6.94)
03 qurt = —4G(1 — B)muzzely,
053 surf _4G(1 - 5)m23236}2)3 )
083 gurt = —2G (1 — B)maz11 (€] + €hy) -

For FE computation of structures loaded in high cycle fatigue, one has
then different localization laws for surface elements and inside elements.
For a homogeneous mesoscopic stress field it leads to an increase of the
microscale plastic strain on free surfaces and, by consequence, a significant
decrease of the number of cycles to mesocrack initiation (of about 30%)
in surface than in plain material. From a mechanical point of view this
explains why the mesocrack initiation on free surfaces is always observed
in uniform stress field specimens.

Another characteristic effect of high cycle fatigue is the sensitivity to the
gradient of the stress field. This gradient effect is illustrated here in
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cyclic bending where the most loaded points are on the upper and lower
edges of a beam: the number of cycles to mesocrack initiation is always
larger in cyclic bending than in the equivalent homogeneous tension com-
pression case (I. Findley 1956). This is nothing peculiar as the chance to
find a large defect in the upper or lower parts of the beam cross section is
lower than the chance to find the same defect in the whole cross section.
Such a gradient effect is observed in bending, but not in torsion (I.V. Pa-
padopoulos and V.P. Panoskaltsis 1996), and can be taken into account
within the two-scale damage model by considering the nonlocal localiza-
tion law,

" = o — ¢o||Voul||]1 + c1 Ve — 2G(1 — )P, (6.95)

instead of the Eshelby—Kroner law, where oy = ok /3 is the mesoscale

hydrostatic stress, and ||Vogl| is the norm of its gradient (vanishing in

shear). Two new material parameters are introduced:

—  ¢p, homogeneous to a length, is a phenomenological parameter iden-
tified from experimental results (such as high cycle fatigue bending
tests).

— the parameter ¢, homogeneous to a square length, is naturally intro-
duced from a homogenization procedure applied to non-uniform stress
fields. It comes from the second order term of Taylor development of
the stress tensor on the mesoscale. ¢; is found to be equal to 58 /40
(E. Aifantis 1995) where &y is the size of the RVE (see Sect. 1.6.3).
The effect of ¢; on the crack initiation conditions is not clear (it does
not act for linear fields) and ¢; = 0 is probably a good choice to start
with.

Consider as reference the tension-compression loading between —opax

and +omax. The meso stress field is homogeneous with vanishing gradient

terms in the localization law (6.95). The number of cycles to rupture is
then given by the initial two-scale damage model (numerical computation
or analytical solutions of Sect. 6.2.3). For simplicity, consider the approx-
imate expression (6.38) for zero mean stress with no damage threshold
€pD = 0:
(2ES)*GD,

00 )
g
2 f
40?0 ? |:Umax - N :| RIS/ max
kk

Ng = (6.96)

2

Umax
ofe?
Consider then a circular bending test in the elastic range for which the
stress field is locally uniaxial, with the same maximum and minimum

applied stresses as for the tensile test:

where Y = 1 and Ry, max = g(l +v)+ :1,’(1 —2v)

Md

o (6.97)

0= Yy and Omax — —Omin =

1
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with d either the diameter or the height of the beam, such as y = d/2
and y = —d/2, correspond to the upper and lower sides of the beam, and
with I as its bending inertia momentum. As the stress field is linear in y,
the stress gradient is

0
2 max 2 max
Vo=|" where ||Vol|| = =7 (6.98)
d d
0

Apply the localization law with the gradient effect (6.95) at the most
loaded point y = +d/2 (the second order terms vanish):

" =0aV —2G(1 - B)e"? and oV =0 —||Voul[1, (6.99)

which is identical to the Eshelby-Kroner localization law but where the

gradient effect is taken into account through the new loading term oV .

Writing oV = oy X (proportional loading) gives

1— 220 0 0
oY = Omax, D= 0 _220 0 |, Seq=1, (6.100)
P
0 0 - 20

6
and allows us to use (6.96) directly, but with Xy, = 1 — ;O instead of

Ykk = 1 to obtain the number of cycles to rupture in bending Ng.
Developing the expression for R, nax we end up with

Omax 2 1 o2 5
-1 1 1 — 9p) max
NY o g+ (=2 o5
Ng  Omax 1 2 1 6co\ o2
o 1 1—20) (1= max
g'f 1_660 3( +I/)+3( I/)( d)O’?OQ
(6.101)

Then for the same maximum applied stress omax in tension-compression,
we have
Ny > Nr (6.102)

in bending, i.e., a number of cycles to rupture increased in bending com-
pared to the homogeneous tension-compression case. If the fatigue limits
are defined for a given number of cycles for which no failure is observed,
this corresponds to a fatigue limit in bending that is larger than the fa-
tigue limit in tension-compression, as observed experimentally.

The ratio Ny /Ng is drawn in Fig. (6.24) as a function of the ratio
Omax/0¢°, with s as the damage exponent and co/d as the material and
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geometry parameters. Knowing co and d, omax, 07°, and s, the Fig. 6.24
allows us to determine the factor with which to multiply the number
of cycles to rupture classically calculated to obtain a better accuracy in
bending. Inversely, from experiments made on specimens of height or di-
ameter d, the knowledge of the ratios NFY /NR, Omax/0¢°, and the damage
exponent s allows us to determine the material parameter cg.

€0 —>001 002 003 004
T

| s
PO N2 W A O€E—®

Fig. 6.24. Gradient effect in bending function of omax/of°

For more general cases of stress gradients, use the localization law (6.95)
within the two-scale damage model.
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Failure of Brittle and Quasi-Brittle Materials

A material is considered brittle when it brakes without any irreversible
strains and without any dissipation prior to cracking (e.g., glass and
some ceramics). It is considered quasi-brittle when a dissipation prior to
cracking exists with no or negligible permanent strains (e.g., concrete and
some ceramics).

The main mechanism is atomic decohesions to induce a fast propagation
of a crack by instability. Nevertheless, the quasi-brittle materials may have
some reversible slidings of nano- or microcracks considered as initial defects
to induce a loss of energy by friction. Both mechanisms are dangerous because
there is no precursor to wake up the attention of observers.

The first scientific study of brittle failure was carried out by A.A. Griffith
around 1920, introducing the concept of energy of decohesion used in frac-
ture mechanics by cracking through the strain energy release rate variable G.
But the study contained nothing about damage prior to crack initiation! In
1939 W. Weibull introduced the idea of statistical distribution of initial
defects, giving rise to a model of probability of failure written in terms of
stress and of the volume considered. Since then, many models of quasi-brittle
materials are based on initial microdefects (F. McClintock 1973, S.B. Bat-
dorf 1974, A.G. Evans 1978, A. Pineau 1983) or are damage models that
are deterministic (Z.P. Bazant 1984, J. Mazars 1985, G.Z. Voyiadjis 2002) or
stochastic (F. Hild 1990).

The specific topics of this chapter are the overall rupture criteria for brit-
tle materials, debonding, probabilistic approaches for brittle and quasi-
brittle materials, delamination of composites, and dynamic failures of
concrete and ceramic structures. Long term, time-dependent behavior related
to viscous effects of creep and relaxation is addressed in Chap. 5.

7.1 Engineering Considerations

The materials subjected to brittle or quasi-brittle failures are ceramics, con-
cretes, cements, glasses, rocks, brittle matrix composites, quenched steels. . .
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Their strain to rupture is small (eg < 2-1072) and their toughness is at
most on the order of a few MPa,/m. The design of structures made of brittle
materials is difficult because there is no place for plastic shakedown in case
of overloading, but reinforcements help.

For rough estimations meso stress criteria may be applied, but for pre-
cise estimations the statistical distribution of internal defects must be taken
into consideration. Unfortunately, they cannot be precisely evaluated by non-
destructive methods. A possible alternative is to deduce a probabilistic infor-
mation from the scatter of test results by an inverse method (see Sect. 6.4.3)
for high cycle fatigue (F. Hild 1994). To illustrate this point, let us determine
the probability density of the relative size of defects in a brittle material on
which many rupture tests have been performed.

The following simplified assumptions are made:

10 to 20 rupture tests are available in simple tension on the same geometry.
For each specimen, the area density of the initial defects in the plane
normal to the stress where the failure will occur is Dy. Then the rupture
stress og is simply given (see Sect. 1.4.1) by the effective stress concept.
For brittle failures, o is related to an initial damage,

or =on(l—Dg) or Dy=1-"", (7.1)
Ou
where o, is the rupture stress of the material without any defect. On
a practical level, it is the maximum value of og measured, assuming that
in the set of specimens, at least one has no defects (or only some very
small ones).

The damage Dy is now a random variable (as is og) for which the probability
density resulting from the tests is P(ogr). The probability for or to have
values bounded by o, and oy is

P(o, <or < op) = / P(og)dog . (7.2)

It is also the probability for the decreasing function Dy(or) =1 — oy /oR to
have values bounded by Dy(op) = Doy and Dgy(o,) = Dg,. Considering the
inverse function og = o,(1 — Dg), we then have

G’u(lfDQa)
P(Duy < Dofow) < Doa) = [ Plon)don,  (13)
O’u(lfD()b)
or by the change of variable og = 0, (1 — Dy),
Doy
P(Dgp < Do(or) < Dog) = — P (ou(1 — Dy)) - (—oudDy), (7.4)
Doa

which shows that the probability density of initial damage Dy is
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P(Dy) = 0uP (0u(1 — Dy)) . (7.5)

For example, if or obeys a Gaussian distribution,

(or — 0r)?

252 (7.6)

where g is the mean value of the rupture stress and og its standard devia-
tion, the probability density of Dy is given by

Ou
P(Dy) = _ exp — _ 7.7
(Do)=, % e 2 (7.7
or
OR 2
] (DO -1+ )
P(Dy) = - exp — L, (7.8)
R\/27T 2UR
Ou Oy
also a Gaussian distribution for Dy. The mean value of Dy is
Dy=1-"% (7.9)
Ou
and its standard deviation is
Dy ="". (7.10)
Ou
A A
o, =600 MPa
6 — — 6 — — —
51 — — 5 — — +—
4= — — [ 41—
3 — — —— 31—
2 — 2|—
c
I D =1--2%
1 (5}{ 1 0 5.
540 600 MPa 0 0.1 g

Fig. 7.1. Histogram of initial damage Do deduced from the histogram of rupture

stress

There is an easy way to obtain a statistical input for stochastic analysis
of failure. Instead of using a continuous probability law (such as a Gaussian
law), a discrete numerical treatment is possible, as shown in Fig. 7.1, where
the histogram of initial damage is simply deduced from a set of stresses to



324 7 Failure of Brittle and Quasi-Brittle Materials

rupture by Do; = 1 — oR;/0y. If imax is the number of tests (usually low,
here imax = 20), USINE Pmax ~ 2 + Vimax (here pmax = 6) as the number
of intervals for the histograms is a good compromise between exceedingly
low (flat distribution) and exceedingly large numbers of values (also a flat
distribution).

7.2 Fast Calculations of Structural Failures

Structural calculations for brittle failures, fortunately, do not involve any
plastic strain. They may be performed in elasticity or simply taken in hand-
books of stress concentration coefficients. The bad news, as already men-
tioned, is the random character of brittle failures due to initial defects con-
sidered (or not considered) as initial damage. Nevertheless, some meso stress
criteria give orders of magnitude of the conditions of brittle failures and the
Weibull model is a first useful approach of the statistical characteristic of
brittle rupture.

v}

7.2.1 Damage Equivalent Stress Criterion

The simplest criterion to be used for the rupture of brittle or quasi-brittle
materials is the damage equivalent stress o* deduced from the thermodynam-
ics framework in Sect. 1.2.2. It is based on the total elastic energy whose
amount at rupture is supposed to be a characteristic value for each material
regardless of the state of stress:

9 2
0* = 0eqRY?  with RV:3(1+1/)+3(1—21/)(0H) , (7.11)

Oeq

where R, is the triaxiality function, oy is the hydrostatic stress, oy = ok /3,
Oeq is the von Mises stress, ooq = \/g (04 — ondij)(oij — oudi;).

If oy, is the ultimate stress in pure tension, the rupture criterion is written
as

o* = oy in three dimensions (7.12)
and simply ¢ = o, in the uniaxial case as R, = 1. Here we assume the same
behavior in tension and compression.

Figure 7.2 shows the large difference due to the triaxiality between the
damage equivalent stress o* and the von Mises (plastic) equivalent stress oeq,
often used by mistake as a rupture criterion.

An improvement consists of taking into consideration the quasi-unilateral
condition of microdefects closure. Back to Sect. 1.2.4 and eq. (1.46), the
complementary elastic energy is
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. . L+v [o)fle)] | (o)glo);
we (o) = pbs = 28 1-D + 1—hD 1
(7.13)
v [<0kk>2 + <—Ukk>2}
2FE |[1-D 1—hD |’

where (.) are the Macaulay brackets.
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Fig. 7.2. Damage equivalent stress criterion function of the triaxiality ratio

For a tensile stress o*,

*2

1 o
* (%) — 1 *2 *2 — . 14
we(o”) 2E(1 — D) [+ )0 —vo™] 2E(1— D) (7.14)
This tensile stress is equivalent to the 3D case if
wi(0*) = wi (o) . (7.15)

In intrinsic notations, this is equivalent to

1-D

Lo [+ 0)(0) = (0) = v )]

= \/(1 +v){o)ti{o)t—vitr o)2 +

(7.16)
Remember that h is on the order of 0.2 and the rupture criterion is still

0F =0y, (7.17)
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where D is here the relative surfacic fraction of microdefects at rupture D..

The stress at rupture in tension is still o* = U;{ = oy, but the stress at

1-hD. 1/2
1-D¢

indeed. For materials like concrete, a much larger difference is obtained in the
following definition of a damage equivalent strain €* and also in Sect. 7.4.1.

Sometimes a simpler criterion is used for the fracture of concrete where
it is observed that the microcracks are often oriented in the direction normal
to the positive (tension) principal strains. As a consequence, the damage
equivalent strain €* is defined by (J. Mazars, 1984):

e =&t ()t = Vi{e)? + (e2)? + (e3)?, (7.18)

where €1, €2, and e3 are the principal strains and where (¢;) = ¢; if ¢; > 0,
(€;) = 0 elsewhere.

rupture in pure compression is now |og | = oy , a small difference

e
|2

_51

Fig. 7.3. Damage criteria in a plane stress case: geq, 0" (v = 0.3,h = 0.2, D, =
0.3), €*

In tension, e* = €*. In compression, €* = v/2v|e~| (v is the Poisson ratio).
The criterion normalized to the rupture stress in pure tension o or in pure
compression o, is obtained as

oy oy |
=0 =2 h 7.19
e= = vay 7l (719)
which gives o;f = 0.28 |0 | for v = 0.2. Figure 7.3 shows the difference
between the last two criteria compared to the von Mises criterion in plane

stress and proportional loading.



7.2 Fast Calculations of Structural Failures 327

7.2.2 Interface Debonding Criterioné

Consider a composite or two rigid elements A and B bound together by a film
of glue I. It is represented by a 2D surface medium of “zero” thickness normal
to the direction #3, as shown in Fig. 7.4.

/7 ()

A

Xy

X3

/

Fig. 7.4. Interface at mesoscale

The continuity of the strain and stress vectors through the interface en-
sure a state of plane strains €13 = €33 = 0 and a state of antiplane stresses
011 = 092 = 012 = 0. The occurrence of two damage mechanisms, a normal
debonding in mode I due to the normal stress o33 and a shear debonding
in mode II due to the shear stresses o153 and os3, allows us to consider the
thermodynamic potentials of Sects. 1.2 and 1.4 written as functions of the
following interface equivalent stress,

ol 2 1/2
aéq:<agg|agg|+(§)(a%3+a§3>> , (7:20)

R

where (.) are the Macaulay brackets and |.| is the absolute value.

It takes into account the unilateral character of interfaces which do not ex-
hibit any damage in compression. The ratio of the ultimate tension stress U%{
to the ultimate shear stress 74 represents the large difference in strength
which may exist between tension and shear of interfaces. In supermarkets,
you may buy glues with large 0{% or large TII{ depending on their use!

The criterion of debonding of interfaces written ol, = o, — interface

eq
crack initiation is

2 2
_|_
<033|IU233| 4 013 12023> -1 (7.21)
OR TR

It gives:

e Rupture in pure tension for Uéq =033 = U%{
e No rupture in pure compression as Uéq =

I I
e Rupture in pure shear for o}, = Zl}: o3| = ok (or Zl}: loas)), ie., |o13| = 7%
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For mixed modes loading:

e A tension decreases the strength in shear
e A compression increases the strength in shear

This criterion requires the knowledge of two material parameters: the stresses
to rupture in pure tension U%{ and in pure shear TII{. It is represented in
Fig. 7.5.

Fig. 7.5. Interface criterion in the tension and shear stress plane

7.2.3 The Weibull Model9%

This model takes into consideration the volume effect for which the prob-
ability to find a large defect is greater in a large volume than in a small
one.

e The probability density of the defects considered as initial damages Dy is
supposed to be a power function where my, is the Weibull modulus,

P(Dg) = my(1 — Do)™ 1. (7.22)

e The rupture criterion is related to the damage equivalent stress o* =
/2 (

aequl, it was the maximum principal stress in original Weibull model),

o*
0'* = Uw(l — Do) or DO =1- y (723)

Ow
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where oy, is the ultimate stress to rupture of a hypothetic sample without
any defect. It is also called Weibull stress.

e Then, the probability of rupture Ppy of any RVE loaded by a stress o* is
the probability for which o* > o (1—Dg) or Dy > 1—0*/0y,. Considering
the damage Dy bound by 1,

1 * \Mw
Pro = / P(Do)dDy = ((’ ) . (7.24)
1-7"

Ow

e The Weibull theory considers the weakest link hypothesis which states
that the rupture of the whole structure of volume V is achieved as soon
as the rupture of an elementary volume Vj is initiated.

e Considering the probability of rupture Ppg of the RVE on which oy is
defined as the probability of rupture of the volume V is expressed as
(W. Weibull 1939)

|4
PF =1- exp {—V Ppo} (725)
0

Pp:l—exp{—“//b [Z } } (7.26)

e For structures subjected to non-uniform stress fields another effect that
arises is related to the probability that the largest defect exists precisely
where the stress concentration lies. To take into account this effect, it is
convenient to introduce the concept of an effective volume Veg related to
the elastic energy as it governs the phenomenon of rupture (F. Hild 1994).
If we = 0*2(M)/2E is the elastic energy density field and we max =

or2 J2E, the elastic energy density at the stress concentration point of

the structure is

or

2(M)AV
%H:fva *(2 V) (7.27)

Umax

e Finally, the Weibull formula to use is

szl—exp{—veﬂ [U*rw}. (7.28)

VO Ow

7.2.3.1 Use of the Weibull Model

To apply the model, one needs the value of the elasticity parameters as well
as of the Weibull parameters:

e An elastic analysis of a structure of volume V gives the stress field o* (M)
and the maximum stress at the stress concentration point. It gives also
the energy density field we(M) and then Veg.
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o Use Weibull formula (7.28) where Vj is the volume of the uniform stress
part of the specimens tested to identify Weibull parameters oy and
My

e The identification of Weibull parameters needs iy, = 10 to 20 experi-
ments on specimens of cross section Sy, length L, volume Vg = Vy = SpL,
and corresponds to a failure probability Pr = Pgy. To complete the iden-
tification, proceed as follows:

1. Draw the cumulative histogram of the rupture stresses or. Use pmax ~
2 + v/imax intervals and put in the ordinates the number of specimens
p = p(or < oRrp) broken under the maximum stress orj, of the pth
interval.

2. Use Pyr ~ p/(imax + 1) (or any other) as the probability estima-
tor to change the histogram into an experimental probability density
PFL (O’R).

3. Identify oy, = owr and my, by curve fitting of the previous experimen-

tal Prr(or) law,
Prp =1 —exp{— {ZR] } . (7.29)

Do it by performing a linear regression in the In[— In(1— Pgp)] vs Inog
diagram. The slope of the curve is then the Weibull modulus m., and
the ordinate at Inog = 0 is —In o™ which yields oy,.

7.2.3.2 From Brittle to Quasi-Brittle Failure (F. Hild 1994)

A structure made of “brittle” material components often exhibits a quasi-
brittle behavior (B. Coleman 1958, D. Krajcinovic 1981). To illustrate this
point, consider here as a “structure” a fiber bundle made of carbon or ceram-
ics fibers and modelled as a set of n fibers in parallel, loaded with the same
applied displacement u. The fibers of length L, cross section Sy, and vol-
ume V behave elastically with a Young’s modulus E. The failure probability
of a fiber Ppy, is given by the Weibull law,

o My 174 1/my
PpLzl—exp{— LRL} }, where 0w = 0w <Vo> . (7.30)

The loading is displacement-controlled. For large n, the number of broken
fibers is given by
ny ~ PFLTL, (7.31)

which corresponds to a number, n — ny, & (1 — Prr)n, of unbroken fibers.
The applied load is

F=> 0%, (7.32)
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with o; = 0 for the broken fibers and o; = E¢ for the remaining ones, i.e.,

F = (]. - PFL)TLSQEG (733)
or F
S = E(l - PFL)e, (734)

with S = nSy as the total cross section area. Setting D = Ppy, defines the
damage variable of Continuum Damage Mechanics as the failure probability
of fibers. The mean applied stress & = F/S is then

& =FE(1—D)e (7.35)

and the bundle has quasi-brittle behavior.
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€

Fig. 7.6. Quasi-brittle stress-strain response of a ceramic fiber bundle (E =
400000 MPa, 0wz = 500 MPa)

The damage evolution is obtained by this analysis. For monotonic loading,

D:D(e)zl—exp{—[Ee]mw} (7.36)

OwL

or if the strain energy release rate Y = ;Ee2 is introduced,

D:D(Y):l—exp{— [QIfY]ngw}. (7.37)

OwL



332 7 Failure of Brittle and Quasi-Brittle Materials

The thermodynamics framework of such a damage model (called Marigo
model) is given in Sect. 7.4.1.

The stress-strain curve obtained for a large number of ceramics fibers
is given in Fig. 7.6 and the corresponding damage evolution in Fig. 7.7. If
Weibull parameters are unknown, the stress-strain curve can be used to iden-
tify them using simple (nonlinear) curve fitting. Note also that the unloadings
are elastic with no permanent strain: the Young’s modulus of the damaged
bundle is the effective modulus E = E(1 — D).

1 T T T T
0.8 - —
0.6 — ]

D
04 —— m,=2 —
—— m,=5
02 m,,=10 _
m,,=20
0 I L I
0 0.001 0.002 0.003 0.004 0.005
€

Fig. 7.7. Damage evolution of a ceramic fiber bundle (E = 400000 MPa, ow1, =
500 MPa)

7.2.4 Two-Scale Damage Model for Quasi-Brittle Failuresdd

It is possible to calculate quasi-brittle failure conditions by use of the two-
scale damage model of Sect. 1.5.5. Consider here the case of a proportional
monotonic loading with o = ox(t)X, Xq = 1, no plasticity on the mesoscale
(e? = 0), and no damage threshold (e,p = 0).
A scalar egz is defined to quantify the microplasticity, as follows:
3 D . . O é'E

€M = 26;‘22 and &5 = Cyél ~ yg : (7.38)
Here, Cy /G <« 1 and G =~ 3G(1 — ). Once the yield stress on the microscale
(equal to the asymptotic fatigue limit of°) is reached, we can assume " ~ 0
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and the von Mises stress on the microscale remains quasi equal to of°: o™ =~
of°.

The time integration of the damage law (coupled with (7.38)) allows us
to calculate the damage D at a given mesostress o and then the quasi-brittle
failure conditions when D reaches the critical damage D., such that

o> 2s s oy,
D~ Ut / R;(Ekk OO) dos, , (7.39)
g(2ES)S o.foo Uf

with Ry, (€) = 2(1+v) + 3(1 — 2v)€? as in Sect. 6.2.3.
The function R, (§) varies significantly over the integration interval and

an approximate formula for the stress to failure is derived for small values

of s:

3G(1—B)(2ES)*De

7.40
07 2 R (i) (740)

OsR ~ 0f° +
For compression-like loading (o < 0), considering the parameter kA within the
damage law allows us to calculate the stress at failure in compression (og )

that is much larger than in tension (o) and to show that

+ _ oo
ORI e (7.41)
log | —of

Coupled with the previous knowledge of the asymptotic fatigue limit of°® and
the damage exponent s (from fatigue experiments), this result can be used
to identify the microdefects closure parameter h. For concrete, for example,
o¢° is neglected, s = 1, and 0;{/0;{ = 10 gives h = 0.1.

7.2.5 Sensitivity Analysis(j
The sensitivity analysis of brittle failure is a special case as the rupture is
not defined by a number like the plastic strain, time, or number of cycles
in Sects. 3.2.3, 4.2.3, 5.2.3, and 6.2.4 of previous chapters but by the stress
itself, through the damage equivalent stress o*. For example,

o* =0, —— rupture. (7.42)

In order to perform the calculation in the spirit of the general method de-
scribed in Sect. 2.4.6, let us consider the ratio 0* /oy, and derive how much
it differs from 1. Furthermore, consider also the influence of initial defects in
writing o, (1 — Dg) as the previous ultimate stress. Rupture corresponds then
to Rupt = 1, with .

o
O'u(l — D()) ’
where o* = aeqR,l,/Q, R,=2(1+v)+3(1—-2v)T%, and Tx = 7"

Teq

Rupt = (7.43)



334 7 Failure of Brittle and Quasi-Brittle Materials

Taking the logarithm and the derivative with absolute values of the rela-
tive errors gives

dRupt  80eq N (373 — é)u dv n 3(1 —2v)T3 8Tk n doy Dy 6Dy
Rupt Oeq R, v R, Tx ow 1—=Dg Dy’
(7.44)

which defines S, Rup as the coefficients of the sensitivity matrix of Sect. 2.4.6.

Therefore,

dRupt Rupt OAL
= Sp 7.45
Rupt - Ak ( )
with
S'fczpt =1,
SRupt 3(1 — 21/)T)2(
R, ’
Rupt __
S, " =1, (7.46)
1
SRupt — |3T)2( I |V
v RV b)
D
Rupt 0
Sh - Dy’

As in the other chapters, the diagram in Fig. 7.8 shows the relative values
of the influence of all the parameters by the height of the boxes for a set of
parameters representing mean values for brittle materials: Tx =1 = R, =
2.07, v =0.2, and Dy = 0.05.

0.87 1 1 0.26 0.06
SRupt _ S};upt 6Tx +SRupt o0 ca SRupt ES:EEI(SV Rupt 6 Do
Rupt X1 Tx Ocq DO

Fig. 7.8. Relative importance of each parameter in brittle failures

In comparison to other failures, the sensitivity is much lower. But the
random value of the initial defects is not here taken into consideration: in
practice, this is this parameter that governs the uncertainties.

7.2.6 Safety Margin and Crack Propagationd

Most of the time, brittle failures occur by a fast propagation of a crack
once the mesocrack is initiated. To avoid such an event, the state of stress
anywhere in the structure must have a value below the rupture stress with
a safety factor Saf. We advise checking to ensure that

re< o (7.47)

Umax Saf
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Due to the statistical effect of initial defects, a probabilistic safety margin is
preferred each time it is possible:

1

Prob( < Safp, ’

> oy) (7.48)

*
Urn ax

where o, is a random variable and o}, may also be a random variable due
to the uncertainties of the loadings.

The statistically admissible risk defined by 1/Safp, depends on many fac-
tors: knowledge of the material, knowledge of the loading, the quality of the
mechanical analysis, the consequences of an eventual accident, and also sub-
jective human factors. Therefore, Safp, = 102,102, ...,10° or more.

The safest design cannot have Safp, = oo. It is, however, a design
which minimizes the consequences of a failure. In this spirit, the “fail-
safe” design consists of two or three parallel systems for one major resisting
function.

Once a mesocrack is initiated, it is difficult to avoid the complete failure.
Its size calculated in Sect. 1.6.3 does not contain the plastic term (1.252) as
the material is considered fully elastic, i.e.,

Ge
50 ~ 2 . (749)

(o
u DC
2F

A fast crack propagation will be avoided if the strain energy release rate
G for this mesocrack is smaller than the toughness G.:

2 6
G <G, with G=~ ﬁUOOE” o (7.50)
where k is a shape factor and o, is the far field stress,
o2 wéo
> G.. 7.51
7 < (7.51)

The result does not depend on the toughness anymore but it depends on the

critical damage, as in
Too D,
7.52
Ou < \/27m ’ ( )
with 0.2 < D, < 0.5 and 1 < s < 10 so that
0.06 < (;"" <0.28. (7.53)

These are indeed small values due to the large crack length Jy initiated
by damage in brittle materials. They are often exceeded in practice, which
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is safe as long as no crack exists but not otherwise. Anyway, this explains
why it is so difficult to design crack arrests in structures made of brittle
materials!

7.3 Basic Engineering Examples

The same cases of stress concentrations in cylinders or beams as in the pre-
vious chapters are treated here, assuming the structures are made of brittle
materials. It is somewhat simpler as plasticity is ignored but any defect may
play an important role. The design of notches or geometry variations and
their machining or forming must be done with much care. Furthermore, any
scratch or surface damage in service must be controlled and examined from
the point of view of residual strength.

7.3.1 Plates or Members with Holes and Notchesd

The uniaxial local stress at the critical point of stress concentration is sup-
posed to be determined via a structural calculation or from the elastic stress
concentration coefficient Kt and the nominal stress o, (see Fig. 3.4 and
handbooks),

o= Ko, . (7.54)
The stress condition for a mesocrack initiation is simply
OR — KTUnR =0y - (755)

In case of a 3D state of stress, the damage equivalent stress with or without
the microdefects closure effect associated with an initial damage may be
used:

o =oy. (7.56)

For design purposes, it is interesting to express the admissible stress o} .,

or the ratio o}, /oy corresponding to a given probability of failure derived
from the Weibull model of Sect. 7.2.3:

1
* My

Vo
max. — | __ In(1 — A . 57
- [ I Fﬂ (7.57)

ag

Figure 7.9 shows how it varies with the probability Pr, the ratio V/Veg, and
My, as parameters.

This graph helps us choose the safety factor Saf of Sect. 7.2.6. For example,
in order to ensure a failure probability below 10~ with my, = 7 and Vg /Veg =
1071, the safety factor Saf = o, /07, must be larger than 7.2. It shows also
that the variation of Saf is on the order of 2 when the Weibull modulus my,
varies from 7 to 15 or when the volume fraction Vy/Veg varies from 1071

to 1073,
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Fig. 7.9. Admissible damage equivalent stress for a given failure probability

7.3.2 Pressurized Shallow Cylindersd

The structural analysis of Sect. 3.3.2 and Fig. 3.6 is again recalled for a long
circular cylinder of radius Rcy1 and thickness t.,1 that is submitted to an
increasing relative pressure P, yielding

V3 PRy
Oeq = )
2 tcyl
PR,
OH = 2-tR v )
! (7.58)
OH 1
T = = s
T g V3
5—4v
R, = .
3

The condition of rupture is still o* = o, except if some defect Dy must
be taken into consideration. In that case,

0% = eq\/ Ry = 0(1 — D), (7.59)
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and the pressure to bursting Pg is

2 eyl

= s iR a1 = D). (7.60)
4y Ry,

Pr

Using v = 0.3, this gives a pressure that is ~ 12% lower (even with
Dy = 0) than the von Mises stress criterion geq = 0y sometimes used!

7.3.3 Fracture of Beams in Bending(j
Sorry, this question is as simple as the first undergraduate course about
strength of materials!

Assume a portion of a rectangular beam of width b and height h loaded in
pure bending by a bending moment M (Fig. 3.7). According to the Bernoulli
hypothesis, the maximum stress at the upper and lower part of the height is

M h
max — s .61
o 79 (7.61)

where I = bh3/12 is the inertia moment.
Writing the condition of crack initiation with an eventual defect Dy,

Omax = ou(1l — Dg) (7.62)
gives the value of the bending moment at crack initiation Mg,
21
Mg = i ou(1— Dy), (7.63)

or for the rectangular cross section,

bh?
MR = 6 O'U(l - Do) (764)

For considering fixed value of the moment and Dy = 0,

6Mr

Omax = pp5 - (7.65)

Once the crack initiated reaches a length of dg, a (very) rough estimation
of the maximum stress is
’ 6MR
o

max = i — 502 (7.66)

If 0] . > ou (except if Dy is large and localized only on the edge), the crack

length increases, leading to a total fracture by instability.

Conclusion: If you try to initiate a small crack in a brittle component stress
controlled by bending, you will obtain two components! But it may work if
you try it by strain or controlled displacement.
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7.4 Numerical Failure Analysis

The high level of damage encountered in components or parts of struc-
tures made of quasi-brittle materials is usually made acceptable by the pres-
ence of reinforcements: laminate composites are multi-layered, concrete is
reinforced by bars or cables, and ceramic matrix composites (CMC) are
fiber-reinforced.

Modern design solutions need to live with this damage and the corre-
sponding computations are necessary for evaluations. By chance, reinforce-
ments often prevent the strain localization phenomenon and one can expect
nonlinear, but stable, damage computations.

As quasi-brittle materials behave quasi elastically, specific damage models
may be formulated.

7.4.1 Quasi-Brittle Damage Models(j’d(j

Quasi-brittle materials are usually modelled by elasticity coupled with dam-
age (no plasticity!) and with a damage law of the form D = D(Y) or
D = D(e), as justified in Sect. 7.2.3 from a Weibull analysis of a fiber bundle.
Such damage models mainly apply to ceramics and composites.

The quasi-brittle material of main interest in civil engineering is concrete
which exhibits very different behaviors in tension and in compression. An
engineering design assumption is allowing its tensile strength to be equal to
zero! This is of course not fully satisfactory and such an assumption is difficult
to introduce in numerical computations, with the classical question: what is
tension and what is compression for 3D states of stress? Fortunately, the use
of the mathematical tools of Sect. 1.2.4 allows us to build suitable damage
models for quasi-brittle materials and with a reduced number of material
parameters.

7.4.1.1 Marigo Model of Elasticity Coupled with Damage (1981)

The Marigo model is written in the thermodynamics framework with the
total strain € associated with the stress o and the damage D associated with
the opposite of the strain energy release rate Y as state variables.

The Helmholtz free energy has the simple expression

p@b:;(l—D)e:E:e, (7.67)

with FE as the elasticity tensor.
The damage criterion (such as f < 0 = elasticity) is written as

F=Y —r(D), (7.68)
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where k(D) is a function of the damage and x(0) = Yp is the damage thresh-
old in terms of elastic energy density. The term Sy = éig is the consolida-
tion modulus and linear consolidation corresponds to k(D) = SD + Yp, with
SMm = S = const.

The law of elasticity coupled with damage derives from the Helmholtz
potential as

1+v v
oc=E(1-D):e or E_E(I—D)G_E(I—D)tral' (7.69)

The strain energy release rate is

0_*2

1
Y_26'E'6_2E(1—D)2’ (7.70)

where o* = aequl,/ % is the damage equivalent stress.
The damage evolution law derives from the dissipative potential, taken
here as Fp = f (associated model), through the normality law

ofp .
aY - :LL7
with /i as the damage multiplier calculated by means of the consistency con-
dition f =0 and f = 0. The damage evolution law is then

N
D= . 7.72
5 (7.72)
For monotonic loading, D = 0 as long as Y < Yp. The integration of the
previous law gives, of course,

D=/ (7.71)

D=x"YY) if Y>Yp, (7.73)

where x~1(Y) is the damage function. For complex loadings such as non-
monotonic and/or 3D loadings, considering the damage surface Fp = f =0
gives a damage simply related to the maximum value of the strain energy
release rate Yi,ax over the loading,

Yiax = sup Y(7), (7.74)
T€[0,t]
and
D =k (Yiax) = D(Ymax) suchas Y <Yp = D =0. (7.75)

A simple but general damage evolution law is:

(7.76)

Ymax _Y °
D = R_l(ymax) - < D> )

S

with Yp, S, and s as the damage parameters.
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A damage law adapted to concrete either in tension or compression is
(C. Laborderie 1991)

1
D = kg (Vimax) = 1 — (7.77)

Ymax_YD .
1
()

A damage law adapted to composite materials is (P. Ladeveéze and E. Le Dan-

tec 1992)
Ymax - Y
D = ki } (Yinax) = <¢ g v D> (7.78)
and the Weibull damage law of Sect. 7.2.3 may be written as
-1 Ymax o
D =Ky (Ymax) =1 —exp< — g , (7.79)

with S, s, or Sy, sy as material parameters.
Note that these models yield symmetric behavior in tension and in com-
pression.

7.4.1.2 Marigo Model with Microdefects Closure Effect

This section gives a simple extension of the Ladeveze-Lemaitre isotropic dam-
age framework of Sect. 1.2.4 to quasi-brittle materials. The model uses a single
damage variable D corresponding to a damage state that is either tension-like
or compression-like (or a mix).

Take as state potential the following:

L L+v (o)t (o)t | (o) : (o) v [{tro)?  (—tro)?
= op [ 1-p T 1-mp ]_ZE[l—D+ l—hD]’
(7.80)
from which

e 1TV [<0>+ 4 to } v [<tr o) (—tr 0>] 1 (7.81)

E |1-D 1-hD E|1-D 1-hmD
and
_1+v (o)t (o))" (o)™ : (o)™ v [ (tro)? (—tr o)?
Y=k (1— D)2 +h (1 — hD)2 }_QE {(1—D)2 h(l—hD)Q} ’

(7.82)
with the elasticity law and the strain energy release rate density as functions
of the microdefects closure parameter h.
Keeping the damage criterion unchanged f =Y — k(D) still leads to

D = 7 (Vinax) = D(YVimax) - (7.83)
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Due to the introduction of h < 1, the elasticity law is different in tension and
in compression:

oc=0"=E(l—-D)e in tension
(7.84)
o=0 = E(l1—hD)e in compression.

The damage growth is also different for tension and compression. For the
same loading intensity ||,

Y=Y* ot 2 1E 9 D=1 1E 9 (tension)
= = = — D=
(1-D)32  2°° o Fémax
o 2 h h
Y=y = = E&—D=x""'(_Eé "
h (1 — hD)2 2 € k <2 6max) (COmpreSblon)

(7.85)

with the damage induced by compression being smaller than the damage
induced by tension. An example of the model response is given in Fig. 7.10.

A

€

I ! ! ! ! S
I T T T T >

—0.005 —=0.004 —0.003 —0.002 —0.001 0 0.001

E = E(1- hD)

20+ O (MPa)

_30 4

—40+

Fig. 7.10. Stress-stain curve for Marigo model with microdefects closure effect
(E = 30000 MPa, linear law D = Yiax/S, S =5-10"*, h = 0.057)

The model applies to any state of stress. It is quite simple with material
parameters E and v for elasticity, Yp as the damage threshold (which may
be taken to be equal to zero for concrete), and S, s, and h as the damage
parameters. We recommend using the simple damage evolution law (7.76)
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(7.86)

_ Ymax_YD °
D= (YViax) = .
K (Vo) < : >

7.4.1.3 Anisotropic Damage Model for Concrete

For concrete, it is sufficient to consider damage anisotropy with a quasi-
unilateral effect acting on the hydrostatic stress only in the general thermo-
dynamics framework of Sects. 1.2 and 1.5.

First, the Gibbs specific free enthalpy is represented by

1—-2v [ (tr o)?

_1—|—1/ 4
N 6E |1—tr D

o (—tro)?|,  (7.87)

PP~ tr(HoPHoP) +

with H = (1 — D)~/2 so that the elasticity law becomes

W 14v. v
€=Pos = & a’—Etral (7.88)

and defines the symmetric effective stress as

1[ (tro)

&Z(HUDH)D+3 D"

(—tro)| 1. (7.89)

The energy release rate tensor ¥ = paawD* is the thermodynamics variable
associated with D (see Sect. 1.2.3).
Second, use the Mazars strain damage criterion (f < 0 — elasticity)
yielding
f=€¢ —k(trD) and € =/(e); : (€)1, (7.90)

where k(tr D) is chosen to ensure that at low cost (two damage parameters
only), the damage rate in compression is lower than that in tension:

t
n(trD):a-tan[ .

aAD + arctan (ﬁo)} ) (7.91)

a

where kg is the damage threshold. The terms A and a are the dimensionless
damage parameters.

The anisotropic damage evolution law can be derived from the non-
associated damage potential F' = F(Y;€) =Y : (€)2,

. LOF |
D =iy =iile):. (7.92)

The damage multiplier /1 is determined from the consistency condition f =0
and f = 0. The damage law finally reads as
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: TN L
D =r"1(e") 6*; * (7.93)
or 1
\2| 2
: € <6>+ . .
D=A|1 e
+(a)] ez O ean (7.94)

max Dy = D, — mesocrack initiation.

It ensures a damage rate that is proportional to the square of the positive
part of the total strain tensor and in accordance with the damage anisotropy
observed in concrete in tension and compression (see Sect. 1.4.5).

» O (MPa)
T 10

R AN

-0.004  -0.003  -0.002  -0.001 0.001

Fig. 7.11. Stress-stain curve for the anisotropic damage model (E = 42000 MPa,
v=02,k=510"° A=510% a =293 10"* D. = 0.92)

A nonlocal anisotropic damage model is simply obtained by replacing e*
in the damage criterion with the nonlocal Mazars equivalent strain,

€n = ‘2 /VW(:B —s)e*(s)dV, (7.95)

where W (x — s) is a nonlocal weight function (such as (2.113) or (2.114) of
Sect. 2.2.7) and where V, = [, W(x — s)dV. Consider then f = €} —r(tr D),
keeping F' =Y : (€)% unchanged so that the nonlocal anisotropic damage

evolution law reads:
-1
* \2 2
€ €)% . .
1 + < 21> ‘| <622+ 6;1 lf 6:11 > K

max Dy = D. — mesocrack initiation.

D=A

(7.96)
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The local model has a total of 6 material parameters: E, v for elasticity, xg
as damage threshold, and A, a, and D, as damage parameters. An example
of the concrete stress-strain curve is given in Fig. 7.11.

Finally, when permanent strains have a major effect, as in cyclic loading
or in dynamics, use the Laborderie model (see Sect. 7.4.3) or others, taking
into account the microdefects closure effect, damage anisotropy, and inelastic
strains (A. Dragon and D. Halm 1998, F. Ragueneau 1999).

7.4.1.4 Damage Model for Composite Laminates
Elementary Layers (P. Ladeveze 1986)

This model takes into account different damage mechanisms with different ef-
fects in tension and compression. Consider here laminates made of orthotropic
layers or plies (long fiber reinforcement). In such composite materials, damage
occurs at different levels:

e In the elementary plies with several degradation mechanisms, different
scalar damage variables such as Dy for fiber breakage, Dt for transverse
cracking, and Dg for shear damage are considered.

e Damage at the interfaces leads to the phenomenon of delamination.

The simple 2D quasi-brittle mesomodel for elementary plies described here
is an extension of the Marigo model to orthotropy. The Gibbs energy is
represented by

. (o11)? o((—on1)) 1 (va1 119
P S op-pe T 2E E, B )12

(7.97)

2 2

(022) N (—022) N 01y

Toma-pn T 2B, T 26L0-Ds)’

with the usual symmetry vo1/Fy = 115/ E1, €1 in the fiber direction and ¢ as
the microdefects closure function. The initial model considers ¢ = (—oy1)?
(instantaneous modulus recovery in compression). A thermodynamically con-
sistent choice taking into account the nonlinear elastic response in compres-
sion is (B. Desmorat 2002)

6= —bl In (1—bp(—011)?) , (7.98)
D
with bp as a material parameter. This leads to an effective Young’s modulus
E1 in compression that is different from the effective modulus in tension E;':
E] = E, for the instantaneous recovery; By = Fy(1 — bp(—011)?)) for the
nonlinear response.
The elasticity law coupled with damage yields the following from the
thermodynamics potential
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€11 = (o11) _ (—o11) _ V21O_22
El(l — DF) E; Es ’

- (o22) (—022) V12 7.99
€22 = Eo(1— Dr) B, B, 011, ( )
1o — 012

27 2G1(1 - Dg)

The energy release rate densities associated with the damage variables are

(o11)?

Y =
T 2B (1 - Dp)?’
(092)*
Yo = 7.100
T EQ(I _ DT)Q ) ( )
Yo = ot

2G12(1 — Dg)?~

Damage evolution laws such as (7.78) can be used for each damage variable
(up to a critical damage D, equal to 1). An adequate choice for organic matrix
composites is to consider brittle fiber breakage, Dr = 0 or 1 depending on
the fiber rupture stress orp, and mixed evolution of damage for tranverse
cracking and shear damage (P. Ladeveze and E. Le Dantec 1992):

Y =sup{Ys +br¥Yr},

0,2]
Do — <\/Y_\/YTD>
T = S ) (7.101)
D — <\/Y_SS\/YSD> 7

with by, St, Y1p, Ss, and Yrg as the damage parameters.

In tension, the stress-strain curves are similar to those obtained for the
Marigo model. Note that the model can be completed to take into account the
plastic-like behavior in the +45° directions. See Sect. 7.4.4 for an application
mixing both layers degradation and interfacial delamination.

olvj

7.4.2 Failure of Pre-stressed Concrete 3D Structures
(F. Gatuingt and F. Ragueneau 2001, 2004)

Consider first concrete structures reinforced with passive bars and/or active
(pre-stressed) cables. Mesh the concrete parts with 2D or 3D finite elements
of size varying from 0.01 m (cement) or 0.1 m (concrete) to usually 0.3 m or
more for large structures or uniformly loaded zones. Use a law of elasticity
coupled with damage for the concrete elements. Model the bars and the cables
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with 1D elements with interpolation functions of the same type as those for
the 2D or 3D connecting elements and use elasto-plasticity or elasto-plasticity
coupled with isotropic damage for the steel reinforcements (see Sect. 1.5.2).

It is usually not necessary to model damage in bars and cables as the
designed solutions tend to prevent it:

e For monotonic loading applications, the value of the uniaxial strain in
the steel parts must remain lower than the damage threshold e,p or the
rupture strain eyR.

e For cyclic or dynamic loadings, compute at least the accumulated plastic
strain p or the stored energy wg for comparison with the damage thresh-
old in terms of plastic strains pp or in terms of stored energy wp (see
Sect. 1.4.1).

Still, for the steels, use monotonic hardening only for monotonic applications;
use kinematic hardening (or both kinematic and isotropic hardening) for
cyclic and dynamics applications.

Finally, the numerical problem of the application of the pre-stresses in the
active cables is not so simple. A possible procedure for damage computations
with pre-stressed cables is as follows:

1. Estimate the cables tensile stress og and enter it at the Gauss points of
the cables elements.

2. Use a finite element interpolation to transform it into elementary nodal
loads {F.} (with the notations of Sect. 2.2.1) at the FE nodes of the
cables elements,

(F) = / B]" {0} AV . (7.102)

e

They represent the loading applied by the concrete body on the cables.

3. Change the sign of previous nodal loads to obtain the loading applied, by
the cables on concrete. This defines the loading equivalent to the cables
action.

4. The computation of the structure submitted to previous equivalent load-
ing gives both initial deformation and damage states due to the applica-
tion of the pre-stress. Do not model the cables at this stage.

5. Consider finally the cables as passive elements in further structure com-
putations. To correctly model the cables plastification, do not forget to
decrease, in the FE input file, the cables yield stress to oy9 = oy — 09
(oy is the yield stress of the material). Start the computation from the
previous initial deformation state.

The stress, strain, and damage fields numerically obtained take into account
the cables pre-stress.

As an example, consider the short term behavior of the concrete structure
in Fig. 7.12 is representative of a ring of a power plant containment vessel
reinforced by half circular steel bars and pre-stressed by metallic cables. The
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diameter of the ring is 46.8 m, its thickness is 0.9 m, and only a height of
0.4 m is meshed (see Fig. 7.13). A vertical compressive stress of 8.5 MPa is
applied to model the weight of the upper part of the structure (not meshed).
There are two symmetric anchoring parts and the steel reinforcement is made
of 88 rectangular stirrups (not considered in the computations), 4 circular
reinforcement bars and 2 pre-stressed half-circular cables. The finite element
analysis of the ring is made in 3D with the bars and the cables modelled
with 2-node bar elements and the concrete part with of 8-node bricks. The
C.E.A. CASTEM 2000 computer code is used.

anchoring part

active cables  Steel reinforcement pattern
/ in the zoomed zone

Fig. 7.12. Concrete ring and its steel reinforcement

Both the passive steel bars and the active metallic cables are assumed to
be perfectly plastic. The concrete is modelled with the anisotropic damage
model of the previous section and the corresponding material parameters are

e FE = 190000 MPa, v = 0.3, and o, = 500 MPa for the steel bars of
diameter 25 mm

e [ =190000 MPa, v = 0.3, and o, = 1814 MPa for the active cables with
cross sections of 5143 mm?
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e FE =42000 MPa, v =0.2, ko =5107°, A=510% and a = 2.93 10~* for
concrete (with a rupture stress in compression o, = 38 MPa and a peak
stress in tension o = 4 MPa)

The pre-stress is introduced using the above procedure to a tensile stress o9 =
385 MPa along the cables so that when the cables are considered passive, their
yield stress is decreased from o, = 1814 MPa to oyg = 0y —0¢ = 1429 MPa in
the CASTEM input data file. Note that enforcing the pre-stress leads to an
initial cracking localized at the lower side of the anchoring parts (see Fig. 7.13
in which the displacements have an amplification factor of 724).

Zoom of the mesh
(anchoring part)

Undeformed structure

3
Pre-stressed structure

most damaged element
after pre-stress application

Fig. 7.13. Undeformed and pre-stressed structures

An internal pressure P(t) is then applied. The damage fields are computed
up to Puax = 9 10° Pa for which the average damage intensity corresponds
to a structure that has already collapsed. Due to the steel reinforcement,
a non-uniformly deformed mesh is obtained (see Fig. 7.14 in which the dis-
placements have an amplification factor of 633).

Fig. 7.14. Undeformed structure and deformed structure at Pmax = 9 10° Pa

The evolution of the principal damages at point A and at the cross section
center point B (Fig. 7.13) are plotted in Fig. 7.15 as functions of the cables
pre-stressing tension and then as functions of the pressure intensity P.



350 7 Failure of Brittle and Quasi-Brittle Materials
0.6 T T T 0.6 T T T T
1
o 04 -
0
s
£ 03 -
3
@)
0.2 T
0.1 p— ])2 —
0 D=0, ] D=0, 1
0 1 2 4 6 8 10

Prestressing tension (MN)

1 T

s} L Pont8 |

Internal pressure ( 10° Pa)

=0

0.8 D =
1
[ 0.6 D) 0.6 =
[TV} on
£ g
< 041 S 041 -
a A D
2
0.2 02 -
D,=D=0 | /D=0
273 =
0 | 1 1 i 1 1 | 3
0 1 2 3 4 0 2 4 6 8 10

Prestressing tension (MN) Internal pressure (10°Pa)

Fig. 7.15. Principal damages at points A and B during pre-stress application and
during pressure loading

This simple test shows the possibility of using 3D anisotropic damage
computations of reinforced concrete structures up to a very high damage
level and up to plastification of the reinforcement steels. It illustrates the
fact that initial cracking patterns often exist in such structures. The steel re-
inforcements prevent any localization modes and there is no need to introduce
strain localization limiters.

Coupled with the consideration of a safety criterion D < Dgjven, these
computations can be used to design civil engineering structures at their most
loaded parts.

7.4.3 Seismic Response of Reinforced Concrete Structuresé(ﬁ
(F. Ragueneau and J. Mazars 2001)

Dynamics and seismic FE analyses need efficient and robust modelling for
both space and time discretizations. Explicit schemes are often used (such as
the Newmark scheme) and some include numerical damping for computation
reasons. Seismic loading looks like a random fatigue loading, but quick, so
that it is given as the seism acceleration history (also called seism accelero-
gram).
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Geometric simplifications are welcome and are sometimes possible for civil
engineering buildings made of walls and flats naturally meshed by beams and
plates. For reinforced concrete parts, a homogeinized behavior must be con-
sidered. A possibility consists of the choice of a multilayered beam (or plate)
element which averages concrete and steel nonlinear constitutive equations
(see Fig. 7.16). Using beam or plate kinematics or multilayered beam mod-
elling conserves the steel reinforcement ratios as well as their location through

their effect on the beam inertia.
— \

= \

Fig. 7.16. Example of a frame frame discretized by multilayered beam elements

For seismic civil engineering applications, consider a damage model with
permanent strains for concrete and use elasto-plasticity for steels (up to dam-
age initiation, see Sect. 7.4.2) or elasto-plasticity coupled with isotropic dam-
age if computations up to a total collapse are performed. Note that the main
advantage of such multifiber type finite elements is the uniaxial implemen-
tation of each layer’s constitutive law, leading to efficient computations in
dynamics. As illustrated next, an accurate modelling of concrete behavior is
necessary, the major role of the dynamics force variation enhances the effect
of the microdefects closure modelling on the seismic response of the structure.

Table 7.1. Steel reinforcements of the walls

Sa, Sb (mm?) Sc (mm?)

Level 5 159 78.4
Level 4 28.3 78.4
Level 3 944 110.2
Level 2 188.9 138
Level 1 289.4 138

As an example, consider the 1/37¢ mock-up of Fig. 7.17 on the “C.E.A.”
shaking table (“CAMUS” experiment) computed for the “Nice S1” accelero-
gram that is representative of earthquake far field and for the “San Francisco
1957”7 accelerogram representative of earthquake near field. It is composed of
2 parallel walls linked by 6 square slabs and is anchored on the shaking table
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by a highly reinforced footing. Table 7.1 lists the steel reinforcement cross
sections for each wall.

<
- - - £
= =
= — _
_floor | 0.06misa 3 S
1.7m
footing
current floor
2.4 m

Fig. 7.17. CAMUS mock-up (P. Bish and A. Coin 1998)

The mock-up is loaded by a horizontal displacement parallel to the walls.
Steel bar bracing systems disposed perpendicularly to the loading direction
prevent torsional modes. The complete experimental sequence is an accelero-
gram made of Nice 0.24 g, followed by San Francisco 1.13 g, Nice 0.40 g,
and Nice 0.71 g (Fig. 7.18) modified in time with a ratio 1/v/3 to take into
account the similarity rules.

7.4.3.1 FE Modelling and Eigenmode Adjustment

The choice of a multilayered beam modelling is made with all the constituents
restricted to beam kinematics, but with nonlinear material behavior.
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Fig. 7.18. Earthquake accelerograms

The Laborderie model is used for concrete where only the uniaxial con-
stitutive equations are needed. They introduce 11 material parameters: F
and v for elasticity; o, ., and o¢s for the microdefects closure effect;
Yip and Y.p as damage thresholds in tension and compression; and St,
St, S¢, and s. for damage.

Elasticity with permanent strains due to damage is represented by

_ (o) (—0o) a DT , a.D™
= pu-pt) " EQ-D-) T E1_pHT O T pu_ poy (7103)
and the damage evolution laws are
Dt =1- - 1 »
1 max tD
" < 5, >
1 (7.104)
D =1- v v
— IcD
1 max
i < s, >
where
YV+ = <J>2 + Oétg(O')
2E(1—-D%)2  E( - Dt)2
9 (7.105)
Y- = <7U> + (e

2E(1—-D-)2 " E(1—D-)2’

and where the microcrack closure function g(o) is defined as follows
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_\2
< 0> if o> —Oclos »
20¢clos (7.106)

g(O’) == 002105 if o < —0Oclos -

The set of material parameters, here for a concrete with a maximum
compressive strength of 35 MPa and tensile strength of 3 MPa, are: E =
22-10° Pa, Y;p = 127 Pa, Y.p = 6-10* Pa, S; = 1.11-10~* Pa, s; = 1.2,
S. = 1.89-10° Pa, s. = 1.4, oy = 10° Pa, a. = —40 - 10° Pa, and
Oclos = 1.3 - 10% Pa. The stress-strain response of the model in tension-
compression is given in Fig. 7.19.
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Fig. 7.19. Stress-strain curve for the Laborderie model

e The steels are assumed to be elasto-plastic (no damage). They have
a Young’s modulus £ = 200 10° Pa, a yield stress o, = 414 10° Pa,
and an ultimate stress o, = 480 10° Pa.

The LMT-Cachan computer code EFICOS (J.F. Dubé, C. Laborderie, J. Ma-
zars 1994) is used with the Newmark scheme for the time discretization.
Figure 7.17 shows the mock-up modelling as well as the finite element
mesh. The maximum element size is limited to 30 cm in the less loaded zones
with a total of 22 elements, each made of 20 layers. The additional mass and
the weight load of each floor are concentrated at each storey (black circles).
The stiffness of the springs below the shaking table is identified so as to fit
the first two eigenmodes measured on the non-damaged (virgin) structure.
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7.4.3.2 Seismic Structure Response

Figure 7.20 gives both the experimental and numerical responses of the struc-
ture. The computed horizontal mock-up top displacement compares well with
the measured one.

Shocks are induced as microcracks close when the vertical mode is acti-
vated. Experimental observations show a vertical acceleration of the shaking
table. The vertical force variations are computed (Fig. 7.21) and a compar-
ison with the experiment (summarized in Table 7.2) demonstrates that the
Laborderie model for concrete, representing permanent strains due to dam-
age and the strong difference of behavior in tension and in compression, is
relevant to seismic analyses.
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Fig. 7.20. Horizontal top displacement
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Fig. 7.21. Vertical force variations
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A small change in the microcrack closure function through the value of
Oclos, responsible for the gradual stiffness recovery in compression, has a big
influence on the results on a structural level (it activates the second vibration
mode here). In conclusion, it is of first importance in dynamics to properly
model the microdefects closure effect for loaded concrete structures.

Table 7.2. Maximum dynamics forces (kN)

Model Experiments

Nice 0.24 g 119 138
San Francisco 1.13 g 160 198
Nice 0.40 g 132 146
Nice 0.71 g 190 248

ololy

7.4.4 Damage and Delamination in Composite Structures
(O. Allix and P. Ladeveze 1992-98)

Damage of composite laminates is complex, with different damage mecha-
nisms in each ply of the stacking structure but also with delamination and
crack propagation at the interfaces (Fig. 7.22). Based on the damage models
of Sect. 7.4.1 for the orthotropic layers, a mesomodel can be built, allowing
for the computation of damage and delamination in laminate structures.

Fiber breaking Transverse cracking Mesomodel for laminates

r W

_5/ 1

Orthotropic interface

ply +

ply -

Delamination

Fig. 7.22. Damage mechanism in laminates (left). Laminate modelling (right)

For engineering applications, perform first the whole structural compu-
tation in elasticity using laminated plates theory (with no damage and with
perfect interfaces). Then reanalyze the most loaded zones by meshing every
layer and interface using damage models.

For 3D reanalyses, the Gibbs energy for a single layer (7.97) must be
completed with normal stresses terms:
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2 _ 2 _ 2
gy = ) e o) Aot {mom) v
2E1(1 — D) 2F, 2By(1—Dr) | 2B, B
<U33>2 <_U33>2 V13 Va3
+ 2E4(1 — D) =+ 98, B 011033 B 022033
ot 03 o3

+ 1 + ,
9G12(1 — Ds) ' 2Gas(1 — D) | 2G13(1 — Ds)

(7.107)

with ¢ as a nonlinear function such as (7.98) and where the subscripts 1, 2,
and 3 designate the fibers direction, the transverse direction inside the layer,
and the normal direction, respectively, and (.) stands for the positive part.
The elasticity coupled with damage laws is derived from the Gibbs potential.
A delay effect is introduced here for regularization purpose within the damage
evolution laws: for the damage variables Dg and D, one considers

Dsort = Ds [1 — exp (—a(ﬁ:fid(f/) — Dg or T>)} , (7.108)

Ss or T

which recovers the laws Dg o 7 = /iiald (Y) = <\/Y_‘/YD> of Sect. 7.4.1 for

low strain rates and which bounds the damage rates to Do at high strain
rates (with Do, and a as material parameters). Note that the inelastic strains
in the layers (due to the microcracks sliding with friction) are taken into
account through the consideration of a plasticity-like yield function, such as
f < 0 corresponding to elasticity and f = 0 to internal sliding;:

f:\/5%2+5§3+5%3+X2(5§2+5’§3)_R_TySov (7.109)

with R as the hardening function, 7, as the yield stress and x as a material
parameter. The effective stresses are then

011 =011,

~ (o}

=\ (om),

_ o) (7.110)
933 = 4 _ Do (—o33)

s Oij . .

Oij 1 — D (i # 7).

Next, mesh the imperfect interfaces by using interface elements (iso-
parametric elements here) with the interface damage model developed by
O. Allix and P. Ladeveze (1992). It considers an interface energy per unit area
function of the components o;3 of the normal stress vector (constant across
the interface) and 3 damage variables dy, dz, and ds (anisotropic interface):
(033)* (—033)? ot

2

ag
T — 23 111
2k3(1 — dg) + 2k3 + 2k1(1 - dl) * 2k2(1 - d2) ’ (7 )
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where 7 = €3 is the interface normal (see also Fig. 7.4 of Sect. 7.2.2). The
interface stiffness terms k; are material parameters which depend on the
thickness estimated for the physical interface (1 pm here).

The variables associated with the stresses o;3 are the displacement dis-
continuities [u;] at the interface and the interface elasticity law coupled with
damage derived from the thermodynamics potential ¥*:

[[u ]] - ov* _ J13
! 80’13 kl(l—dl) ’
6\1/* 0923
woll = = , 7.112
[[ 2]] 80’23 kQ(l - dg) ( )
_ov* (o33) (—033)
(1= dosy = k(1 —do) ~ ks
as do the strain energy release rates,
- ov* - 013
=g T 2k (1 —dy)2’
6\11* g923
Y = =
27 0dy  2kp(1—dp)?” (7.113)
v, = 0V _ low)

dds — 2ks(1—ds)?

The interface damage evolution law is written here in a delayed form

bounding the damage rate (with Sy, s1, doo and a; the interface damage

parameters), as represented by
Yo 5
St (7.114)

5= 500 <1 —exp{—a,l

Vi=[V5° + (mY1)* + (’Y2Y2)W]1MD ,

where di = do = d3 = § here.

Perform then the damage post-processing of the zone of interest such as
around perforations, holes, or rivets. Use as boundary conditions the dis-
placement field along the multilayered plate medium plane computed in the
elastic reference calculation. Be careful to apply this field on a single medium
line along the border of the reanalyzed zone: imposing displacements all over
the thickness nodes would lead to edges effects and non-physical damaged
zones localized along this border.

As an example, consider the M55J /M 18 high modulus carbon-fiber /epoxy-
resin laminate with stacking sequence [03/ & 452/90]s and which is loaded in
tension (Fig. 7.23). The testing specimen is 50 mm in width, 150 mm in gauge
length, and has a 10 mm diameter hole. The ply thickness is 0.125 mm. The
tensile test is performed at a fixed displacement rate of 0.5 mm-min~!. Fig-
ure 7.24 shows the evolution of the X-ray revealed damage map near the hole
for an increasing applied load. Rupture is obtained for a load of 430 MPa.
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Fig. 7.23. Carbon-fiber/epoxy-resin M55J/M18 holed specimen

At 55% of the rupture load, both transverse cracking (in 90°-plies near the
hole) and matrix cracking (in the 0°-plies near the hole in the fiber direction,
phenomenon also called “splitting”) occur. Delamination initiates later, at
about 80% of the rupture load. The delaminated area develops and remains
located between the two splitting lines. At 97% of the rupture load, its length
is about the equivalent of two hole diameters.

Zoom at 55% of ruptrure load Zoom at 86% of ruptrure load

Zoom at 97% of ruptrure load

L

delérqination: i

Fig. 7.24. X-ray photographs of the M55J/M18 holed specimen (D. Leveque 1998)

The damage reanalysis of the circular zone around the hole is performed
by post-processing an initial elastic multilayered plate analysis. The DSDM
LMT-Cachan computer code is used with the following material parameters:

e Single ply in the orthotropy framework (€}: fibers direction):
E1 = 311000 MPa, E2 = 6350 MPa, E3 = 20000 MPa, Vi = V13 = 035,
Vg3 = 0.48, G12 = G13 = G23 = 4870 MPa, ORF — 1760 MPa, bT = 0,
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Ysp = Yop = 0, Sg = 2.55 MPal'/2, St = 1.96 MPa'/2, Do, = 500 s~ 1,
a=1,x =13, 7, =17 MPa, R(p) = 1445 - p'/2 MPa.

e 0°-0° interface: k1 = kg = k3 =4 - 10° N/mm~3, 79 = 1.6, 71 = v2 = 0.4,
a1 =1, 6oo = 1000 57, Sy = 0.66 N/mm"", s = 0.2.

o 10 interfaces: k1 = ky = 3-10* N/mm™3, k3 = 4-10* N/mm™3, vo = 1.2,
Y1 =7 =04, a1 =1, oo = 1000 s71, Sy = 0.54 N/mm~!, sy = 0.5.

The damage maps computed in the layers and interfaces are given in Figs. 7.25
and 7.26. The delaminated areas (in black) correspond to the zones where
the damage d3 = 1. Note that when the 0°-fibers break near the hole, the
local load is transferred by shear in the matrix in the adjacent fibers. The
shear damage Dg is then the indicator for splitting.

a) d; damage variable b) d3 damage variable
at the +45° interface at the 0°/45° interface

Delamination

Fig. 7.25. Computed damage maps at the interfaces (at rupture load)

a) Dg damage variable b) D¢ damage variable ¢) Dy damage variable
in the 0°-layers in the 0°-layers in the 90°-layers
T e, Jor I

P /’ 5

\\ X

: i) LS
Al | -
l'l;..: : I? II'I|L : : .I’
© ;. b g
il i il
Splitting Transverse
cracking

Fig. 7.26. Computed damage maps in the layers (at rupture load)



7.4 Numerical Failure Analysis 361

In conclusion, damage mechanics is an adequate tool to predict the dam-
age pattern in composite materials and structures but it needs an impor-
tant material database. It models interface cracking and delamination phe-
nomenon and can therefore be used to optimize the layers sequence. Finally,
note that in such quasi-static fracture the material constants Do, a, duo, and
a; do not play an important role but they become of most importance in
dynamic cases such as chock problems.

7.4.5 Failure of CMC Structureséd)
(F. Hild, P.-L. Larsson, F.A. Leckie 1994)

Due to long fiber reinforcement, ceramic matrix composites (CMC) are or-
thotropic and quasi-brittle. The strength of structures made of CMC can
be checked either by using the Weibull analysis of Sect. 7.2.3 or Continuum
Damage Mechanics. The aim of this section is to illustrate the second possibil-
ity with the orthotropic damage model for composite layers (see Sect. 7.4.1)
extended to transverse isotropy.

The 3D elasticity coupled with damage model is obtained by completing
the thermodynamics potential (7.97) with terms ensuring that the direc-
tions 2 and 3 play the same role. Perform then the damage computations
in a fully coupled FE analysis, bearing in mind that once strain localization
takes place, a mesocrack should be initiated and the FE solutions become
mesh-dependent.

As an example, consider a spinning disk and a spinning ring made of
CMC fiber reinforced in the hoop direction (Fig. 7.27). Both the disk and
the ring have an outer radius a = 0.3 m. The inner radius of the ring is
b = a/2 = 0.15 m. The two structures are thin enough for the plane stress
assumption to apply and the cylindrical coordinates system (r, ) is chosen.
The loading is due to a rotation at the angular velocity w and p denotes the
material density.

The constitutive model is elasticity coupled with damage and is locally
orthotropic (tangential to the fibers direction). The damage variable is defined
as the percentage of broken fibers and is given by the corresponding failure
probability (Eq. (7.37) with oo, = E (1 — Dy)e,,). Thus

B L [2B,Y,] " a2,
D,=1 exp{ Lo [ ¢20_‘%} } and Y, = 2B,(1- D,)? (7.115)

if €,, > 0 and é,, > 0 and where the Weibull parameters m,, and o, are
identified from tensile tests made on fibers of length Ly and ¢ is the fiber
volume fraction in the hoop direction.

Due to distributed pull-out in these spinning structures, the evolution of
fiber breakage is not dictated by the length of the fibers but by the strength
over which, once a fiber is broken, the tensile stress field recovers its original
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level. This length is a function of the fiber radius Rf and the interfacial shear
stress 71 which is assumed to be constant along the interface cracks. For
weak interfaces (71 < 10 to 15 MPa here), a shear lag analysis using the
global load sharing assumption gives (R.B. Henstenburg and S.L. Phoenix
1989, W.A. Curtin 1989)

_ Rtogy
¢mi(1 - D@)

and leads to a damage law representing the gradual fiber multifragmentation
which is less conservative than the initial Weibull law:

(7.116)

mw 41

1
2E,Y,] * o™ Loy | mwt
D,=1- - M d o.=("" .
) exp{ [ ¢202] } and o R

(7.117)

Fully coupled computations are performed with the ABAQUS code under

a plane stress assumption. Satisfactory results are obtained with only 20
elements. The material parameters are:

o I,=140 10° Pa, E, = 20 10° Pa, Gro =13 10° Pa, and Vpy = 0.214 for
elasticity

o my =4, ¢po,, = 1450 10° Pa, Ly = 12.6 1072 m, and ¢o. = 1300 10° Pa
for damage

Spinning disk
|
<,
Zb
& —
<h, )
z aT Zb

Fig. 7.27. Analyzed structures
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Figure 7.28 compares the stress field in the hoop direction of the ring obtained
for elasticity coupled with damage to the stress field obtained in pure elas-
ticity. There is a stress redistribution and the global stiffness of the damaged
structure softens as the applied load increases.
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Elasticity

0.2

0.25 0.3

Radius, r (m)

Fig. 7.28. Hoop stress in the ring o, as a function of the radius (pw2 = pwi. =
2.26 - 10" kg-m~2.s72)
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Fig. 7.29. Damage in the disk as a function of the radius (pw2 = pwi,. =1.87-10'
kg-m™2.s72)
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The damage field computed in the disk is given in Fig. 7.29 where the
critical damage D, = 0.18 corresponds to strain localization occurrence. Note
that the model predicts strain localization and therefore, mesocrack initiation
inside the structure. There is also a difference in the computed load levels
at localization pwi_ between the two structures studied: pwi, = 1.87-10'°
kg-m~2-s72 for the disk and pw? . = 2.26-101° kg-m~2-s~2 for the ring. These
values are found to be 20 to 25% larger than the values obtained with the
initial Weibull law (7.115) which corresponds to a more conservative design,
i.e., heaviest mechanical components.

To conclude, FE damage analyses of quasi-brittle CMC structures can be
performed up to strain-damage localization (the failure criterion considered
here). They give the location of the fiber reinforcement weakness in the ring
and can be used to design non-uniformly reinforced disks and rings and to
optimize the fiber density distribution.

7.4.6 Single and Multifragmentation of Brittle Materials(jd

(C. Denoual and F. Hild 1997)

Pure brittle materials may break either by single cracking or multifragmenta-
tion depending on the stress rate. This is the case for glass, concrete, ceramics,
and rocks when impacted by a projectile.

At low stress rate, failure occurs as a result of a single crack propagation
with a high degree of scatter. A classical analysis using the o* criterion (see
Sect. 7.2.1) or Weibull analysis (see Sect. 7.2.3) gives the failure conditions. In
dynamics, fragmentation occurs with a more deterministic behavior and the
microcrack pattern can be computed using Continuum Damage Mechanics.
In order to make proper predictions, it is important to know a priori the
transition between the two mechanisms.

The Weibull model corresponds to the initiation and immediate growth of
a crack in a brittle material. In dynamics, the degradation mechanism is com-
plex because only a part of the unstable defects or flaws lead to microcrack
growth. This is due to a stress relaxation (or obscured) zone which develops
around each initiated microcrack during the propagation of the stress wave.
To illustrate this phenomenon, the microcrack initiation is represented on the
space-time graph of Fig. 7.30 where the first initiation occurs at time ¢; at
the space location M; for the stress o*(¢1). This produces an obscured zone
of volume Vs as a function of ¢ — ¢; in which no flaws become unstable.

Assuming self similar relaxation (or interaction) zones of size governed by
a constant fraction kcp, of the longitudinal stress wave velocity cr,, we have

Vobs = obs(t - tl) =K [kcL : (t - tl)]B , (7118)

where k is a shape parameter. The quantity kcr, - (¢ — t1) is a representative
length of the relaxation zone around a microcrack. At time t5 corresponding
to 0*(t2) > 0*(t1), a second microcrack starts to propagate and produces its
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own obscured zone (Fig. 7.30). The third and fourth defects do not nucleate
here as they are obscured by the first two microcracks.

A
Obscured flaws a
[0} %)
E |Obscured 4 £
B | zone ™\ v
(0]
\{)bs(tz tl) 3
e s SR o (1)
b [rmmmmm s rmmTremmn e o (t))
l l
| |
| |
| |
! !

M, M, Space73D)

Fig. 7.30. Defects obscuration in a space-time graph

To model this dynamic process consider, as in a Weibull analysis, a flaw
distribution Ayt described by a Poisson process of intensity,

o* Mw
)\tot(g*) = AQ |: :| 5 (7119)
a0

with my, as the Weibull modulus and o( as the scale parameter relative to
a reference flaw density A\g. The quantity Aot represents the mean number
of flaws that may break in a unit volume for a local stress less than or equal
to o*.

At the beginning of the loading, no interactions occur and the crack den-
sity (denoted by Acrack) is equal to the total density of the flaws able to break,
Atot- Due to the dynamic relaxation process, Acrack becomes smaller than A¢o
following the law

d)\crack _ dAtot
dt At

with Acrack (t = 0) = 0 and where P, is the probability of defects obscuration
or relaxation which defines the damage variable,

“[1 = Popg] , (7.120)

K dAtot

DEPObszl—exp<—
0 dT

Vobs(t — T)dT) . (7.121)

Knowing the local stress history o*(t) gives the flaw distribution history
Aot (t) (7.119), then the probability of defects obscuration (7.121), and finally
by time integration of (7.120) the crack density.
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7.4.6.1 Quasi-Static Weibull Model Recovered

The Weibull model corresponds to the case of failure due to a single defect
(weakest link hypothesis). Setting Vobs = const = Veg as the effective volume
(7.27), the probability of failure is equal to Ppps, i.e.,

K dAtot

Pr=1- -
F exp( . dr

‘/eﬂ?d’r) =1- exp (_)\tot‘/eff) s (7122)

which recovers Weibull failure probability (7.28), or

‘/e * 1 Mw
Pr=1—exp (— Voff {Z ] ) (7.123)

for the Poisson process (7.119).

7.4.6.2 Fragmentation to Multifragmentation Transition

A closed-form solution of previous set of equations (7.119)—(7.122) can be
derived in the case of the impact loading o* = &t with constant stress rate ¢:

g\
Atot = Ao < ) Y = At
0o

N My (my + 3)!]| mwts . My ’ 6y, ! A
My + 3 614! My + 37 (My + 3)!

6my! .,
D:Pobszl—exp<—(m +3)'t W) .

(7.124)

The function of the dimensionless time ¢ = t/t. introduces the character-
istic time t., stress rate ., and microcrack density A.. The term ~ is the
incomplete gamma function, y(a,z) = [ t*~! exp (—t)dt, such that

3myw
mw+3

1 1
oy mow+3 1 SV o
fe = (Fé(kCL)B)\odmw) and  Ac = Ve o \ k3kepLoo
(7.125)
The characteristic volume V, contains, on average, one flaw that may break
at the characteristic time t. (A.Ve = 1).
The applied stress denoted here, X, is related to the local or effective
stress via 0* = X /(1 — D) so that the stress-rate-dependent tensile strength
oy is given by d¥/do =0 or

1

1
(My + 2)1\ mw+3 oy Y\ mws
u — Oc h, c = . 7.126
7 o < 6e - My ! where g k(ker,)3 Ao ( )
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This is the dashed line (stress-rate-dependent) in the dimensionless tensile
strength versus dimensionless stress rate diagram (Fig. 7.31) in which the
solid circles (average) and bars (standard deviation) are given by Monte-
Carlo simulations (500 realizations for each point). Figure 7.31 also shows
the stress-rate-independent results for a classical Weibull analysis from which
the mean failure stress is (I" is the Euler I'-function)

1
o= 7 1r<1+ ) (7.127)
(Ao Ves) ™ Mew

and the corresponding standard deviation is

o= 70 \/r(1+ 1)—r2(1+ 1). (7.128)
(Ao Verr) s s

Single | Multiple A
fragmentation
Oy
UC s
A+olo
1 __________ i
09} I-g/a
0’8 1 £ [
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Fig. 7.31. Normalized tensile strength oy /oc vs normalized stress rate ¢/d¢ for
mw = 10 and Veg = 1/Ao (C. Denoual and F. Hild 1997)

The stress-rate-independent regime & < &y corresponds to single fragmen-
tation. It is obtained from the classical Weibull analysis when the weakest
link hypothesis is made. The regime ¢ > & corresponds to multifragmen-
tation. It is dependent on the stress rate and is obtained from the dynamic
obscuration mechanism. The transition between both regimes occurs at the
stress rate ¢ = ¢, defined as the intersection between “quasi-static” and
“dynamic” strengths,
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ou(6=6¢) =0, (7.129)

giving

1
) My +3 6e - my,! 1 ¢
L vt W Mw+3
oy = ooken(Aok)® (AoVest) {(mw + 2)!P (1 - mw)] '

(7.130)

Remark —When & > ¢¢, Continuum Damage Mechanics can be used to model the
multifragmented microcrack pattern. According to the definition of damage as the
probability of obscuration,

t d)\mt ¢ d)\tot 3
(1= D)= = [V Vot =i = = [ Ut wlpen (=) dr

and a damage evolution law for high stress rates (> &) is obtained by eliminating
the explicit dependency upon time:
4 (1 = D) = Br(kca) Ao (o)
_dt3 n — = OR(KRCL tot (O 5
with D(t =0) =0, D(t = 0) =0, and D(t = 0) = 0 due to Aos(t = 0) = 0. Using
Y = 0*2/2E, it can be written as a function of the strain energy release rate,

4> /1 dD\ _ 6r(ker)® [2BY] "%
de2 \1-D dt Vo

= o2
To conclude, the damage law at low stress rate has to be of the form D = D(Y')
when a differential equation in time is needed at high stress rate.

7.4.7 Hierarchic Approach up to Homogenized Behavior(j’(jd(j
Failure of brittle or quasi-brittle components is mainly governed by initial
defects that are random in their size and space distribution. Therefore, the
accuracy of prediction is often poor for at least two reasons: high scatter of
basic tests results to identify the parameters and ignorance of the state of
initial defects. Nevertheless, speaking of probabilities gives a sense to these
uncertainties.
For brittle materials or interfaces:

e In absence of any information other than an ultimate stress, use the dam-
age equivalent stress criterion (and not the von Mises stress!),

9 1/2
0" =0eqRY? =0, with R, = 3(1—|—1/)+3(1—21/) (UH) . (7.131)
Oeq

Introducing the microdefects closure is an improvement if some compres-
sion occurs.
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e The Mazars damage equivalent strain is better for concrete:
+ —_
¢ = /() : (&)t = "E = Nz”bz . (7.132)

e For interfaces a debonding criterion which needs two material parameters
may be applied:

LV 1/2
<0'33|0'33| + (T?) (0'%3 + 0'33)> =1. (7133)

R

e The Weibull model should be used to characterize the probability of rup-
ture but the material parameters need 10 to 20 specimens for their iden-

tification: Ve [o* 7™
Ple—eXp{— eff[ } } (7.134)
VO Ow

Using the two-scale damage model is a way to predict the rupture of quasi-
brittle materials that occurs when a dissipation prior to cracking exists (if
some fatigue results complete the identification database!) but several other
damage models have their specific applications:

e The Marigo model with or without microdefects closure effects is a general
model valid for most materials while the anisotropic damage model of
Sect. 7.4.1 is suitable for concrete

e The Laborderie model with permanent strains and microdefects closure
effects in dynamics (seismic effects on civil engineering structures)
Mesomodels for composites where three damage variables are considered
Probabilistic models for ceramics and fragmentation in dynamics

Finally, elasticity and damage models for reinforced concrete are of main im-
portance in civil engineering. Due to the size of the structures, it is interesting
in FE computations to avoid meshing the steel bars and the concrete body
separately. Homogenization procedures give the equivalent elastic properties
of heterogeneous materials. They apply to undamaged reinforced concrete
and uniaxial bar reinforcement, yielding orthotropic elasticity characteristics.
For example, if the steel spacing is the same in the two tranverse directions,
tranverse isotropy is obtained with longitudinal and transverse Young’s mod-
uli Er, and ET, Poisson ratios vt and vt and shear moduli Gyt and Gpr:

EL = EL(¢7EC7ES7 .. ')7
ET = ET(¢7EC7E57 .. ')7
vyt = VLT(¢7EC7E57U07US)7

vr = vr(¢, Ee, Es, Ve, Vs) , (7.135)
GLT = GLT(¢7EC7ES7UC7US)7
Er
Grr = ,
T 2(1+ vr)

whose specific expressions depend on the homogenization procedure. They
are functions of steel volume fraction (¢), the elastic properties of concrete
(E., v.) and steel (Es, vs).
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The question of coupling with damage arises then and one needs to take
into account the microcrack closure effect in concrete. One of the simplest
possible models uses the anisotropic and damage framework of Sect. 7.4.1,
but extended to tranverse anisotropy,

(c11)?  (—o11)? n (022)% + (033)%  (—022)% + (—033)>

Pt = o 24 2By
2 2 2
LT _vrr 012 + 013 923
B (0'110'22 + 0'110'33) Er 022033 + 2GLT + 2G T ’
(7.136)

where the coupling with damage is reduced to the minimum by making the
damage variable Dy, act on the longitudinal modulus, the damage variable
D+ on the tranverse modulus, and by neglecting the coupling of the ratios
v;;/E; and the shear moduli with damage:

Ef = EL(¢, Ec(1 — D), E, ...),

ET = Ey(¢,E.(1—hDy),Es,...),

Il (¢, Ec( L) ) (7.137)
Ef = Br(¢, E.(1 — D), E,,...),

Ef = Br(¢, E.(1 — hDy), Es,...),

where h is the microdefects closure parameter.
The damage evolution laws are written as D = D(Y) laws (such as
Egs. (7.76) to (7.79))

DL = DL(YL max) and DT = DT(YT max) s (7138)

with Y1, max and Y7 pmax as the maximum values reached during the loading
of the longitudinal and transverse strain energy release rates

a * *
YL = pagL and Y = pagT (7.139)

Using the simple mixture laws

1
By = ¢B, + (1 - ¢)E. and Ep= <g + 1]; ¢> (7.140)
gives:
(1—@)E: | (o11)? (—o11)?
Y, = 7 R\
2 B By (7.141)
Vi 1— ¢ [(o22)* + (o33)? h<—022>2 + (—033)?
™ 98, | (1-Dp)? (1— hDrp)?
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which take into account (through h) the much lower damage growth for con-
crete in compression than in tension.

Congratulations to all readers who read up to this last page!
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